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Runge-Kutta methods

Consider
u(t) =f(t,u(t)), ult) =uo
A Runge-Kutta method with s internal stages is given by

S
k; = f tm—{—C/T,Um—i—TZa/jkj , i=1,...,s
=

S
Upi1 =Up+ TZ bik;.
i=1
The value s is called number of stages. The vector ¢ includes the grid
points of the time discretisation and b is vector with weights. The
coefficients g, b; and ¢; should be chosen in such a way that some
order conditions are satisfied to obtain a sufficient consistency order.
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Simplifying conditions

An s-stage Runge—Kutta method satisfies the simplifying conditions

S
Blp): ) bicf' =1/k k=1,...,p,
=1
S
Clg): > acf™' =cl/k i=1...,8k=1,...
j=1
)
D(r): Y bicf'a; =b(1—c)/k j=1,....s,k=1,...
i=1

(see Butcher, 1964).
The simplifying conditions can be written in matrix-vector notation.
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Remarks

= The condition B(p) is equivalent to a quadrature rule with the nodes
¢; and the weights b; which integrates polynomials of degree p — 1
exact.

» The conditions C(q) have the following meaning. The intermediate
values k; are integrated exactly by a quadrature rule with the
weights a;; and the nodes ¢; which integrates polynomials of degree
g exactly.

v

[

24.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 4 @



Result

= An RK-method with s internal stages has the convergence order p,
if the simplifying conditions B(p), C(/), and D(m) with

p<min{/l+m+1,2/+2}

are satisfied.

= There exists only one RK-method with s stages and with p = 2s.
This methods satisfies B(2s), C(s), and D(s).

For the proof we refer to the book of Butcher.
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Methods of order 2s

In the case of the Gaul3 quadrature rules the nodes c¢; are choosen as
the roots of the shifted Legendre polynomial of degree s, i.e.
1 d®

With respect to the L,(0, 1)-scalar product

1

(q.w) = | alwita
0
the polynomial Ps(2t — 1) is orthogonal to all polynomials of degree
< s, i.e. (Ps, w) = 0 for all polynomials w of degree less than s. The
roots of the Legrendre polynomials Ps can be found in the book of
Abramowitz and Stegun.
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Methods of order 2s-2

nodes c; are given by the roots of the polynomial
Ps g w(2x—1) = Pg(2x—1)4+EPs_1(2x—1)+puPs_2(2x—1), & pneR

Here the cases & = 0 and 1 = 1 are considered leading to the
so-called Lobatto-1l1l methods with ¢y = 0 and ¢ = 1. The weights b;
are determined with B(s) and the matrix A as follows:

» [obatto-1llA (see Ehle (1968)): with C(s)
= Lobatto-1lIB (see Ehle (1968)): with D(s)

= Lobatto-1lIC (see Chipman (1971)): with C(s — 1) and a;; = by,
i=1,...,s
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Lobatto-llIA methods

0/0 0 0
105 1 1
2124 3 24
i 2 1
15 5 &
12 1
6 3 6
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Lobatto-IlIB methods

1 1
ol —1 0
111 1
2/ 3 O
105
111 % o0
12 1
6 3 6
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Lobatto-IlIC methods

111
0Ols —3 6
111 5 _ 1
2|6 12 12
1 2 1
1 6 3 6
12 1
6 3 6
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Prothero—Robinson example

Order results

method local global error

error T const. | Tvariable
GauB (s odd) TS+ Tt T5
GauB (s even) s+ TS5 T8
Radau IA 5 T8 5
Radau IIA 1St | 27 1St | 27 1St
Lobatto IlIA (sodd) | z—'xs+1 | z—1+S z 118
Lobatto A (seven) | z— xS+t | z71gst1 | 27118
Lobatto IlIB (sodd) | z Tt5 T | z7Tt5 2 [ 2771572
Lobatto llIB (seven) | z~ 115~ | z71xs—1 | 271572
Lobatto IIC z 18 z 178 z 118
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Coupled ODEs

Consider

u="f(t,uv), u(fp) =ug,
v=g(tuv), v(H)=vo

Examples:
= Second order systems such as mechanical systems
= coupled diffusion-reaction systems such as the Brussulator
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A simplified model of a nuclear reactor

= Literature: Strehmel and Weiner, 1984
= N(t) ... average density of neutrons

= Tp(t) ... temperature of fuel

= Ci(t) ... nuclear concentrations.

= system of ODEs:

6
N(t) = 17 (V(Ta(l‘) — Ta(0))N(t) + D Bi(Cilt) — NU))) ,
i=1

Ta(1) Zlc

Ci(t) = M(N(H) = Ci(b), i=1,..., 6.

quantities v, d, K, T, Bi, C,/ and A; € [—3, 0) are given and
independent from t.

(dN(t) — K(Ta(t) — Tm)),

By Technische
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Hamiltonian systems

Hamiltonian problems are ODEs of the form

. OH
p=—Hq(p.q) = —a(p, q),

. OH
q=Hp(p.q) = a(p,q)

= H(py,..., Pd, Q1 - - -, qq) -.- Hamiltonian (given function)
= The Hamiltonian represents the total energy.

= q; ... position coordinates

= p;i ... momenta.

» H(p, q) is constant.
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Movement of a pendulum

Pendulum of length 1: Consider
15
H(p,q) = 5P~ —cosq.
Then

p=—sing,
a=p
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Further examples

Keplers problem
Arenstorf orbits

= movement of planets

[ ]
15 2
solution —— reference
exp. Euler
. Time: 17.000 15 Time:  20.000
1 T T
- — N
05 a P N
05/ / \
/ / \
0 o/ ( |
> /
{ \ /
05 |\ /
\ N g
05 AN . e
. ~ —
1 15
2
15
15 1 0.5 0 05 1 25 2 15 1 05 0 05 15
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Partitioned Runge—Kutta methods

S S
Ki=f|tnt+ctunt+T) ak,vm+1) 3l
j=1 J=1

s s
li=g tm+6,‘T,Um+TZa,'jkj,Vm+TZéij|j
j=1 j=1

s s
Unpt1 = Um-I-TZ biKi, Vmi1 :Vm—i-TZ bil;.
i=1 i=1

= Coefficients: aj, bj, ¢i, &j, by, &
= Advantage: Each problem can be solved by a special Runge—Kutta
method.
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Application

Second order ODE written as first order:
u=v, V() =vyo,
v="f(t,u,v), u(t) =u

Apply partitioned Runge—Kutta method:

s
k; :Vm—f—TZéjj']’
J=1

s s
I, =f tm+C/T,Um+TZa,'jkj,Vm+TZéij|j

j=1 j=1
s s s
=f tm—i-c,-T,um—i—TZa,-j Vm"‘TZéjklk ,Vm—i-TZé,'jlj
j=1 k=1 j=1
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Runge-Kutta—Nystrom method

A Runge—Kutta—Nystrém method can then we be written as

S S
=1 {tn+cmUn+TCVn+T) Bl Vm+T) Bl
= =

S
Umst = Um+TVm+72 YDyl

i=1

s
Vmt1 =Vm + TZ bil;.

i=1

s s
é,‘j = Z a,-,-é,-k, bi = b; Z ajj
j=1 j=1

where

Technische

Universitat 24.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 19
SC



Example

Nystrdm method of order 4:

0
c 1/2|1/8 ajj
1 0o 1/2
b; 1/6 1/3 0
b; 1/6 4/6 1/6
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Example

Advantage: ODE can be splitted into a stiff and into a non-stiff part.
Consider

(o) - 2 (o) (ae)-(3).

Exact solution:

( Z;Eg ) - < f )exp(—100t) + ( _; >exp(—5t).

Technische
Universitat 24.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 21
Braunschweig S E



Methods

= method of Heun:

0
111
312 2
519 3 S
1z 0 %
= Lobatto-lllA method with 3 internal stages
0|0 0 O
115 1 _1
2124 3 24
111 2 1
6 3 &
1 2 1
6 3 &

= partitioned Runge—Kutta method with the Heun and Lobatto-IlIA
method.
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Numerical result
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error

Heun —w—
Lobatto-lIIA —e—
Heun + Lobatto-llIA

102 -

1010 -

o2 L J
10 107 102 10
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Remarks

Partitioned Runge—Kutta methods may have order reduction.
Higher order PRK methods must satisfy further order conditions
A partitioned Runge—Kutta method is of order 2, if and only if both
Runge—Kutta methods have at least order 2 and if the coupling

condition
Z b,a,, Z biaj; =

ij=1 ij=1

is satisfied.
This condition is valid, if ¢; = ¢;, b; = b;, and both methods satisfy

the condition .
j=1

Technlsche
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New method

Aim: Find an explicit Runge—Kutta method of order 3 with
¢1=0, c=1/2, c3=1
by =1/6, b,=2/3, b3=1/6.

remaining order condition

s
Z b,-a,]-cj = 1/6

i=1
is valid, if we choose 3> = 2. Finally we have oz = —1.
0
111
2| 2
1]-1 2
1 4 1
6 6 6
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Numerical result
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error

Heun —w—
Lobatto-lIIA —e—
Heun + Lobatto-llIA
New + Lobatto-}

102 -

1010 -

o2 L J
10 107 102 10
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Dynamic iteration methods

Let us start with the coupled system of ODEs given by

u="f(tuv), u(0) =ug
v=g(tu,v), v(0) = vq.

As in the case of stationary problems a splitting can be introduced.

In the case of dynamic problem this approach is called waveform
relaxation (WR).

We have the same partitioned methods as in the case of
linear/non-linear systems, i.e. Jacobi, GauB—Seidel, and SOR.

Technische
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Jacobi WR method

= Jacobi WR method:

u(k+1) — f(t, U(k+1),V(k))

vk — gt ulh), Ukt

= As in the case of stationary problems both ODEs can be solved in
parallel independently from each other.

= The communication of the two solvers is needed only at the end of
each timestep.
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SOR WR method

SOR WR method:

o (k+1 - ~

Ut = (¢, vy, Gkt (0) =y,
‘;,(kﬂ) =g(t, ﬁ(k+1),\“,(k+1))' q(k+1)(0) =V,
uk ) = a1 4 (4 —w)u(k)

(
v = ikt 4 (1 — @) ®),

For w = 1 we get the GauB-Seidel WR method.
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Convergence in the linear case

u+ Au = f(1), u(0) =ug
Splitting A= M — N:

a0 muc = M0 1), uR(0) =g
Let X : v — u be a linear integral operator given by

t
Kul(t) :J e MNu(s)ds.
0

Then the solution of (??) can be written as
ulk ) — g 4 g

with

t
o(t) =e Mug + [ els~IMf(s)ds.
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Convergence in the linear case

Let X be a Banach space and assume that X is a bounded operator in
X. For the convergence we need that spectral radius of K

p(X) = lim [|3ck||"/
k—o00

satisfies p(X) < 1, since f € X implies ¢ € X. In the following we are
interested in the uniform convergency on a long but bounded time
interval.

v
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Convergence in the linear case

First we want to show that p(X) = 0 in the space of uniform
convergence in [0, T]. We have

t
Ko (t)] < cj o(s)lds < Ctll @]l
0

with C = exp(T||M||)||N||, where || - || denotes a norm in C". It follows

. -t
Kot < O llolloe

2G| <2 (T G-ee(T)

and

I3

for all A # 0.
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Convergence in the linear case

s |f p(K) = 0 then no effect of the splitting on the actual rate of
convergence can be observed.

= Therefore use the weighted norm

Jull == sup | exp(—at)u(t)]
te[0,T]

in which X becomes a contraction.
= A similar estimate as above holds for the weighted space.
= Find estimates, which are independent of the length of the interval.

= Consider Banach spaces on [0, co). Let X denote any usual
LP-space of C"-valued functions defined on [0, co).

Technische
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Theorem

Let X = LP(R.,C") with 1 < p < o0.

1. Then ¢ € X is implied by f € X, if and only if all eigenvalues of M
have positive real part.

2. If all eigenvalues of A have positive real parts then X is a bounded
operator in X if and only if the eigenvalues of M have positive real
parts.
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Proof

We want to show, that

we have

p 1/p
e T SIMg(1) gt ds) < o0
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Theorem

» Let X = [P(R,,C") with 1 < p < 0.
= Assume that all eigenvalues of M have positive real part.

= Then
p(X) = max p((i&l + M)~'N).
LER
= Note, that p in the left-hand side is the spectral radius of the
operator

= Note, that p in the right-hand side is the spectral radius of the
matrix.
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Jacobi overrelaxation (JOR) WR method

decomposition:A=D—L—U
Splitting:

A—M—N—1D—(1_wD+L+U>.
w w

For w = 1 we have the usual Jacobi WR method.
Let J(0) = D~ '(L + U) be the Jacobi matrix.
Theorem: For any H-matrix A with D > 0 and M(A) a nonsingular
M-matrix the dynamic JOR WR method converges whenever
2

Technische

Braunschweig
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SOR WR method

= Splitting:

A=M—N= <1D—L)—<1_wD+U>.
w w

= Theorem: For any H-matrix A with D > 0 and M(A) a nonsingular
M-matrix the SOR WR method converges whenever

2
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Symmetric SOR (SSOR) WR method

Consider methods that involve two different phases. Therefore let

ak 1720 4 pyuk172) = Nyu gy
ak ) 4 Mokt = ApukH1/2) g,

u(k+1)(0) _ u(k+1/2)(0) = up.

For the symmetric SOR (SSOR) WR method we have

1 1—
Mi=—D—L N=-—%ptu
w w
1 1—
My=—-D—U  No=-—LD41L.
w w

Technische
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Symmetric SOR (SSOR) WR method

For any H-matrix A with D > 0 and M(A) a nonsingular M-matrix the
symmetric SOR WR method converges whenever
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Example

Let
1 —A
AZ()\ 1 ) A e (0,1).

Let us now check the assumptions from the Theorems.

= We have D = /> 0.
= Ais an H-matrix, i.e. M(A) is a M-matrix, since

M(A):<_1)\ _1}‘>

1 1 A
M(A] _1—7\2<)\ 1)'

It follows

Technische
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Example

= Moreover we have

J(O):D1(L+U):L+U:<_O)\ g‘)

» p(lJ(O)) =A< 1.
= The condition
Oo<w< ——

is satisfied for all A € (0, 1).
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Example

Let
2 1
1 -2 1
A=(n+1)? e RN,
1 —2 1
1 -2

Then Ais a H-matrix with D > 0.
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A model problem

Let us consider the ODE
u+Qu=0, u(0)=u

o-(1 7).

First we solve this ODE with explicit Euler method. In this case we get

with

Our numerical solution is stable, if the spectral radius p(/ — tQ) < 1.
The eigenvalues of | — TQ are given by

)\1'2:1—T:|:I'T)\

and this implies T < 2/(1 + A?), i. e. we get a stepsize restriction.

Technische
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A model problem

Apply implicit Euler method:
Unit = (I +7Q) Tup,.

The numerical solution is stable, if the absolute values of the
eigenvalues of the matrix (/ + Q)™ are bounded by one. The
eigenvalues are given by

1+T+iTA
(14+1)2+ (A2’
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A model problem

Apply GauB-Seidel WR method:
l:l(k+1) + Mu(k—l—'l) — Nu(k),

where
1 —A 0 O
M:D—L:(0 1 ) N_U_<—7\O>'
If we use the explicit Euler method, we obtain

u,(,ﬁ:” = u,(,’,(“) +T [Nu,(,f) — Mu,(,fﬂ)} :

Technische

Universitat 24.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 47
Braunschweig S E



A model problem

In each timestep we iterate w. r. t. k until convergence. Then

ulf ) =l =y,

Then it follows

(k+1)

Uy =Un+TINUp—Mup] = (I —1Q)up,

which is the same approximation as in the monolythical approach.
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A model problem

Apply GauB-Seidel WR method and the implicit Euler method:

K41 K K41
UE,,L )= Unp+7T NuﬁnL - MuﬁnL :

It follows

(k+1)

up = (14 M)+ T+ M) N

m—+1-
For the matrix T(/ + T™)~'N we have
7( ) 0

T(I+TM)_1N: (1 ;}\T)Q ,

1—7

. 2
(1(17;))2_ The GauB-Seidel WR

method converges, if T < 1/(1 + A).

which has the eigenvalues 0 and

Technische
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A model problem

Apply Runge—Kutta method on model problem:

S S
NISSUYY SR SUNNER RVE RIS

1
J=1 j=1

With Q = M — N it follows

I+tMay; ... TMays k<)
k
—Qup > ak
: + TN :
_ (K)
Qum 271 asik;
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A model problem

Next we introduce the setting k := (k1,...,ks) " and A = (aj)f;—4 and
get with the Kronecker product

(1+ (Ao MKF = —(0® e)um + (AR K.
Next we need the eigenvalues of the matrix

T(I+1A® M) (A N),
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Implementation

We start our considerations with the PDE
u—u"=—-etx*4+2), in(0,1x(0,1). (4)

The Dirichlet boundary and the initial conditions are taken from the
exact solution, which is given by

u(t,x) =1+ e 'x2

The space discretisation is done with central differences, i. e. we have

u”(t x) ~ % [u(t,x + h) + u(t,x —h) —2u(t, x)].

Technische
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Implementation
Finally we get the MOL-ODE

U+Au=f (5)
with
-2 1
1 1 -2 1
1 -2 1
1 -2

X242 1

X5 +2 1 0
f(t)=—e" 5 + 2 :

X2, +2 0

X242 1+e!
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Splitting
Next we apply the splitting A = M — N and get
a1 o puED) = Nule) g, (6)

For the time discretisation of the MOL-ODE we use diagonally implicit
Runge—Kutta methods. We choose the L-stable implicit Euler method,
the trapezoidual rule (order 2, implict, A-stable) and the method DIRK2
given by the Butcher table

8% 0
11—y v, vy=1—4/1/2~0,29.

The method is implicit, of second order and L-stable.
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Discrete WR method

The discrete WR method is given by

S

]
j=1

S
ulr — g, 4 Ty bk
i=1
The symmetric SOR WR method is then given by
ak1/2) 1 puk+1/2) — pu0) 1 g,
u(k+1) + Mzu(k+1) — N2U(k+1/2) +g>.

k.(k+1) =f(tn +ct) — (M — N)um_TZ ajj (Mk(k+1) _

Technische

Universitat 24.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 55
Braunschweig

@-sc



Application

Applying the RK method on the symmetric SOR WR method gives us

K2 — g (tn + 6T) — (My — Ny)u _Tzalj (M1k k+1/2) Mk/gk)) ,
j=1
K ) = gy(tm + 1) — (M — Ny)u —TZ aj (Mak( 1) — Nk +1/2))
j=1

S
k+1 k+1
upt ) =up+ 1) bk
i=1
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Results

First we apply the SOR WR method with w = 1. The central
differences are applied with h = 1/10. Then we get the following

numerical results:

impl. Euler trap. rule DIRK2
T=0.100 | 6.99e-04 ( 70) | 1.62e-05 ( 50) | 8.59e-05 ( 42)
T =0.050 | 3.89e-04 (47) | 3.72e-06 ( 32) | 2.11e-05 ( 26)
T=0.025 | 2.07e-04 ( 30) | 9.13e-07 ( 20) | 5.63e-06 ( 17)
T=0.013 | 1.13e-04 (19) | 2.31e-07 (13) | 1.49e-06 ( 12)
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Results

For h = 1/100 the following results are obtained

impl. Euler

trap. rule

DIRK2

T=0.100

1.98e-03 ( 1500)

2.94e-04 ( 1500)

1.45¢-04 ( 1500)

T =0.050

6.18e-04 ( 1500)

9.18e-06 ( 1500)

1.98e-05 ( 1450)

T =0.025

2.10e-04 ( 1500)

2.35e-06 ( 978)

4.87e-06 ( 778)

T=0.013

1.15e-04 ( 899)

3.13e-06 ( 518)

1.83e-06 ( 406)
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Results

Next we compute the optimal wpt, which is given by

Wept = 4/(4 — p?), where = p(J(0)) = p(D~'(L+ U)) ~ 0.99951.
Then wpt =~ 1.3329. Then we have for the SOR WR method

impl. Euler

trap. rule

DIRK2

T=0.100

7.39e-04 ( 1500)

1.25e-05 ( 1500)

8.39e-05 ( 1380)

T =0.050

3.77e-04 ( 1500)

2.20e-06 ( 964)

2.04e-05 ( 780)

T=0.025

2.02e-04 ( 894)

8.10e-07 ( 534)

5.24e-06 ( 420)

T=0.013

1.12e-04 ( 495)

1.44¢-06 ( 285)

1.34e-06 ( 222)
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Results

symmetric SOR method

impl. Euler trap. rule DIRK2
T=0.100 | 6.74e-04 ( 1252) | 1.49e-05 ( 870) | 8.42e-05 ( 729)
T=0.050 | 3.76e-04 (810) | 2.85e-06 (514) | 2.06e-05 ( 412)
T=0.025 | 2.01e-04 (478) | 2.79e-07 ( 283) | 5.39e-06 ( 221)
T=0.013 | 1.10e-04 (264) | 5.74e-07 (151) | 1.28e-06 ( 116)
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Convergence analysis

For the "monolythical” Runge—Kutta method we have

ki =f(ty + ¢it) — (M — N)u —TZa,,M N)k;)
j=1

and for the discrete WR method we have

K Y = f(ty + ciT) — (M — N)u —TZa,,(Mk(“” Nk}“).

j=1
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Local error

The local error of the internal stages can be computed via

S
k
_TZa,,Ne TZ a,-,-Mej( 1,

=1

’(k+1) - k(k+1) k;

With the help of the Kronecker product we obtain
ek —(Ax N)e —1(A@ M)ekt!)

It follows
e ) —q(l+ (A M) (A® N)e
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Convergence analysis

By C we denote we matrix C:= (/+t(A® M)~ (A® N).
numerical method converges, if T < 1/p(C).
implicit Euler method: C := (/4+T™™)~'N

1
= trapezoidual rule: C := E(I+ T/2M)~'N.

= trapezoidual rule converges faster than the implicit Euler method.
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