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Contents of the course

« Fundamentals of functional analysis

« Abstract formulation FEM

« Spatial (meshing) and functional discretization (the basis functions)
« Convergence, regularity

« Variational crimes

* Implementation

* Error indicators/estimation
« Adaptivity

« Mixed formulations (e.g. Stokes)
« Stabilisation for flow problems
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Abstract formulation, examples

 FEM and piecewise polynomials

* Non-degenerate triangulation, refinement of triangulation
« Convergence using piecewise linear functions

« Convergence using piecewise higher order elements

« Implementation, sparsity of the stiffnes matrix

« Variational crime: numerical integration
« Variational crime: curved boundaries
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Recap: boundedness of the error of Galerkin method

alu—u,v) =0 VveV,
If a(-,-) is an inner product, it means that the approximation is an orthogonal
projection to the subspace in the energy norm:

error = |[u(x) —u, Xz < [ux) — v VYvx) €V

According to Céa’s theorem (see prove at the lecture note), even without a(-,-) being
symmetric, the error of the approximation of Galerkin will be allways bounded:

lu—up |l Sgllu—vll Vv €V

Where M and é are constants from the conditions of boundedness and V-ellipticity of
the bilinear term a(-,-):
a(w,v) < Mlullllvl
a(u,u) = §llull?
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[Chapter 4]
Recap: what do we have to solve?

Il
-

N
X j PP, (%) - VW ()dQ = j FOW(0dY  wmmh | Ke
i=1 Q

—

Kij fi

FEM:  Galerkin method where ¥; are piecewise polynomials

Main goals when implementing:

« efficient calculation of K

« efficient calculation of f piecewise
T e ) .

+ solve Kc=f efficiently polynomials

 true solution is approximated well (error is small enough)
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[Chapter 4.1]
Piecewise polynomials and the FEM

piecewise polynomials: a function that is defined by a polynomial on each subdomain

mesh: the collection of subdomains
nodal basis:
1 i=j 1 i=j
‘l’i(xj) - {O [ #] l/’i(xj'yj) = {0 i #j
1 2 3 4 5 6

v <y > <
4
‘ ux) = up(x) = Z u; Y;(x) l

=1

uh(X) € Phl
continious piecewise
linear functions

for Poisson equation we have to show that P,* ¢ H;
when it's not satisfied it is not a ,conforming element method’
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Recap: Why linear piecewise polynomials defined on a
triangulation are in the subspace [Chapter 4.1.1]

Suppose, that unigueness and existence can be shown in H;

Show, that the space of all continious piecewise linear functions defined on the
triangulation 73 is a subspace of H; .

The continious piecewise linear functions can be writen in the general form:
u=a;+bix+cy (x,y) €T;
aj+hx+cy=a;+bx+cy Vixy) €e=T;nT;,
We have to show that all us are in Hy:
+ Jqut <o Q=U;T;

LG ) <o
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Recap: Why linear piecewise polynomials defined on a
triangulation are in the subspace

Ju2<oo
Q

juz =Zj (a; + bix + ¢;y)? < Zj max(a; + b;x + ¢;y)?|T;| < o
Q — Jr, —~ ),

2)ShOW that fﬂuz < 0 Q0= U; Ti
There is no derivatives in a strong sense, but let's see whether these give weak
derivatives:

1) First let's show that

du _
gi=a-=h (%) € iny(T)
du _
g2 = oy ¢ (x,y) €int(T;)
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Recap: Why linear piecewise polynomials defined on a
triangulation are in the subspace

are weak derivatives if for any v € Cy°

> We prove only this, because the
£y v approach of the derivation for g,
qUs—=-Jyvg: | and alyy = — J,vg; holds. s same.

Let’s first look at the left hand side of the equation:

ZJ UJZ—}

f uv - ny; = 0 on the edges of the boundary, and uv -nqy = —j uv - ny
oT oT 6Tj

On the common edges of neighboring triangles T; and T;

L}E{f}o = [ o
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Recap: Why linear piecewise polynomials defined on a
triangulation are in the subspace

[uge=-]
u—=—| vg
o Ox Q '

The left hand side of the equation:

[32=-3{] o]

l

The left hand side of the equation:

[ v == 3| o

l
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[Chapter 4.1]
Piecewise polynomials and the FEM

ve PV =) y(x,y)=a;+bx+ay (x,y) €T

Derivatives in the classical sense:

O (xy) = bi, (x,y) € int(Ty) v(x,y) € L,
"“x,}’ =0, X,y € 1n i . . /

g-’f ==) \weak derivatives of v =) V(xy)€l,

a_”(x, y) =c¢;, (x,y) € int(T}), (see proof in Gockenbach Chapter 4.1) U
‘}F
Phl cC Hl
- 21 22— 23 24 25
2 2 2 3

-
(s3]
D,
(14]
—
w

AR AR AE T wow, 20

18 20 22 24
= . | 15

' s 10 K1,19 — J V"IJ]_(X) g Vq’,lg(X)dQ - 0
Q

-
-
-
N
NS

2 = % 5
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[Chapter 4.1]
Sparsity of the stiffness matrix

K;j = J r¥;(x) - V¥;(x)dQ # 0 == ifnodesiand jare adjacent
Q

21 422 — 423 124 425

Example: [?

16 17 8 19 20

0

0

0

0

0

0

T4 15 l
0

0

0

-

-
N
w

8 10

4 2 4 4 5
Ki3;#0 ifj=781213,14,1819 1+ ol o[o °+0 o o [SI o

Similarly: 0

Kz #0 ifi=781213,14,18,19
: :

max 7 nonzero elements/row and /column

20]

20
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[Chapter 4.2]
Quadratic piecewise polynomials

l.IJl' (X, Y) — LIJS LIJ18
a+bx+cy+dx2+exy+fy2 " ) ) ) )

l 19 0 21 22 23 19 20 21 2 =3

6 nodes needed

14 15 16

e *H——e3
+19 20 *21 22 p23
+ 47 5 * 4 6
*12 13 14 15 16
¥ et et —1'3

il
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Quadratic piecewise polynomials
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[Chapter 4.2]

nz = 405
g
405 .
50x50 "
nz = 2219
2219 o
200 x 200 70
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[Chapter 4.3]
Cubic piecewise polynomials

a+bx+cy+dx’ +exy+ fy' +gx’ + hx’y +ixy’ + jy’

PR LY P . e Al) A

fl i ot L*J b ™ -t 5 U
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29 46 A51 133 a8 #45 t37  Gliiiiin

28 0 47 ¢32 4 49 36 10 ..

s W | La Y -~ LaTrd [ Y 4 6

15} Lo
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Higher order piecewise polynomials

Requirements for polynomial of degree d in 2D (two variables)

* number of nodes per edge (to guarantee continuity of the ansatz function):

d+1
(d — 1 in between the vertices) — 3d on the edges 1 — C
X y Lir
« Number of parameters needed to define 2D polynomials 2 Xy )2

1424 - +@d+1)= @+ 1)(d +2)

2

d=4 d=5
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Higher order piecewise polynomials

Let's check setup for d = 4 in 2D (two variables)

* number of nodes per edge (to guarantee continuity of the ansatz function):

d+1=5
(d — 1=3in between the vertices) — 3d = 12 on the edges i — C
X y Lir
« Number of parameters needed to define 2D polynomials 2 Xy )2
1+2+-—-+(d+1)=(d+1);d+2) < Xy 2 y—
x4 x3y x2y2 xy3 yA
(d+1)(d+2) 15

2
* Number of nodes in the middle 15—12 =3
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Higher order piecewise polynomials

The a general piecewise polynomial takes the form

u=aj’ + (x,y) ET;
+ agi) X + agi)y +
+ af) x?+ agi)xy + ag)y2 +
+ agi) x3+ ag)xzy + a(gi)xy2 + afo)y3 +
+ agil) x*+ a§i2)x3y + agxzy2 + agxy3 + a&)y‘*
12

Let's suppose | know the solution at the nodes {x;, yf}j:1'

u = u(x;,))
Then the nodes should define uniquely the plane, that is, the values for

(),
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Higher order piecewise polynomials

The a general piecewise polynomial takes the form

_ T (D)7 Y .
U1 [1 x vy x2 xyy, yiE ox3 o yi a; (x;, ;) €T;
Uz 1 x2 Y2 x2 x,y, y2 x5 .. V3 agl)

vy 1@

mmmm) IV is not singular

qlil}*
v
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Different discretisations of the functional space

Shape functions in C%and in ¢! on 1D and or on 2D (quadratic or triangular)
elements, the Lagrange polynomials and the Hermite polynomials, number of basis
functions, conforming elements... (see lecture, or more in [1], [2], [3])

hob b &

Picture source: http://fenicsproject.org/about/features.html#features

[1]: Brenner&Scott: The Mathematical Theory of FEM, Chapter 3 — Construction of
the finite element space

[2]: Zienkiewicz&Taylor: The Finite EIment Method, Chapter 8. ,Standard’ and
Jhierarchical’ element shape functions: some general families of C_0 continuity

[3]: Logg&Mardal&Wells: Automated Solution of Differential Equations by the FEM-
The Fenics Book, Chapter 3: Common and unusual finite elements
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1D Example with linear nodal basis

N
N

Discretisation of the weak form:

4

uG) ~ ) w (%)

=1

4

A, (x) O
> uyea [ AT 4 — [ ey
i=1 L L

——

Kij fi

p(x) = ax

-

d_

"

Strong form:  —E4—-= p(x)

u(0)=u() =0

Weak form:

L dudy !
fOEAaadx = jop(x)lp(x)dx

Not efficient to calculate all the
elements of the stiffness
matrix one by one!

4

Calculate element stiffness matrices and assemble

Technische
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1D Example with linear nodal basis

instead:
Compute stiffness matrix elementwisely and
>——

— then assemble
l

> Global stiffness matrix
U5 9 /5 35 4 1/5 5 154

¥z 2 Ys B
u1 -
Ky*(1,1) = EA f al/’;}f") a"’g}g") dx
Q4 uz
K4¢(1,2) = EA f a‘/’g)f") al”;}f") dx
Q4 : u3
K,*(2,1) = EA f a”[’;x(") azp;;x) dx
s K,(1,1)|Ks°(1,2)
aII)S (X) all)S (X) /"' 4’//__% u4
K,°(22) = EAJ > o dx [é
Q4 X X ;/ §4€(2’1)~7K4e(2’2 us
S ] s s == 3
— //
K,6(2,1) |K.6(2,2) K u
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1D Example with linear nodal basis

instead:
Compute stiffness matrix elementwisely and
>——

E— then assemble
l

7z

11/5 o 15 31/5 2 1/5 5 U/5g

¥, Vs Vs

(1) = fg P (s () dx

8@ = jﬂ P Ps (O)dx |

()

e
e === T
-

f2°(2)

R

e _
f4 - A5 — Ug

f2°(2) K u f

ALy
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Non-degenerate triangulation [Chapter 5.1.2]

Diameter of a set:

diam(S) = sup{|lzy — z2f : =1, 22 € S}

Diameter of a triangle:
D7 length of longest side
dr: largest circle contained in T

d . . .
D—T: measures how skinny the triangle is
T

Other definitions
T;,:triangulation (set of triangles), with
h: maximal diameter of any triangle in T, (the length of longest side)

Nondegenerate triangulation:

dr
* E p
diam(7)

for all the triangles in the triangulation.

1Ly
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2
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Convergence using piecewise polynomials

error = |lu—uy |l < |lu—vllg Vvey,

Let's compare the best approximation u; with the proximodel with piecewise linear
functions:

u; (x) = YioquyW () w eV

I —up Il < llu <(wlg
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[Chapter 5.1]
Convergence using piecewise linear functions

Theorem:

{T}} : non-degenerate family of triangulations of a polygonal domain Q € R? }
u € H,

u;: piecewise linear approximation

There exists a constant C depending on Q and the value p (see definition of
nondegenerate triangulation) such that

lu — Uy ||L2 < Ch2|u|H2

lu—u; l[g1 < Chlulg,

where:

8%u 2 a%u : 2u 2
500 = — —
HAED o 1 ox? dxdy 3 y?

(seminorm)
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Convergence using piecewise linear functions

7"’5 ot —urllezy | Nu —urllme
5.0000- 107" | 5.6484-1072 | 4.1361-10"!
2.5000- 107" | 1.6022- 1072 | 2.2448 . 10~
1.2500 - 107" | 4.1305- 1077 | 1.1450 - 10~
6.2500- 1072 | 1.0405- 1077 | 5.7536.1072

[Chapter 5.1]

Source: Gockenbach: Understanding and Implementing FEM
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[Chapter 5.2]
Convergence using piecewise higher-order polynomials

Theorem:

{T}} : non-degenerate family of triangulations of a polygonal domain Q € R? }
u€Hy,

Uy ,,: piecewise d-order approximation

There exists a constant C depending on Q and the value p such that
lu—ullz < Chd+1|u|Hd+1
lu—u [ < ChdlulHd+1

where;

ad+|
ox‘ay/

IH|HI+I{H} Z f

i+ j=d+1

See proof in [3]: Brenner&Scott: The Mathematical Theory of FEM, Chapter 4.4
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[Chapter 5.2]
Convergence using piecewise higher-order polynomials

d=2

7
7 oo —uplly | Nlu — uillg)

5.0000- 107" | 7.8059-107% | 1.2655- 107"
2.5000- 107! | 1.0413-1073 | 3.3340-10 2
1.2500- 107! | 1.3227-107* | 8.4444.107°
6.2500-10 2 | 1.6600- 107> | 2.1180-10

h
Wi e — urllzgy | o — usllng)

5.0000- 107" | 1.1860-10~* | 3.6516-1073
2.5000- 107" | 3.8542.107° | 2.3635.10~*
1.2500- 107" | 1.2162- 1077 | 1.4901- 1073
6.2500- 1072 | 3.8098-10~° | 9.3335.10"7

Source: Gockenbach: Understanding and Implementing FEM
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Convergence using piecewise higher-order polynomials

lu —u; |2 < Ch*™*ul yae

lu—u; [y < ChdIuIHd+1

$

lu—up llg < llu—ullg ‘ ? convert to homogeneous
problem:

M .
— - — —_rhd _ d G:known function,G =g onIp
lu —up ”H1 <—<llu uIHHl S 5 Ch IulH““r1 = 0(h%) fi:new function that we look for

u=G+1u

fQK(X)Vﬁ(X) - Tv(x)dQ = fﬂf(x)v(x)dﬂ + er hv(x)drlr — fQK(X) VG(x) - Tv(x)dQ

— .

from natural/Neumann BC from essential/Dirichlet BC
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Convergence using piecewise higher-order polynomials

First let's suppose homogenous Dirichlet condition:

f k() V() - 7o ()d6. = f FR)v(x)dQ + f ho(x)dT
Q Q r

N

lu—up llg < llu—wllg

O<kOSKSk1

lu —wlly =alu —u,u—u) <Mllu—wlly: < ChYul,an
One can also show for inhomogeneous boundary conditions:

lu —unllg < V2€ R llull yars  [Chapter 5.3]
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[Chapter 5.5]
Variational crime: curved boundary

Source: Gockenbach: Understanding and Implementing FEM

Variational crimes == Céa’s lemma and the error estimators may not be valid
anymore

but: additional errors can be also estimated (Strang)

1Ly,
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[Chapter 5.5]
Variational crime: numerical integration

> — 5
EAT ) u(0) = u() = 0
A3 7P w(0) = u() =

l

&
~ e

L/5 /s 1/5 /5 L/5 Weak form:
SN dudy (!
.LEAEde=fop(x)tp(x)dx Vip(x)

Discretisation of the weak form:
4

w0~ ) i (%)

i=1
Kij fi
\ o — P —
3, (x) @
Zuj EAJL ‘/’aix) L. jp(x)t/)](x)dx

i=1 = (N dx ~ _
L f fl p(xm‘(x) x ;wkp(xk)w,m)

For more complicated trial functions, p(x) and Numerical integration
nonconstant EA(X) difficult to calculate (example: GauR-quadrature)

Example:
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Local/ coordinate system, isoparametric mapping 1D

local coordinate & =0 E=1
x == ¢=[01]
global coordinate
coordinate transformation X X5

using the ansatzfunctions === isoparametric mapping

functions of lower order: subparametric

Shape functions: N () =1 — ¢ functions of higher order: superparametric
N, (&) = ¢
Transformation from local to global coordinates: ;l_z: =X dl\sf) T e dl\;zg(f)
Xi
x(&) = %Ny (§) + X1 N> (8) = [N1(§)  N,(&)] [xi+1] — [le(E) sz(E)“
Stiffness matrix with isoparametric elements: df e
d N N
K4e(k,l)=EAj aY; (x) ¢](X) dx = EAJ dNi($) 0§ 0 1(5)05
a, X 0x o, 0§ odx 0¢ ax i,j € [4,5]
T
dx ax k,le[1,2
@ =
LAN(E) <dx)_ N ($) <dx)_ dx($)
K,°(k,1) = EA d
+ U 1) jo o0& \d¢ ¢ \d¢ dg g
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Local/ coordinate system, isoparametric mapping 2D
triangular elements

Basis functions: Ni(&m) "
Ni(Em) = & 1
MEM) =

=1
N(Em) = 1-&—n

Transformation from local to global coordinates:

Xeolob e _ & X1 : X2 X3
( },im ) (&) =Ni(En) ( . ) +M(E;n) ( - ) +N3(Em) ( ¥ )

lxglOb(E’ n)] — lNl(fi TI) Nz(f, T’) N3(€, 77) ]
Yg10b (&, 1) N1 (&) N, (& n) N3(&,m)1|Y2

Stiffness matrix:

o ) : ( a%,— ) dQepm Lj € [1’2’3]

1Ly,
AT
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Local/ coordinate system, isoparametric mapping 2D

triangular elements

Qtiffneqs matrix:

K," _ / dx . ax
] dlN; dN;
: ﬂffnr EL _E;TF

Stiffness matrix with local coordinates:

ON;] [ON;]
1 ~1- e Y
o= [ [ 2| ol
7o Jo ON;| © | 9N
| Jn | | Jn |

where: a-‘fgfob a-’fgfob

_ g an

J B a}’gfob a}"gfob

¢ o

N (£,1m) SELAGED

i\s, 1 i\s,n

4 4

HLLgy
e %

/ determinant should not be negative
[Jldédn

1Q,
) Uadelm i,j € [1,2,3]

substitution rule

i,j €[1,2,3]

or zero!

a\' E} "L'ur'rnh

f:}\ EJ\ ..53 lob

o & Oy & mmh [ %
oN l:_}.'k';\.r' ob oN EJ_\'IQ lob '_:

dx on  dy om
T ag,
J N
an

QU Q|
R T
N—

)

g% 3 Technische
3

3 |5 Universitit
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Local/ coordinate system, isoparametric mapping 2D
triangular elements, example

s Ny

¥i
.1 _ f#‘."' i""i’ itt Ny=1-£—7
| ) f.,.«--"' ."JI o ‘. Nz S
3 1 -~ -. f -!I‘"qq\h lr"qlz"
1 o if £ ) : p N3 N
- i . Ny=n
2 7 9 /,;;:r",'
Transformation from local to global coordinates (isoparametric mapping):
PR
V1
lxglob(f'n)] _ lN1(f; n) N, (&m) N3(&m) X2
Ygion(§, 1) Ny (€m) N,(&,7) N4(&,1) ;’2
3
| V3
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Local/ coordinate system, isoparametric mapping 2D
triangular elements, example

| T " N1
¢ 3 . __;-»’,9'3. . ,,_r*.‘ j Ny=1-¢-1
_l H'?'?d#.f*"' I'I:'.-" | - j Mo
L
1 .~ Na=g
i T~ ™=
S ..' i_'.ﬁ.-" - ;lf
1 : '“i:":#. pNs
—_ | X |"n,'3-_ n
2 7 g o I"ﬁf-q
Stiffness matrix with local coordinates:
ON;]  [ON;]
1 1—7’] af af
K.. = -T gJ-T déd i
| dn | | dn .
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Condition number of the stiffness matrix

Condition number

What happens with the roundoff errors in K = LU = K + 8K # K

u—u A of A
[lull Ainin |I£]l Amin

Condition number of K with nodal bases with 2D triangular mesh: 0(&‘2),

!

For the Poisson equation turns il-conditioned
for refined mesh!!!

N

X f 7Y, (x) - T, (x)dQ = J FOW (x)dO
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