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Generalised-α method

Consider
u̇ = f(t,u), u(0) = u0.

generalised-α method:

u̇n+αm = f(tn+αf ,un+αf ),

un+1 = un + τu̇n + τγ(u̇n+1 − u̇n),

u̇n+αm = u̇n + αm(u̇n+1 − u̇n),

un+αf = un + αf (un+1 − un).
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Formulation as onestep method

un+1 = un + τ

(
1 −

γ

αm

)
u̇n +

τγ

αm
fn+αf ,

u̇n+1 =
1
τγ

(un+1 − un − τ(1 − γ)u̇n) ,

if αm 6= 0.

u̇0 can be computed from the ODE.

Consistency order 2, if αm = αf and γ = 1/2.

zero-stability and convergency, if αm > 1/2.
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Formulation as multistep method

Formulation:

un+1 =
2αm − 1
αm

un −
αm − 1
αm

un−1 +
τ(1 − γ)

αm
fn−1+αf +

τγ

αm
fn+αf .

second order consistency:

γ =
1
2
− αf + αm, (1)

generalised-α method is convergent of order 2 if αm > 1/2 and (1)
hold.
setting due to stability reasons:

αf = γ =
1

1 + ρ∞ , αm =
3 − ρ∞

2(1 + ρ∞)
.
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Example of Prothero and Robinson (λ = −1)
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Example of Prothero and Robinson (λ = −1.0E+6)
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Comparision

Let αf = 1, αm = 5/6, γ = 1/3→ 3rd order for multistep
version

Let τ = 1/(10 · 2k) with k = 0, . . . , 5

Consider the second order ODE

ÿi = −
yi

(y2
1 + y2

2 )
3/2

, i = 1, 2.

The initial conditions are given by u0 =

(
0,

√
1 + e
1 − e

, 1 − e, 0

)>

,

where e = 1/2.

time interval: [0, 10]
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Kepler’s problem
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Comparision with other 2nd order metods
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Formulation as onestep method

Consider the second order ODE

ü = f(t,u, u̇), u(0) = u0, u̇(0) = u̇0. (2)

generalised-α method:

un+αf = αf un+1 + (1 − αf )un,

u̇n+αf = αf u̇n+1 + (1 − αf )u̇n,

ün+αm = αmün+1 + (1 − αm)ün,

un+1 = un + τu̇n + τ
2

[(
1
2
− β

)
ün + βün+1

]
,

u̇n+1 = u̇n + τ [(1 − γ)ün + γün+1] ,

ün+αm = f(tn+αf ,αf un+1 + (1 − αf )un,αf u̇n+1 + (1 − αf )u̇n),

where tn+αf = tn + ταf .
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Formulation as onestep method

Abbreviation:

fn+αf := f(tn+αf ,αf un+1 + (1 − αf )un,αf u̇n+1 + (1 − αf )u̇n).

Then

un+1 = un + τu̇n + τ
2

[(
1
2
−
β

αm

)
ün +

β

αm
fn+αf

]
,

u̇n+1 = u̇n + τ

[(
1 −

γ

αm

)
ün +

γ

αm
fn+αf

]
.

ün+1 =
1
αm

[ün+αm − (1 − αm)ün] =
1
αm

[fn+αf − (1 − αm)ün] .
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Formulation as multistep method

Consider

Mü + Cu̇ + S(u) = F(t),u(0) = u0, u̇0 = v0.

Then

Mün+αm =

F(tn+αf ) − S(αf un+1 + (1 − αf )un) − C(αf u̇n+1 + (1 − αf )u̇n).
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The formulation as multistep method

Method:

3∑
j=0

[Mαj + τCγj ]un+j + τ
2

2∑
j=0

δj [Sn+j+αf − F(tn+j+αf )] = 0,

where

α0 = 1 − αm, α1 = 3αm − 2, α2 = 1 − 3αm, α3 = αm,

γ0 = (1 − αf )(γ− 1), γ1 = 1 − 2αf − 2γ+ 3γαf ,γ2 = αf + γ− 3γαf , γ3 = αfγ,

δ0 =
1
2
+ β− γ, δ1 =

1
2
− 2β+ γ, δ2 = β

and

Fn+j−αf = F(αf tn+j+1 + (1 − αf )tn+j) = F(tn+j + αfτ)

Sn+j+αf = αf S(un+j+1) + (1 − αf )S(un+j).
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Properties

consistency order 2: γ =
1
2
+ αm − αf .

zero-stable and convergence: αm > 1/2, αf 6 1/2 and γ 6 1/2.

for stability reasons:

β =
(1 + αm − αf )

2

4
,αf =

1
1 + ρ∞ ,αm =

2 − ρ∞
1 + ρ∞
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Comparision

Let τ = 1/(10 · 2k) with k = 0, . . . , 5

Consider the second order ODE

ÿi = −
yi

(y2
1 + y2

2 )
3/2

, i = 1, 2.

The initial conditions are given by u0 =

(
0,

√
1 + e
1 − e

, 1 − e, 0

)>

,

where e = 1/2.

time interval: [0, 10]
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Comparision with other 2nd order metods
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Adaptivity

Idea: use PI-controller from Gustafsson et. al. (1988)

suggest a new timestep size with solutions of order p and p − 1.

use approximation of generalised-α method as a second order
approximation.

use as the second solution with order 1 backward Euler method.

next timestep size τn+1:

τn+1 = ρadapt
τ2

n

τn−1

(
TOL · rn−1

r2
n

)1/2

,

where ρadapt ∈ (0, 1] is a safety factor, TOL > 0 is a given
tolerance, and rn+1 := ‖un+1 − ûn+1‖.
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Adaptivity for onestep versions

Compute (un+1, u̇n+1)
> with generalised-α method.

Compute second solution with the backward Euler method and use
u̇n+1 as approximation for f(tn+1,un+1), i. e. ûn+1 = un + τnu̇n+1.

Compute the numerical error with rn+1 and approximate the new
timestep length τn+1.

If the numerical error is smaller than the given tolerance the
timestep is accepted, otherwise it is rejected and has to be
recomputed with the new timestep length τn+1.
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The chemical reaction E5

Let A = 7, 89× 10−10, B = 1, 1× 107, C = 1, 13× 103, and M = 106.
Consider

u̇1 = −Au1 − Bu1u3,

u̇2 = Au1 − MCu2u3,

u̇3 = Au1 − Bu1u3 − MCu2u3 + Cu4,

u̇4 = Bu1u3 − Cu4

with the initial conditions u1(0) = 1, 76× 10−3 and ui(0) = 0,
i ∈ {2, 3, 4}.
The equations should be solved in the time interval [0, 1013].
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The chemical reaction E5
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Kepler’s problem

Consider the second order ODE

ÿi = −
yi

(y2
1 + y2

2 )
3/2

, i = 1, 2.

The initial conditions are given by u0 =

(
0,

√
1 + e
1 − e

, 1 − e, 0

)>

,

where e ∈ [0, 1) is a given parameter. In our numerical example we
choose e = 1/2. We solve the problem in the interval [0, 20000]
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Kepler’s problem
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Model problem

Damped spring mass system:

(1 − α)üs +ω2us = −αüf − 2ξωu̇f

with

α =
mf

m
, 1 − α =

ms

m
, mf + ms = m,

ω =
√

k/m, ξ =
c

2
√

km
,

Initial conditions:
u(0) = u0, u̇(0) = u̇0.
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Model problem

m ... total mass of the system

mf ... mass of the domain f

ms ... mass of the domain s

k ... spring stiffness

c ... a damping coefficient

ω ... natural frequency of the system

ξ ... a dimensionless damping ration
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Analytical solution

Consider the case u := uf = us. Then

ü + 2ξωu̇ +ω2u = 0.

u ... displacement of the total mass

u̇ ... velocity

ü ... acceleration.
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Analytical solution

Ansatz
u(t) = c1eλ1t + c2eλ2t ,

where λ1, λ2 ∈ C.

System is undercritically damped, i. e. ξ < 1.

λ1 and λ2 can be determined by solving the quadratic problem

λ2 + 2ξωλ+ω2 = 0,

solution:
λ1,2 = −ξω± iωD,

where ωD = ω
√

1 − ξ2.
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Analytical solution

Then we have

u(t) = exp(−ξωt) [c1 exp(−iωDt) + c2 exp(iωDt)] .

First initial condition:

u0 = u(0) = c1 + c2.

Second initial condition:

u̇0 = u̇(0) = −ξωu0 + iωD(c2 − c1).

Analytical solution

u(t) = exp(−ξωt)

[
u0 cos(ωDt) +

u̇0 + ξωu0

ω
sin(ωDt)

]
.
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Numerical solution

Idea:

Discretise LHS with the generalised-α method for second order
problems

Discretise RHS with the generalised-α method for first order
problems.

Onestep formulation:

(1 − α)üs
n+αs

m
+ω2us

n+αs
f
= −αüf

n+αf
m
− ξωu̇f

n+αf
f

u̇s
n+1 = u̇f

n+1 =: u̇I
n+1

u̇s
n = u̇f

n =: u̇I
n.

u̇I
n+1 and u̇I

n represent the interface velocities at time tn+1 and tn
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Numerical solution

Insert formulas for üs
n+αs

m
, üf

n+αf
m

, and u̇f
n+αf

f
:

(1 − α)
[
αs

müs
n+1 + (1 − αs

m)ü
s
n

]
+ω2

[
αs

f us
n+1 + (1 − αs

f )u
s
n

]
= −α

[
αf

müf
n+1 + (1 − αf

m)ü
f
n

]
− 2ξω

[
αf

f u̇
f
n+1 + (1 − αf

f )u̇
f
n

]
.

Moreover we have

us
n+1 = us

n + τu̇
s
n + τ

2

[(
1
2
− βs

)
üs

n + βsüs
n+1

]
,

u̇f
n+1 = u̇f

n + τ
[
γf üf

n+1 + (1 − γf )üf
n

]
,

u̇s
n+1 = u̇s

n + τ
[
γsüs

n+1 + (1 − γs)üs
n

]
.
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Numerical solution

Then A1vn+1 = A2vn, where

A1 =


ω2αs

f 2ξωτ α
f
f

(1−α)αs
m

τ2
ααf

m
τ2

1 0 −βs 0

0 1
τ 0 −γ

f

τ

0 1
τ −γ

s

τ 0

 ,

A2 =


−ω2(1 − αs

f ) −2ξωτ (1 − αf
f ) . (1−α)(1−αs

m)
τ2 −

α(1−αf
m)

τ2

1 1 1
2 − βs 0

0 1
τ 0 1−γf

τ

0 1
τ

1−γs

τ 0

 ,

vn = (us
n, τu̇

I
n, τ

2üs
n, τ

2üf
n)

>.
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Convergence order

Write our problem as vn+1 = A−1
1 A2vn.

Expand this expression in a Taylor series

us
n+1 = us

n + τu̇
s
n −

τ2

2[ααf
mγ

s + (1 − α)αs
mγf ][

2βsααf
m(üs − üf ) − αα

f
mγ

süs
]
.
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Numerical solution with interpolation

Problem: LHS and RHS are taken at different times.

Let

F s
n+αs

f
= (1 − α)üs

n+αs
m
+ω2us

n+αs
f
,

F f
n+αf

f
= −αüf

n+αf
m
− 2ξωu̇f

n+αf
f
,

where

F s
n+αs

f
= αs

f Fn+1 + (1 − αs
f )Fn,

F f
n+αf

f
= αf

f Fn+1 + (1 − αf
f )Fn.
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Numerical solution with interpolation

Then

αs
f Fn+1 + (1 − αs

f )Fn = (1 − α)üs
n+αs

m
+ω2us

n+αs
f
,

αf
f Fn+1 + (1 − αf

f )Fn = −αüf
n+αf

m
− 2ξωu̇f

n+αf
f
.

and

(1 − α)
[
αs

müs
n+1 + (1 − αs

m)ü
s
n

]
+ω2

[
αs

f us
n+1 + (1 − αs

f )u
s
n

]
= αs

f Fn+1 + (1 − αs
f )Fn,

αf
f Fn+1 + (1 − αf

f )Fn = −α
[
αf

müf
n+1 + (1 − αf

m)ü
f
n

]
− 2ξω

[
αf

f u̇
f
n+1 + (1 − αf

f )u̇
f
n

]
us

n+1 = us
n + τu̇

s
n + τ

2

[(
1
2
− βs

)
üs

n + βsüs
n+1

]
,

u̇f
n+1 = u̇f

n + τ
[
γf üf

n+1 + (1 − γf )üf
n

]
,

u̇s
n+1 = u̇s

n + τ
[
γsüs

n+1 + (1 − γs)üs
n

]
.
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Numerical solution with interpolation

Finally vn+1 = A−1
1 A2vn with

A1 =


ω2αs

f 0 (1−α)αs
m

τ2 0 −
αs

f
τ2

0 2ξω
τ
αf

f 0 ααf
m

τ2
αf

f
τ2

1 0 −βs 0 0

0 1
τ

0 −γ
f

τ
0

0 1
τ

−γ
s

τ
0 0

 ,

A2 =


−ω2(1 − αs

f ) 0 − (1−α)(1−αs
m)

τ2 0 1−αs
f

τ2

0 −2ξω
τ
(1 − αf

f ) 0 α(αf
m−1)
τ2 −

1−αf
f

τ2

1 1 1
2 − βs 0 0

0 1
τ

0 1−γf

τ
0

0 1
τ

1−γs

τ
0 0

 ,

vn = (us
n, τu̇

I
n, τ

2üs
n, τ

2üf
n, τ

2Fn)
>.
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Convergence

Compute un+1 and expand it in a Taylor series.

Local error:

δτ = τ2 βsγf (αf
f − α

s
f )

(1 − α)αs
mα

f
fγ

f + ααs
f α

f
mγ

s
+ O(τ3).

If the coefficients of the generalised-α method are choosen with ρs

and ρf the error gets large for the setting

ρs = 1, ρf = 0, α = 0.9.
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Numerical experiment

Setting 1: ω = 1, ξ = 0.001, and α = 0.5

Setting 2: ω = 1, ξ = 0.01, and α = 0.8.

stepsize τ = π/15
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Coupling multistep version

First we have

un+1 =
2αm − 1
αm

un −
αm − 1
αm

un−1 +
τ(1 − γ)

αm
fn−1+αf +

τγ

αm
fn+αf .

for the first order problem and

3∑
j=0

[Mαj + τCγj ]un+j + τ
2

2∑
j=0

δj [Sn+j+αf − F(tn+j+αf )] = 0,

for the second order problem.
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Coupling multistep version

Then

(1 − α)

3∑
j=0

αs
j us

n+j + τ
2

2∑
j=0

δj [ω
2un+j+αf − F(tn+j+αf )] = 0

αf
mu̇f

n+3 − (2αf
m − 1)u̇f

n+2 + (αf
m − 1)u̇f

n+1

+τ(1 − γf )(2ξωu̇f
n+1+αf

+ fn+1+αf )

+τγ(2ξωu̇f
n+2+αf

+ fn+2+αf ) = 0

1
2τ

(un+3 − un+1) = u̇n+2
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Coupling multistep version
It follows

[(1 −α)αs
m + τ2βω2αf

f ]u
s
n+3 − τ2βω2αf

f Fn+3

= −[(1 −α)(1 − 3αm) + τ2
(

1
2
− 2β+γ

)
ω2αf

f + τ
2βω2(1 −αf

f )]u
s
n+2

− [(1 −α)(3αm − 2) + τ2
(

1
2
+β−γ

)
ω2αf

f + τ
2
(

1
2
− 2β+γ

)
ω2(1 −αf

f )]u
s
n+1

− [(1 −α)(1 −αm) + τ2
(

1
2
+β−γ

)
ω2(1 −αf

f )]u
s
n

+ τ2[

(
1
2
− 2β+γ

)
ω2αf

f +βω
2(1 −αf

f )]Fn+2

+ τ2[

(
1
2
+β−γ

)
ω2αf

f + τ
2
(

1
2
− 2β+γ

)
ω2(1 −αf

f )]Fn+1

+ τ2
(

1
2
+β−γ

)
ω2(1 −αf

f )Fn

(αf
m + τγ2ξωαf

f )u̇f
n+3 + τγαf

f Fn+3

= [(2αf
m − 1) − τγ(2ξω(1 −αf

f ) − τ(1 −γf )2ξωαf
f ]u̇

f
n+2

− [(αf
m − 1) + τ(1 −γf )2ξω(1 −αf

f )]u̇
f
n+1

− τ[γ(1 −αf
f ) + (1 −γf )αf

f ]Fn+2 − τ(1 −γf )(1 −αf
f )Fn+1

u̇n+2 =
1

2τ
(un+3 − un+1)

21.6.2016 Joachim Rang Partitioned Methods for Multifield Problems Seite 39



Numerical results
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Adaptivity for the partitioned approach

First compute us
n+1 and u̇I

n+1

Compute ün+1 by evaluating the model problem.

Compute a second solution with the backward Euler method, i. e.
us

n+1 = us
n + τu̇

I
n+1 and u̇I

n+1 = u̇I
n + τün+1.

Compute the numerical error rn+1 and approximate the new
timestep length τn+1.

If the numerical error is smaller than the given tolerance the
timestep is accepted otherwise it is rejected and has to recomputed
with the new timestep length τn+1 .
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Numerical result: CPU versus error
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Numerical result: t versus τ
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