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Contents of the course

• Fundamentals of functional analysis

• Abstract formulation FEM

• Spatial (meshing) and functional discretization (the basis functions)

• Convergence, regularity

• Variational crimes

• Numerical integration, implementation

• Mixed formulations (e.g. Stokes)

• Stabilisation for flow problems

• Adaptivity

• Error indicators/estimators
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Content of the lecture

Error indicators/estimators

• Introduction

• Different a-posterior estimators / indicators:

Explicit

• Quadratic error estimator/indicator

• Error indicator based on the curvature of the solution

• Error indicator based on the residual

Implicit:

• The element residual error estimator
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Introduction

A-priori error estimators:

• give an assymptotic bound (not absolute value) of the erorr, it shows how the error

decreases as the mesh is refined

• does not involve the computed solution →‚a priori’

E.g.: 𝑢 − 𝑢ℎ 𝐸 ≤ 𝐶ℎ 𝑢ℎ 𝐻2, or 𝑢 − 𝑢ℎ 𝐿2≤ 𝐶ℎ2 𝑢ℎ 𝐻2

𝑢 − 𝑢ℎ 𝐸 = 𝑂 ℎ , 𝑢 − 𝑢ℎ 𝐿2= 𝑂(ℎ2)
𝑢 − 𝑢ℎ 𝐿∞= 𝑂 ℎ2|log(ℎ)| ≈ 𝑂(ℎ2)

In 1D: ℎ = 𝑂(𝑁−1) in 2D: ℎ = 𝑂(𝑁−1/2)

A-posteriori error estimators:

• It involves the computed solution and estimates from that the actual error

• Error indicator: element-wise, it indicates where the error is larger

• Error estimator: it shows when the probel has been solved accurately

enough → the algorithm can be halted

𝑢 − 𝑢ℎ 𝐸 = 𝐶𝑁−1/2
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1. Quadratic error estimator (explicit) / indicator (but not

efficient)

Solve the probelm with piecewise linear approximation and estimate the true solution

by the solution from quadratic approximation:

𝑢 − 𝑢ℎ 𝐸 ≈ 𝑢ℎ
(2)

− 𝑢ℎ
𝐸

Where:

• 𝑢: the true solution

• 𝑢ℎ: solution by piece-wise linear approximation

• 𝑢ℎ
(2)

: solution by piece-wise quadratic approximation

Computationally very expensive!!
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2. Error estimator based on the curvature

(source : [Gockenbach])

For the rest of the estimators let’s suppose the BVP:

Let’s start from the a-priori bound of the L∞ norm.

The L∞ norm (the essential supremum) of the error is bounded by:

In an element-wise manner it can be expressed as:
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2. Error indicator based on the curvature

(source : [Gockenbach])

In an element-wise manner it can be expressed as:

When an estimator is needed, then the constant 𝐶 has to be somehow approximated. Here we

need only an error indicator, we do not really care about the value of the constant. As |log(ℎ)| is 

changing much slower then ℎ2, we can include it in the constant 𝐶.

we do not need

this is what we

need to estimate
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2. Error indicator based on the curvature

(source : [Gockenbach])

The term:

can be estimated by the largest of [Erikson-Johnson]:

at the center 

of the

triangle

neighboring

triangle
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3. Error indicator based on the residual

(source : [Gockenbach])

For the used BVP with homogenous BC:

The weak formulation:

Galerkin orthogonality:

𝑎(𝑢 − 𝑢ℎ, 𝑣) = 𝑎 𝑢, 𝑣 − 𝑎 𝑢ℎ, 𝑣 = 𝑙 𝑣 − 𝑎 𝑢ℎ, 𝑣 ∀𝑣 ∈ 𝑉
= 0 ∀𝑣 ∈ 𝑉h

𝑎 𝑢, 𝑣 = 𝑙 𝑣 ∀𝑣 ∈ 𝑉

𝑎(𝑢 − 𝑢ℎ, 𝑣) = 0 ∀𝑣 ∈ 𝑉ℎ ⊂ 𝑉

We start with:

𝑎(𝑢 − 𝑢ℎ, 𝑣) = 𝑙 𝑣 − 𝑎 𝑢ℎ, 𝑣
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3. Error indicator based on the residual

(source : [Gockenbach])

𝑎(𝑢 − 𝑢ℎ, 𝑣) = 𝑙 𝑣 − 𝑎 𝑢ℎ, 𝑣

𝑎(𝑢 − 𝑢ℎ, 𝑣) =

Green’s

identity

As the term is 

written

elementwisely, 

𝑢ℎ within the

triangle is 

smooth

= 𝑟 (element by

element residual

in the interior)

= 𝑅 (element by

element residual on

the Neumann B.)



FEM and its convergence | Dr. Noemi Friedman | PDE 2| Seite 11

3. Error indicator based on the residual

(source : [Gockenbach])

= 𝑟 (element by

element residual

in the interior)

= 𝑅 (element by

element residual on

the Neumann B.)

e
𝑇𝑒,1

𝑇𝑒,2

𝜕𝑛𝑒

for all the inner edges

(on the D.B. it is zero

anyway) with 𝑓 𝑒 the jump of 𝑓
across the 𝑒 edge

𝑎(𝑒ℎ, 𝑣)

𝑎(𝑒ℎ, 𝑣)



otherwise

FEM and its convergence | Dr. Noemi Friedman | PDE 2| Seite 12

3. Error indicator based on the residual

(source : [Gockenbach])

𝑎(𝑒ℎ, 𝑣)

= 𝑟 (element by

element residual

in the interior)

for all edges

with
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3. Error indicator based on the residual

(source : [Gockenbach])

So we can replace

𝑎 𝑒ℎ, 𝑣 with 

𝑎 𝑒ℎ, 𝑣 − 𝑣ℎ
𝑎 𝑒ℎ, 𝑣 − 𝑣ℎ = 𝑎 𝑒ℎ, 𝑣 − 𝑎 𝑒ℎ, 𝑣ℎ

= 0 as 𝑣ℎ ∈ 𝑉ℎ (Galerkin orthogonality)

(Cauchy-Schwarz ineq.)

for 𝑣 ∈ 𝐻1

𝑣ℎ: piecewise linear

Theorem Ainsworth and Oden
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3. Error indicator based on the residual

(source : [Gockenbach])

for 𝑣 ∈ 𝐻1

any edge of 𝑇

patch around 𝑇:

 𝑇

𝑇

(Cauchy-

Schwarz 

ineq.)
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3. Error indicator based on the residual

(source : [Gockenbach])
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3. Error indicator based on the residual

(source : [Gockenbach])
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4. Element residual error estimator (implicit)

(source: [Bank and Weiser] via [Gockenbach])

PDE satisfied by the error (𝑒ℎ = 𝑢 − 𝑢ℎ):

Valid in the interrior of each triangle, where 𝑢ℎ is smooth:

We need to define BC to be able to solve the PDE:

𝑒ℎ = 𝑢 − 𝑢ℎ not known

but let’s estimate

It!
e

𝑇

 𝑇

𝑛 On the inner edges 𝑒 ∈ 𝜕𝑇:
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4. Element residual error estimator (implicit)

(source: [Bank and Weiser] via [Gockenbach])

On the Neumann Boundary:

The error is estimated by solving the PDE:

The weak form of the PDE:
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4. Element residual error estimator (implicit)

(source: [Bank and Weiser] via [Gockenbach])

The weak form of the PDE:

with:

From the solution, 𝑒ℎ, of the PDE the element residual error estimate is:

In the inner elements we have pure Neumann BC, solution exists only when the

compatibility condition is satisfied. It was shown that the PDE can be solved on some

special approximating subspace (quadratic piece-wise polyn, supposin zero at the

vertices, sometimes extended by one additional cubic shape function – bubble func.).
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4. Element residual error estimator (implicit)

(source: [Bank and Weiser] via [Gockenbach])

Example:

Uniform refinement

Four point estimator:

Three point estimator:

Adaptive scheme

with element residual

error indicator


