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Generalised-o« method

Consider
u=1F(t,u), u(0)=uo.

generalised-« method:

Unt oy = F(tnrog Unvoy),

Upiq = Up+ TUL + TY(Upyq — Up),
l:|n+ocm = Up + ap(Uppq —up),
Unt o, = Up + a¢(Upp1 — Up).
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Formulation as onestep method

Y

Xm

Upy =Up+T (1 ) u, + fn+ocf:
Xm

un+1 = E (Upp1 —up—1(1 —Y)u,),

if oy # 0.
= Uy can be computed from the ODE.

» Consistency order 2, if oy, = s and y = 1/2.
= zero-stability and convergency, if o, > 1/2.
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Formulation as multistep method

Formulation:

200, — 1 otm — 1 T(1—7) TY
Upp1 = m7un - Up—1 + ———Fh1pap + —Fnpa
(Xm (Xm m (xm

= second order consistency:
1
y:§—ocf+ocm, (1)
» generalised-a method is convergent of order 2 if o;; > 1/2 and (1)
hold.
= setting due to stability reasons:
1 3— Poo

Xf = = , (08 = =
Y T e ™ 2(1+ poo)
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Example of Prothero and Robinson (A = —1)

num. error

0.01 i ‘
ROS2 —+—
ROS2S — ¢~
r CN - - %--
0001 Ellsiepen G-
GA-one(rho=0)
0.0001 | GA-one(rho=0.3)

GA-one(rho=0.7) -- ®- -
GA-one(rho=1) -—4&—

0.001 0.01 0.1

stepsize
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Example of Prothero and Robinson (A = —1.0E+-6)

num. error

0.01 -
ROS2 —+—
ROS2S — ¢~ b
CN - - %--
0.0001 ¢ Ellsiepen -E--
GA-one(rho=0)
GA-one(rho=0.3)
1e-06 - GA-one(rho=0.7) -- @-
vvvvvv i
1e-08 + - g e 1
¢ L A “
_____ E]E} - :"
le-10 b ET s S
e B -;:'/—;(
- Set
le-12 t e
—/".*;/
le-14 ¥
[ S
le-16 - -
0.001 0.01 0.1
stepsize
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Comparision

s letas =1, a«m=5/6, v =1/3— 3rd order for multistep
version

» Lett=1/(10-2K) withk =0, ..., 5

= Consider the second order ODE

Yi

S ESAE

.
:
The initial conditions are given by ug — (o, + z 1—e, o> ,

where e = 1/2.
= time interval: [0, 10]
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Kepler’s problem

onestep —w—
multistep —e—

102 101
stepsize T

‘s Technische
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Comparision with other 2nd order metods

num. error

ROS2 —+——
ROS2S > -
0.1t CN --%--

Ellsiepen -+~
GA-one(rho=0)
0.01 F GA-one(rho=0.3)

: GA-one(rho=0.7) -- ®- -

GA-one(rho=1) -—4&—

0.001

0.0001

1e-05 | /;‘/“
L6 | A/D

le-07 I

o
le-08 - -
0.001 0.01

stepsize

0.1
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Formulation as onestep method

Consider the second order ODE
u="f(t,uu), u(0)=uyu(0)=u. (2)
generalised-x method:
Upt oy = XfUpyq + (1 — af)up,
un+ocf = OCz‘l:|n4r1 + (1 - o‘f)un.
l.v.anrocm = meun+1 + (1 - (xm)un,
) 1 . .
Up1 =Up+ TU, + 2 [(2 - B) un+ Bun+1} ,
l:|n+1 =u,+ (1 *Y)un +Yun+1] )
l.:anrocm = f(tht o XfUn1 + (1 — otr)up, Klp1 + (1 — or)up),

where th o, = th + Ts.
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Formulation as onestep method

Abbreviation:

fnJr(xf = f(thr(Xfl (XfUnJr‘] + (1 — o(f)Un, (XfUnJr‘] + (1 — Cx,f)u,'))

Then

. 1
Untq = Up + Tl + T [(2— b )Un+ b fn+ocf] )
m

Xm
(T :un+T{<1 _Y) u, + Y fn+cxf:| -
Xm Xm
.. 1 . .. 1 .
Upp1 = — [Un+cxm — (1 —apuy] = — [fn+cxf — (1 —amug].
Xm Xm
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Formulation as multistep method

Consider
Ml + CU + S(u) = F(t),u(0) =ug, Ug = Vo.

Then

Mun+ocm =
F(tn+ocf) - S(“fun+1 + (1 —otr)uy) — C((XfunJH + (1 — ar)up).
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The formulation as multistep method

Method:
2

3
Z Moy +tCyjluny+ T Z 8i[Snijroas — Fltnsjra, )] =0,
j=0 j=0

where
=1—am & =3an—2, o=1—-3x,m & = &n,
Yo=(1—ox)(y—1), vi=1-20¢—2y+ 3y, V2= +v—3yxs,

1 1
So=-+B—7y, & =-—2 5z =
0 2+f3 Y, 01 > B+y, S2=p

and

Frijor = Flotetnyjir + (1 — o) thyj) = Ftay + oT)
Sntjto; = XS (Upyjp1) + (1 — x£)S(Upy).
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Properties

1
= consistency order 2: y = > + om — .

» zero-stable and convergence: ooy > 1/2, o < 1/2 and vy <
= for stability reasons:
(14 ot — otf)? 1 2 — Poo

:—'“ :7,“ =
|3 4 f 1+ Poo m

1/2.

21.6.2016 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 14

@-sc



Comparision

» Lett=1/(10-2K)withk=0,...,5
= Consider the second order ODE

A
I g TR

T
1+e

The initial conditions are given by ug = (0, . + o’ 1—e, 0> ,

where e = 1/2.

= time interval: [0, 10]
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Comparision with other 2nd order metods

ROS2 —+——
ROS2S > -
0.1t CN - - x--

Ellsiepen -+~
GA-one(rho=0)
0.01 F GA-one(rho=0.3)

: GA-one(rho=0.7) -- ®- -

GA-one(rho=1) -—4&—

0.001

0.0001

5
=}
)
£
3
2

le-05
le-06

1e-07 X =~

o
le-08

0.001 0.01 0.1

stepsize
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Adaptivity

= |dea: use Pl-controller from Gustafsson et. al. (1988)
= suggest a new timestep size with solutions of order pand p — 1.

= use approximation of generalised-« method as a second order
approximation.

= yse as the second solution with order 1 backward Euler method.
= next timestep size t4-1:

2 <TOL-rn_1>1/2

r2

Tn41 = Padapt
T n

n—1

where pagapr € (0, 1] is a safety factor, TOL > 0 is a given
tolerance, and r,1 == ||Upt1 — Upp]|-
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Adaptivity for onestep versions

Compute (Up41,Unr1) " with generalised-a method.

Compute second solution with the backward Euler method and use
U, 1 as approximation for f(t,, 1, Upy1), 1. €. Upyy = Up + Tolpy .
Compute the numerical error with r,1 1 and approximate the new
timestep length t,41.

If the numerical error is smaller than the given tolerance the

timestep is accepted, otherwise it is rejected and has to be
recomputed with the new timestep length T, 1.
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The chemical reaction E5

LetA=7,89x 1079, B=1,1x 10", C=1,13 x 10%, and M = 10°.
Consider

i = —Au; — Buy us,

UQ Auy — MCU2U3,

Us = Auys — Bujus — MCusus + Cuy,
U4 = BU1 us — CU4

with the initial conditions u1(0) = 1,76 x 102 and y;(0) =0,
ie€{2,3, 4}

The equations should be solved in the time interval [0, 10'3].
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The chemical reaction E5

Technische

Braunschweig

SURAS
5

10°

CPU time
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Kepler’s problem

Consider the second order ODE
Yi
(V2 + y2)3/2’

T
1+ e
The initial conditions are given by ug = (O, ] J_r o 1—e, O) ,

where e € [0, 1) is a given parameter. In our numerical example we
choose e = 1/2. We solve the problem in the interval [0, 20000]

yi=— i=1,2
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Kepler’s problem

% Universitit
* Braunschweig

10t 102
CPU time

103

n
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Model problem

Damped spring mass system:

(1 — )i + w?u® = —all’ — 2E il
with
mf m°® f S
x=—, 1—ax=—, m+m =m,
m m
c
w=+k/m &= ,
/ 2V km

Initial conditions:
U(O) = U, U(O) = Uo.

21.6.2016 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 23

@-sc



Model problem

= m ... total mass of the system

» m' ... mass of the domain f

= m® ... mass of the domain s

= k ... spring stiffness

= C ... a damping coefficient

= w ... natural frequency of the system
= ¢ ... a dimensionless damping ration
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Analytical solution

Consider the case v := uf = uS. Then

U+ 28wl + w?u=0.

= (... displacement of the total mass
= (... velocity

= (... acceleration.
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Analytical solution

= Ansatz
u(t) = creM + e,

where Aq, A € C.

= System is undercritically damped, i. e. & < 1.
= A1 and A; can be determined by solving the quadratic problem

A2+ 28 WA + w? =0,

= solution:
A2 = —&w E iwp,

where wp = w/1 — &2.
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Analytical solution
Then we have
u(t) = exp(—&wt) [c1 exp(—iwpt) + coexpliwpt)] .
First initial condition:
up = u(0) = ¢y + co.
Second initial condition:
Ug = u(0) = —&wug + iwp(co — ¢y).
Analytical solution

Uo + Ewug

u(t) = exp(—&wt) |ugcos(wpt) + "

sin(th)} .
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Numerical solution

Idea:

= Discretise LHS with the generalised-« method for second order
problems

= Discretise RHS with the generalised-« method for first order
problems.

Onestep formulation:

_ ) 2 S _ ..f _ .f
(1= Xty s, + WU s = =Xl 1 Ewunﬂxi
0SS f _.
Upy1 = Uppq = Upyq

Uy, = fy =: iy,

U[hq and L'/,’, represent the interface velocities at time f,4-1 and t,
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Numerical solution

f

Insert formulas for &° u o
n+oh,

f .
o, and Upyor

f

(1 — o) [ty + (1 — o) i) + w? [ofus g + (1 — of)uj]

=—x [ocf,,i.'lf,+1 +(1— ocfn)'L'lf,] —2&w [oc;Uf,H +(1— oc,':)[lf,] .

Moreover we have

. 1 . .
oy =i+ | (G- 80 Bait .
Upiy = Up+T [qu/fv+1 + (1 —Yf)i-";] :

Upypy = Up+ T [yolp,q + (1 —v%)iip) .
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Numerical solution

Then Ayv,. 1 = AoV, where

w2as 2 %u o (1—:;) X oc:;m
1 0 —p* 0
A= 1 b i '
0 = 0 —=
0 1 —X 0
1—o) (1—o 1—of
—w?(1 —f) —2‘27‘“(1 — o) ( 1“)T(2 %) o Tz(x"’)
As = 1 1 2 BS 0
: 0 1 0 1=
0 i — 0
T T

v, = (uf, i, s, Pl T
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Convergence order

= Write our problem as v, 1 = A; ' Aav),.
= Expand this expression in a Taylor series

T2

2ol yS + (1 — o) oY

S S 'S
Un1 = Up + TUp —

[2680‘“;(03 — Uf) — oc‘xfnysus] .
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Numerical solution with interpolation

= Problem: LHS and RHS are taken at different times.

= Let
f?+0€? = (1 - OC)U?,JF(X% + wzurswrocf'
Frog = — %l o, = 280007 o
where
S as = 0 Fnyt + (1 — )P,
Fr§+(x; = O‘;Fnﬂ +(1— (X;{)Fn-
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Numerical solution with interpolation
Then

oot + (1 —af)Fo = (1 — &)Uy, s + w? u,,ﬂxs,

(X,;F,H_1 + (1 — a;)F “un+o(f 2£wun+(xf

and

(1 — o) [oqyinyy + (1 — o) )]

+o? [ofus, g + (1 — of)uy] = ofFop + (1 — of) P,

o Foit + (1 — o) Fp = —ac [y i 4 + (1 — o) i)

— 28w [ofd 4 + (1 — o) i)

. 1 .. ..

By =i ri 2 | (G- B 4 Bt
Upypq = U+t [YUh o+ (1=
Un+1 U +T h/ un+1 + (1
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Numerical solution with interpolation

Finally v, 1 = A; ' Aav,, with

A =

|
g€ oo -0

v, = (U8, T TP, T2, T F,)

0 (1—::’;)0‘27 0 _%j
f f
2%l 0 =%y
0 —B* 0 0 ,
1 f
T
= — 0 0
2(1 _ OCfS) 0 _(1—0‘{521_0‘27)
0 —250 (1 — «f) 0
1 1 1B
0 1 0
1 1—y*
0 T Ty
T.

1— oS
0 =
ook —1) 1—of
T2 T2
0 0
1—y!
= 0
0 0
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Convergence

= Compute un+1 and expand it in a Taylor series.
= Local error:

B/ (of — of)

be =18 s I f S f /S
(1 — &) axpoy’ + ooy

+0(7%).

= |f the coefficients of the generalised-« method are choosen with pg
and pr the error gets large for the setting

pS:11 pfzo, “:09
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Numerical experiment

= Setting1: w=1,&=0.001,and x = 0.5
= Setting2: w =1,&=0.01,and « = 0.8.
» stepsize T = /15

0.024
0.065
0.08 0.022
0.06
0.07
- 002
0.055
008 0.018
005 0.05
N 0.016
N E
004 NN 0.045
N o8 0.014
0.031- —
08 0.035 0012
06
0 0 0.03 001
B 02
0.008
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Coupling multistep version

First we have

20, — 1 o — 1 (1 —7) TY
Upp1 = i Up — o Up1+ —Fpgpa, +—

fn+ Xf-
Xm Xm m m

for the first order problem and

3 2
Z[foj + 10y lupyj + s Z 6j[SnJrj+ocf — Flthj+a,)1 =0,
j=0 j=0

for the second order problem.
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Coupling multistep version

Then

3 2
(1—0) ) ogupy+7 ) 8jlwunijia, —Fltrijia,)] =0
j=0 j=0
oy g — (20, — 1] + (o — 1)U
+1(1 =¥ (28U, 14 o, + a1 i a)

HTY(2EWU) 5 o, + Frroia,) =0
1

—(Upp3 — U =u
2"['( n+3 n+1 ) n+2
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Coupling multistep version
It follows
[(1— oc)ocfn+12[5w24x;]uﬁ+3 —Tzﬁwza;Fn 3
=—[(1—a)(1 —30pm) + 72 (% —2p +y> w?of + 2pw?(1 — af)lus
(1 — «)(Bam —2) + 2 (15 +p —y) w?af + 2 (% _2p +v) w?(1— ad)us
— (=) —om) +7° (% +B —y) w?(1— af)luf
+T2[(; —2 +y) w?of + Bw?(1— af)IFpi2
+’r2[(% +B —v) w?ad + 12 (% —2B +y> w2 (1= oh)IFy 4
+ 72 (% +B 71/) w2(1 7oc;]Fn
(oh) + wzawa;)u;H + Tyoc;FnJra
=[(2efy — 1) — Ty(2Ew(1 — of) — T(1 — v )2Eweflif 5
— ey — 1) +7(1 —y2ew(1 — o))l 4
—tly(1— o) + (1 =y fIFpio — T (1 =¥ (1 — & Fnpq

. 1
U2 = 5o (Un4+3 —Up41)
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Numerical results

0.065

0.018
0.065 = 0.06 0.018 -
0.016
006 0.055 0.016 -
0.055 - W
005 0.05 0014 0014
0.045 0012 l
0.04 0.045 N ’lll
N 17777774717 = ooz
0.035 > | 0.01 \\\\\\\\\\\‘2“‘:”""”’,’;%[45’,’1’ X
s S N
0.025 0,035 0.01
0.021 0.0061+
08 0.03 08
06 o 0F 06 e 0% 0.008
6 6
ps o4 b2 04 0.025 ps 04 s 04
w 07 or o 02 Pr 0.006
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Adaptivity for the partitioned approach

i S ol
First compute v, ; and u;, 4

Compute 41 by evaluating the model problem.

Compute a second solution with the backward Euler method, i. e.
uS.y =us+ Tl and il = i+ TUpq.

Compute the numerical error r,1 and approximate the new
timestep length T4 1.

If the numerical error is smaller than the given tolerance the
timestep is accepted otherwise it is rejected and has to recomputed
with the new timestep length 11 .
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Numerical result: CPU versus error

101

error

BroBlem 3 ===

-4
101 100 10! 102

cpu time
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Numerical result: t versus T

0 50 100 150 200
time t

+ Technische
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