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Motivating example: Heat equation

Consider the one-dimensional heat equation
U—u" =—exp(—t) (x> +2)

with Dirichlet boundary conditions

Exact solution: u(t) = 1 + exp(—t)x?
= space discretisation: central differences

= time discretisation: fully implicit Runge—Kutta method with s internal
stages

= Aim: Compute one timestep
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Introduction

Coupled linear system:

A11 . A1,~, X1 b1

An‘] . Ann xn bn

where Aj; € R"" and b;, x;R".
» letx = (xy,...,X,) andb=(by,...,b,)".
= Moreover A is the matrix containing of the blocks A;.
= Let the matrix A be regular.

Technische

Universitat 10.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 5
Braunschweig S E



Blockform of linear iteration schemes  Examples

Introduction

= monolythical approach: Solve Ax = b by a direct or an iterative
method.

= Partitioned method: Solve

n
A,','X,' =b-— Z A,'ij
j=0
J#i
is solved w.r.t. x;.
Since the other components of x are not known in general, an
iterative loop is needed to get an accurate numerical solution.
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Example
2 x 2-block system:

Aq1X1 + A12X2 = by (1)
A1Xy + AzoXp = bo. (2)

In the first step we solve (1) w.r.t. X4, i. €.
X1 = Ay (by — Aq2Xa).

Next we communicate the solution x; from software 1 to software 2.
Then we can solve equation (1) w.r.t. X and get

Xo = (A2 — A21 A7 Ar2) (b2 — A21 Ay by).
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Block-Jacobi method
1. Set v := 0 and choose an initial guess x(©) = (x\° x}
2. Solve (1) w.r.t. x4, i. e.
A11X$V+1) = b1 — A12X£V).
3. Solve (2) w.r.t. Xo, i. €.

A22Xév+1) = bg — A21X$V).

4. Setv:=v+1
5. Compute the residuum

rv) = axV) —p.
6. If | r(¥)|| is sufficiently small, then stop. Otherwise compute x(V+1).

This method is called Block—Jacobi method or simultaneous iteration
method

(0)).
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Block-GauB-Seidel method
1. Set v := 0 and choose an initial guess x(©) = (x\”), x\%).
2. Solve (1) w.r.t. x4, i. e.
A11X$V+1) = b1 — A12X£V).
3. Solve (2) w.r.t. Xo, i. €.
A22X£v+1) ~ b, —A21x5V+1).

4. Setv:i=v+1
5. Compute the residuum
rv) = axV) —p.
6. If ||r™)| is sufficiently small, then stop. Otherwise compute x(V+1).

This method is called Block—GauB-Seidel method or sucessive
iteration method.
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Example
Let

A11=<
A21=<

10 1
). aeoa(01)
2 1

17.6 13
b‘:<18.6>' b2_<14>'

[ G - N
—_ = N =

and let
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Blockform of linear iteration methods

Notation:

= Let A, B € R™" be given matrices.

= A> B,ifaj > bjholds foralli,j € {1,...,n}.
» A< B, ifgj < bjholds foralli,je{1,...,n}.

= Ais called nonnegative, if A > 0,
= Ais called positive, if A > 0,
= Ais called monotone, if Ax > 0 implies x > 0.

Theorem: A matrix A is monotone, if and only if A is regular with
A'>0.

Proof: see Axelsson (1996)
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Definition

= A matrix A with A = (aj) is called a (nonsingular) M-Matrix, if
aj < 0for i # j and if it is monotone, i.e. A~ > 0.

» By M(A) = (m;j(A)) we denote the comparison matrix given by

o [ el =]
m’/(A)'_{—|a,-,-|, if i

» |f M(A) is a M-Matrix, then A is called H-matrix.
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Example

Let
2 —1 0
A= —2 3 1
—1 0 1
Then
2 —1 0
M(A) = —2 3 —1
—1 0 1

is a M-Matrix and it follows that A is an H-matrix.
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Splittings

types of splittings: Let C, R € R™" be matrices. Then the matrix
A= C— Ris called:
= a regular splitting, if C is monotone and R > 0 (see Varga (1963))

= a weak regular splitting, if C is monotone and C~'R > 0 (see
Ortega and Rheinboldt (1970))

= a nonnegative splitting, if C is regular and C~'R > 0 (see
Beauwens (1979) and Song (1991))

= a convergent splitting, if C is regular and p(C~'R) < 1.
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Block-iterative methods

Let A be a M-matrix with a; < 0 for i # j. Moreover let A be of the form

D1 A12 P A1n

Aoy D> ... Ao
A= : , . :

A1n An2 s Dn

where D; € R |t can be shown that D; is regular and D; ' > 0.
Let Dy :=diag(Ds, ..., Dy). Then we have D, " > 0.
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Theorem

Let A= C — R be a weak regular splitting. Then the splitting is
convergent if and only if A is monotone.

Proof: Axelsson (1996)
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Block—Jacobi method

= Splitting: R = Ds — A, i. e. C:= D,.

= Then it follows C~' = D;1 > 0 and the matrix C is monotone.
= Moreover we have R > 0.

= All these conclusions show us that C — R is a regular splitting.

(Block) Jacobi method or simultaneous iteration method:

Dax*+1) = (D4 — A)x®) + b,
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Block—GauB-Seidel method

Splitting: A:= D — L — U with [; = —aj; for i < j and u; = —aj for i > .
Let C:= D — L. Then we have

cl=(D-1)"= [D(I—D‘1L)]_1

—(1—p'0)"'D i ">o0.

i=0

Moreover we have U > 0 and finally we have proventhat A= C — R
with R = U is a regular splitting. This approach is called (block)
GauB-Seidel method or sucessive iteration method and is given by

(D— L)x* 1) = yx® 4 p.
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Heat equation

= space discretisation: n = 20
= time stepsize: T = 0.01

Examples
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Heat equation

= space discretisation: n = 50
= time stepsize: T = 0.01
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iteration iteration
2 s=10 5 5=150
10 10
—*— Block-Jacobi —*— Block-Jacobi
—&— Block-Gauss-Seidel —— Block-Gauss-Seidel
g £
o o
310 310
o] ]
2 4
2 5
10 10
0 20 40 60 80 100 0 20 40 60 80 100
iteration iteration
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Heat equation: spectral radius

space discretisation: n = 50

10

1
10

Block-Jacobi

—— Block-Gauss

0 0001 0002 0003 0004 0005 0006 0007 0008 0009 0.01
T
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Example

Consider the problem

—u" =1, x€(0,1)
u =0, x €{0, 1}

Exact solution:

x(1—x)

U = A+ 1770

= Then:
3200x3 + 3100x% — 3120x + 351

(80x2 — 40x + 13)2
= Space discretisation: central differences

f(x) = —160
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Monolythical approach

discrete system: Apuy, = fj

n | lu"—u| | CPU
100 | 2.9E-4 | 0.008
200 | 7.4E-5 0.04
400 | 1.9E-5 0.02
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Partititioned approach (Block-GatiB=Seidel me-"
thod)

discrete system:

with
—2 1 0
1 1 2 1
A1 = Axp = 2

1 -2 1
0 1 -2

1, i=nj=1

_ T _ ) ']
(A12)j = (Az1)j = { 0. else
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Partititioned approach

Block—GauB-Seidel method:

Blockform of linear iteration schemes Examples

n | |Ju"—u] | lterations [ CPU | p
100 | 4.1E-4 472 0.04 | 0.98
200 | 1.0E-4 938 0.13 | 0.99
400 | 2.6E-5 1870 0.44 | 0.995
Liﬁt:lifﬂi 10.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 27

Braunschweig



Blockform of linear iteration schemes Examples

A parallel ansatz

= Idea: Split the domain into (0,1/2) and (1/2, 1)
= At x = 1/2 we require

Upert(1/2) = Uright(1/2)v
Upert(1/2) = Ugigne(1/2),
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Time-dependent problem

Consider the problem

u—u"’ =f, (t,x) € (0,1)?
u =0, te(0,1),xe{0,1}
u = up(x), x e (0,1)

= Space discretisation: central differences
= Time discretisation: backward Euler method
= discrete problem:

(I - TA)UZH_1 == u,f;'l + Tf(tm+1)

Here: spectral radius p depends on T.

10.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 29

@-sc



Blockform of linear iteration schemes Examples
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BiCGStab method

= |terative methods which convergece faster than the Jacobi, the
Gauss—Seidel and SOR-method are cg-schemes (conjugient
gradient schemes).

= These methods are based on optimization ideas, i.e. in each
iteration step one or more search vectors are computed which
minimises the residuum.

= In this lecture we only introduce the BiCGStab method.
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BiCGStab method (I)

Let x(©) be an initial guess for the solution of the linear system Ax = b
and let
rl® = Ax® —p

be the initial residuum. Set ¥(©) := r(®) and p(®) := r(®). Calculate
p(O) — (r(o),F(O))_

Let € be a given tolerance. If ||r(®)|| < e then stop.
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BiCGStab method (ll)

Otherwise we iterate from k = 0 to n — 2 and compute

s = ap®), o0 = (s ) stop, if o'k = 0.

(k) (k)
P K) oK) (k) k) _ (k) ) _ (VT Wy
o4 R w' =r s vy = AW ' = TG
x(KH1) Z k) (k) () gy ()
P (0 _ (gl _ (k) (6)

p(k+1) — (r(k+1)"|:(0))
If [r*+1|| < er(® then stop. Otherwise compute the new search vectors

plkt1) (k)

——, P

ﬁ(k) = 0L (k1) — plk+1) B(k)(p[k) _ w(k)s(k))_
] w
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Example

Consider the problem

—u" =1, x€(0,1)
u =0, x €{0, 1}

Exact solution:

x(1—x)

U = A+ 1770

= Then:
3200x3 + 3100x% — 3120x + 351

(80x2 — 40x + 13)2
= Space discretisation: central differences

f(x) = —160

Technische

Universitat 10.5.2017 | Joachim Rang | Partitioned Methods for Multifield Problems | Seite 34
Braunschweig S E



Example

Dimension: 100

104

residuum

1010
o
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T T T T
Jacobi —a—

Gauss-Seidel —e—
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iteration
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