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Problem

= Task: Decompose an observed image u° into a cartoon part u, a
texture part v and a noise part w such that u + v + w = u°.
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General Variational Approach

= Let Q C R? be the image domain and u° : QO — R.
= Solve the problem

min «Fy(u)+ BF,(v) +VFu(t® —u—v)

with positive constants «, 3,y and appropriate functionals
Fu, Fy, Fw which capture discriminating features of cartoon, texture
and noise.
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Rudin/Osher/Fatemi Model [1992]

= The problem

. 2
ue}rgn\}r(lm oaTV(u) + % |® = u|| 2

yields a decomposition into two components.
= Meyer: The ROF model does not capture texture properly.

Technische

Universitit | Christoph Brauer | Cartoon-Texture-Noise Decomposition with Transport Norms | Page 6 N " .
Braunschweig Institut fir Analysis

und Algebra




Introduction  Decomposition with Transport Norms ~ Modeling and Algorithm  Results

Meyer Model [2001]

= Meyer's G-Norm:
G(Q) ={ve L*(Q)|3g e L®(QR?) :divg=v}
[vllg = inf{[llgll[ = | divg = v}

= The problem

min o«TV(u)+Bvlg st u+v=2d
(uv)EBV(Q)xG(Q)

separates cartoon and texture properly.

= There is still no third component that allows to discriminate texture
and noise.
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Vese/Osher Model [2003]

= Reformulation of Meyer’s model:

min «TV(u)+B |llglll« s-t. wutdivg=1d°
(1,9)EBV(Q)xL®(Q R?)

= The problem

min aTV(u)+ 2 P LY |l — u—div 2
(u,9)€BV(Q)xLP(Q,R?2) (v) p liglllLe + 2 H QHLz

approximates Meyer's G-Norm and relaxes the equality constraint.
= |t allows for a decomposition into three components!
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Discriminating Features of Texture and Noise

= Texture features oscillations in the sense that local averages are
close to zero, especially the total positive mass and the total
negative mass are almost equal.

= Gaussian noise has a similar characteristic. Hence, the separation
of texture and Gaussian noise is inherently difficult.

= We focus on impulsive noise: The total positive mass is almost
equal to the total negative mass but local averages are in general
not close to zero.

= |[dea: One can move the positive and negative mass around to
cancel each other out. This is cheap for texture and expensive for
impulsive noise.

Technische

Universitit | Christoph Brauer | Cartoon-Texture-Noise Decomposition with Transport Norms | Page 10 N . .
Institut flir Analysis

und Algebra




Introduction  Decomposition with Transport Norms  Modeling and Algorithm ~ Results

Transport Problem in Kantorovich Form [1942]

= L et u, v be measures on Q) with equal mass and
c: 0 xQ — R, U{0}. Then,

inf {J c(x,y)dn(x,y) | proj; T = u, proj, ™= v}
Ox0

s

is the minimal cost to transport | to v.
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Wasserstein Metric [1969]

= In case c(x, y) = d(x, y)P for some metricdon Q x Q and p > 1,
1

Wp(i, v) = inf {J d(x,y)Pdm(x, y) | proj; 7 = y, projp 7 = v}
axQ

7T

is a metric on the space of probability measures.
= Kantorovich-Rubinstein duality:

Wilpv) = sup{J fd(n—v) | Lip(f) < 1}
f Q

= Wi (W, v) is infinite in case w and v have different total mass.
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Kantorovich-Rubinstein Norm [2014]

= A variant with finite values for measures with different total mass is
Ih—=Vlkr,py = Slﬁp {J fd(w—v) [ [fl <v, Lip(f) < B} :
Q
= Dualizing again, we obtain

Inllkr gy = sewn Y | —divgll+ + B lllglll, -

" lullkr.py = It" — 1 [lkr,p,y i the cost to transport p* to u™
w.r.t. possible mass mismatch.
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G’-Norm
= A dual formulation of Meyer’'s G-Norm is
0o_ _ 0_
|u® —ul| 5 = sup {J f(Wo —u) | |IVAl . < 1}.
f Q
= Repeating the step from Wi (i, v) to [t — VxR g, leads to

0

[0 =t = sup {JQ 6 —u) | [l < v, V71l < rs} .

= By duality,

0

e = ul

oy = 00V [ — =g, + B gl
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Decomposition with the G’-Norm
= Meyer:

min «TV(u) + B |llglll;« s.t. u-+divg=uP
u,

= Vese/Osher:

min TV () + £ |lgl|% + % ||u® — u—div g%
u,g
= Qur model:
min - oTV(u) + |[u° = ullg 5
=min  «TV(1) + B |lgill i+ o — u—divg],,
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Lorenz/Pock Framework

= Problem:

min max G(x) + Q(x) + (Kx,y) — F*(y) — P*(y)

= |teration:
X =XK1 a(xk — X
yE=yk+ok -y
X = prox.g(X* — T[VQ(X¥) + K*¥X])
YR = proxg g (¥* — o[V P* (¥¥) — K(2xk+1 —xK)])
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Application to Decomposition

= Dual representations of TV and ||-||, are

ocTV(u):sgp —(Vu, d) — <« (d)  and
y|[u® —u—divg], = sup (u+divg— 1 f) — h <y (1)
= With

G(u,g) =B llgllls »
F (@, ) = <ol @) + <y () + (U, f) and

-V 0
K_[Id div]

the resulting iteration is...
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Application to Decomposition

extrapolate T, g, $k, fa
U = T —t(dive + )
gt = proxTBH|.|||m(§k +1VF)
. —k _
T = projj <@ — oVI2UT —T)

= proj <y (F* + ol(2u*" —T%) +div(2g"*" — )] — 0u)
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Thank you for your attention!
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