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Numerical methods for PDEs

Adaptive methods, posterior error estimators
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Contents of the course

« Fundamentals of functional analysis

* Abstract formulation FEM

« Spatial (meshing) and functional discretization (the basis functions)
« Convergence, regularity

» Variational crimes

* Numerical integration, implementation

* Mixed formulations (e.g. Stokes)
« Stabilisation for flow problems

» Adaptivity
* Error indicators/estimators
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Content of the lecture

Error indicators/estimators
* Introduction
» Different a-posterior estimators / indicators:
Explicit
* Quadratic error estimator/indicator
» Error indicator based on the curvature of the solution
* Error indicator based on the residual

Implicit:
» The element residual error estimator
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Introduction

A-priori error estimators:

« give an assymptotic bound (not absolute value) of the erorr, it shows how the error
decreases as the mesh is refined
« does not involve the computed solution —,a priori’

E.g.:llu —up llg < Ch luplpya, or |lu—uy llL2< Ch*|uply:
lu —up llg = 0(h), lu —up ll.2= O(h?)
e — up ll.o= 0(h*[log(R)|) = O(h?)

IN1ID: h=0(N"') in2D:h=0(N"Y2) == |lu—uy|lp =CN /2

A-posteriori error estimators:

« Itinvolves the computed solution and estimates from that the actual error
« Error indicator: element-wise, it indicates where the error is larger

« Error estimator: it shows when the probel has been solved accurately
enough — the algorithm can be halted
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1. Quadratic error estimator (explicit) / indicator (but not
efficient)

Solve the probelm with piecewise linear approximation and estimate the true solution
by the solution from quadratic approximation:

(2)
h

e =y Nl ~ |[us® —up |

E

Where:
* u: the true solution
* uy: solution by piece-wise linear approximation

. u,(lz): solution by piece-wise quadratic approximation

Computationally very expensive!!
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2. Error estimator based on the curvature
(source : [Gockenbach])

For the rest of the estimators let’'s suppose the BVP:

—V . («kVu) = fin ,

u=gonly,
i

k— =honl}
dn

Let’s start from the a-priori bound of the L™ norm.
The L* norm (the essential supremum) of the error is bounded by:

e — ug =@y < Ch* [log ()| lullwa~@)

In an element-wise manner it can be expressed as:

2
It — wnll L~y < C log ()] g}ghﬂulwm(r)
h
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2. Error indicator based on the curvature
(source : [Gockenbach])

In an element-wise manner it can be expreﬁssed as:. . we do not need

lu — upll g~y < C |log (k)| max h%«lulwlx(T) e, thisis what we
TeT, need to estimate

When an estimator is needed, then the constant € has to be somehow approximated. Here we
need only an error indicator, we do not really care about the value of the constant. As |log(h)] is

changing much slower then h?%, we can include it in the constant C.

WX = (i : @ — R|u and its partial derivatives up to order k are in L ()}

By definition, [u]y2~7) is the largest of

52 ‘
max: —i;(x,y) () eTy,
0x J
2u ]
max § |-, )| 1 x,y) el
dy J
Y |
max X, X,V
axo ) >
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2. Error indicator based on the curvature
(source : [Gockenbach])

The term:

182

TER | = 2(»’r |, y)ely,
k32 ‘

max | 2(Jc i x,nely,
[0y ,
1 82

maxik 3% 3y (x, })\ (x, })ET]

can be estimated by the largest of [Erikson-Johnson]:

at the center < \ f Pglghlborlng .
of the EL duy oo riangle
_ (xr, y7) — S5 (X3, ¥7)
triangle , 0
T yn = ool ////f/
(]
du’ L(xr, yr) — du; (xT, Yi)

¥

"(sz)T)“"(xf,yf)"
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3. Error indicator based on the residual
(source : [Gockenbach])

The weak formulation: a(u,v) =Il(v) VvevV

Galerkin orthogonality: a(u—uyv)=0 YvelV,cV

a(u —uy,v) =alu,v) —aluy,v) =1w) —alu,v) Vv €V
=0 Yv € Vh

For the used BVP with homogenous BC:
a(u,v) = / kVu -V,

Q
£(v) = fv+[ hv.
Q I

We start with:
a(u —up,v) = 1(v) — alup, v)
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3. Error indicator based on the residual
(source : [Gockenbach])

a(u —up,v) = l(v) — alup, v) a(u,v) = / kVu -V,
a(u—uy,v) =

0
£(v) = fv-l-f hv.
Q s

identity

d
W= [k [t e [l
rer, WT T o7 On 9T,

As the term is

written . : duy, B Bﬂ
elementwisely, — Z l[T(f + V- (kVuy)) v +famr2 (h K 3 )v .L'r\rzx o v

n
u, within the TeT,
triangle is

d ou
smooth - l[ (f+V.(:(Vuh))v+[ (h..*,(_fi"l)v _f K —2
TeT, VT ATl dn aT\r, 0N

=Z{ffv—fx?uh-Vv+f hv}
Green’s< ret, WT T 47T,

oyt

.

= r (element by = R (element by
element residual element residual on
in the interior) the Neumann B.)
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3. Error indicator based on the residual

(source : [Gockenbach])

a(ey,v) = { (f+V- (xVu,,))v—i—f (h
TeT, Irnr;

*

dit f duy, }
—K— VvV — K—V
on T\, on

= 7 (element by = R (element by
element residual element residual on
in the interior) the Neumann B.)
Te'le 0
f i, {f auhlr. f duplr,, } lte
Z K—U = Z K v T
TeT, AT\, Bne e Bne e,2
/ Z [ auh‘T . 8u;,|re_2) y
for all the inner edges b dn, on,
on the D.B. it is zero . :
( Buh with [f], the jump of f
anyway) =4 Z
aﬂe ¢ across the e edge

é’EIh

0 du
alep,v) = Z [[T(f+V-(xVuh))v+[amr2( Mx—i’-’*) g/[ an]e

TeT,
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3. Error indicator based on the residual
(source : [Gockenbach])

0
a(ep,v) = { (f+V- (Wu,,))v-|—j;mr ( .,_.K?_“_’l) Zf[ azh]
e ' — 2 ecTy ede

= 1 (element by
element residual
in the interior)

a(ey, v) = Z/rv+ Z/Rv
TET PESJ,
— forall edges

with
0, e C Iy,
x Wi
Rle: 1 h 3 ec F29
[ %—"] ,  otherwise
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3. Error indicator based on the residual
(source : [Gockenbach])

vy: piecewise linear
ale,,v) = Z rv+ Z Rv.
77, " et " So we can replace
a(ep, v) with
a(ep, v —vp) = aley, v) —aley, vy) mmmm) aley, v —vy)

= 0 as vy, € V},, (Galerkin orthogonality)

TeT, ec&, ¥ ¢

ale,, v) = Z -/Tr(v — o) + Z R(v —vy) j (Cauchy-Schwarz ineq.)

= Z Irll eyl — Vali 2y + Z [ R 26y llv = D ll L2
TeT, ee&,

lv = ll2ry < Chrlvllg 7)., } for v € H1

_ 1/2
o = Bull 2y < Chy* N0l oy
Theorem Ainsworth and Oden
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3. Error indicator based on the residual
(source : [Gockenbach])

aten,v) < Y Irllezenyllv = Bullzgy + ) IRl 2 llv — Ballz2e
TeT, PES;,

lv — v ll2ry < Chrlvllg ), } for v € Hl T
)

1/2

1o = Tall iz < CRY 10l ity
/ T~

v

any edge of T

~

patcharoundT: T ={T, €7, : TITNT # B}

alen,v) <C Zh?‘“r”LZ(T)"U"H (T)+Czhr IR 2y 101 g1 7y

T€77, PEE;I
(Cauchy- 12 "
Schwarz
) Z Z 2 2
TeT, ecEy TeT, ek
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3. Error indicator based on the residual

(source : [Gockenbach])
) 1/2 1/2
aen, V) <C{ Y ey + 2 _hrlRIT 0t x4 D I+ D v,
 TeT, ety TeT, ecky

2 2 2 2
Yol + D g, <€ Y ol gy = Clivlig,

TeTh ee&y TeT,

1/2

2 2 2
f kVey - Vo < Clivllmy § D A3lirlGegy + ) ArlIRI:,
Q@ TeT, ¢eE,
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3. Error indicator based on the residual
(source : [Gockenbach])

1/2

f kVey - Vo < Clollma § Y H3lriZag, + 3 AzlR I,
Q TeT, el

Taking v = e, and using the V-ellipticity of a(-, -) yields

TeT, ecE,

1/2
"eh”Hl(Q) < C { Z h%"r"iz(r) + Z hT”R"il(e)’ )

or, regrouping the boundary integrals and noting that most edges belong to two triangles,

1/2

1
lerllmr@y < C Z (h%*”"”zum + EhT"R"iz(HT))
TeT,

Based on this indicator, the explicit residual indicator is defined by

1/2
_ h2 2 _]_ R 2 /
nr = T“r"LZ(T) + th” "LE(GT)
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4. Element residual error estimator (implicit)
(source: [Bank and Weiser] via [Gockenbach])

PDE satisfied by the error (e, = u — uy):
—V - («kVey) ==V - («kVu)+ V- (kVup) = f+ V- (kVuy)

Valid in the interrior of each triangle, where u;, is smooth:
We need to define BC to be able to solve the PDE:

—V - (kVep)= f+ V- -(&kVuy) inT,

0 d 0
K—fﬁ:x—u—:{ﬂonBT
an T an an
T €n =u—uh\\>’ not known

but let’s estimate

e A\n On the inner edges e € 0dT It]

T du 1
EEIE(VLM'T-?I-{-VHM?-H) /

0 1
(x—a%) =3 (kV uply -n+«V uyls - n)
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4. Element residual error estimator (implicit)
(source: [Bank and Weiser] via [Gockenbach])

On the Neumann Boundary:

The error is estimated by solving the PDE:

—V - («Vey) = f+V-(«Vup) inT

3 u, 5
°h <x-3‘-’-> — e teeT,

K'_..
on on on
dey, dup
— =h—«x—ife C Ty,
“on “on NE-2
eh=0ifecl“1.

The weak form of the PDE:

0
[xVeh-Vv = f fv—ff(Vuh -Vv+] <x—u£>vfora]lv e Vr
T T T a7\ On
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4. Element residual error estimator (implicit)
(source: [Bank and Weiser] via [Gockenbach])

The weak form of the PDE:
Buh
foeh Vv = j fv—fouh -Vv—i—j <K-——)vfora]lv € Vr
T T T ar on

Vr={ve H'(T) : v=00n3T NI}

with:

From the solution, e;, of the PDE the element residual error estimate is:

12
lenlle = [ / Vey - Veh]
T

In the inner elements we have pure Neumann BC, solution exists only when the
compatibility condition is satisfied. It was shown that the PDE can be solved on some
special approximating subspace (quadratic piece-wise polyn, supposin zero at the
vertices, sometimes extended by one additional cubic shape function — bubble func.).
0
e, € M(T), foEh Vv = f fv— j kVuy - Vv+f (x—ﬁ)vforallv e M(T)
T T T aT

an
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4. Element residual error estimator (implicit)
(source: [Bank and Weiser] via [Gockenbach])

Example: 1o°

Uniform refinement

/

E 107}
[}
1
o — Adaptive scheme
with element residual
107 . . error indicator
10' 10° 1No3 10’ 10°
Three point estimator: lu —uyllp = 0.141 - N70526
Four point estimator: e — uy || = 0.144 . N~0-523
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