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Motivating Example

Strike Counts published by the US Bureau of Labor Statistics, includes only
Strikes with 1000 or more workers being idle:
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Motivating Example, ctd.

Strike Counts exhibit Autoregressive Structure:
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Count Data Time Series Models

Possible Candidates: Integer-Valued variations of continuous processes.

INARMA Models
INAR(1) Process of [Al-Osh and Alzaid, 1987], [McKenzie, 1985],

INGARCH Models
INARCH(1) Process of [Ferland et al., 2006]

Sebastian Schweer Testing Count Data Models 29.08.2015 4 / 21



Count Data Time Series Models

Possible Candidates: Integer-Valued variations of continuous processes.

INARMA Models
INAR(1) Process of [Al-Osh and Alzaid, 1987], [McKenzie, 1985],

INGARCH Models
INARCH(1) Process of [Ferland et al., 2006]

Sebastian Schweer Testing Count Data Models 29.08.2015 4 / 21



Overview

1 INAR(1) Processes
De�nition, Properties
Detecting Overdispersion
Testing for Time-Reversibility

2 Goodness-of-Fit Testing in General Setting
Empirical Probability Generating Function
Estimation of the Stationary Distribution
Connection to Moment-Based Criteria
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INAR(1) Processes De�nition, Properties

INAR(1) Process

Let (εt)t∈Z with range N0 i.i.d., �nite variance, α ∈ (0, 1). If

Yt︸︷︷︸
Population at time t

= α ◦ Yt−1︸ ︷︷ ︸
O�spring of Previous Generations

+ εt︸︷︷︸
Immigration

for all t ∈ Z,

where

α ◦ X :=
X∑
i=1

ξi ,

then (Yt)t∈Z is an INAR(1) Process.
ξi : Bernoulli random variables with P (ξi = 1) = α.
All thinning operations are performed independently of each other.
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INAR(1) Processes De�nition, Properties

Properties of INAR(1) Processes

For an INAR(1) Process (Yt)t∈Z with E[Y0] <∞,

the autocorrelation function is ρY (k) = αk ,

(Yt)t∈Z is an α-mixing Markov Chain with exponentially decreasing
weights.

A popular distributional choice: ε0 ∼ Poi(λ). In this case

Yt ∼ Poi(λ/(1− α)),

(Yt)t∈Z is time-reversible,

the conditional pgf is given by

pgfYt+k |Yt (z) =
(
1− αk + αkz

)Yt
exp

(
1− αk

1− α
λ(z − 1)

)

Goal: Test for

H0 : (Yt)t∈Z is a Poisson INAR(1) Process.
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INAR(1) Processes Detecting Overdispersion

Index of Dispersion

We introduce the Index of Dispersion IY

IY :=
σ2Y
µY

and ÎY :=
S2
Y

Ȳ
.

For Poisson INAR(1) Process, IY = 1, for Strike Counts ÎY ≈ 1.602.

Theorem ([S. and Weiÿ, 2014])

Let (Yt)t∈Z be a Poisson INAR(1) process with εt ∼ Poi(λ), then

√
T · (ÎY − 1)

D−→ N
(
0, 2

1 + α2

1− α2

)
as T −→∞.

Critical value to the level β = 0.05 is given by ≈ 1.315.
⇒ Rejection of the Poisson INAR(1) Model.
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INAR(1) Processes Testing for Time-Reversibility

Testing for Time-Reversibility

The Generalized Autocovariance βY (k) = E
[
Y 2
t Yt−k

]
− E

[
YtY

2
t−k
]
and

β̂Y (k) =
1

T − k

T∑
t=k+1

(
Y 2
t Yt−k − Y 2

t−kYt

)

For Poisson INAR(1) Process, βY (1) = 0, for Strike Counts β̂Y (1) ≈ 2.879.

Theorem ([S. and Weiÿ, 2015])

Let (Yt)t∈Z be a Poisson INAR(1) process and let k ∈ N, then√
T − k · β̂Y (k)

D→ N
(
0, σ2k

)
.

where σ2k =
∑

t∈Z E[(Y 2
0 Y−k − Y0Y

2
−k)(Y 2

t Yt−k − YtY
2
t−k)].

Critical value ≈ 2.386 ⇒ Rejection of the Poisson INAR(1) Model.
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Goodness-of-Fit Testing in General Setting

A More General Approach

INAR(1) Process:
Yt = α ◦ Yt−1 + εt .

INARCH(1) Process:

Yt |Yt−1,Yt−2, · · · ∼ Poi (α · Yt−1 + µ) .

More General Framework: (Yt)t∈Z ergodic Markov Chain on N0 with

E[Yt |Yt−1] = αYt−1 + λ

for some α ∈ (0, 1), λ > 0: INCLAR(1) Process [Grunwald et al., 2000].
α-mixing with exponentially decreasing weights.

Goal: Test for

H0 : f ∈ {fθ|θ ∈ Θ} against H1 : f /∈ {fθ|θ ∈ Θ}.

Sebastian Schweer Testing Count Data Models 29.08.2015 10 / 21



Goodness-of-Fit Testing in General Setting

A More General Approach

INAR(1) Process:
Yt = α ◦ Yt−1 + εt .

INARCH(1) Process:

Yt |Yt−1,Yt−2, · · · ∼ Poi (α · Yt−1 + µ) .

More General Framework: (Yt)t∈Z ergodic Markov Chain on N0 with

E[Yt |Yt−1] = αYt−1 + λ

for some α ∈ (0, 1), λ > 0: INCLAR(1) Process [Grunwald et al., 2000].
α-mixing with exponentially decreasing weights.

Goal: Test for

H0 : f ∈ {fθ|θ ∈ Θ} against H1 : f /∈ {fθ|θ ∈ Θ}.

Sebastian Schweer Testing Count Data Models 29.08.2015 10 / 21



Goodness-of-Fit Testing in General Setting

A More General Approach

INAR(1) Process:
Yt = α ◦ Yt−1 + εt .

INARCH(1) Process:

Yt |Yt−1,Yt−2, · · · ∼ Poi (α · Yt−1 + µ) .

More General Framework: (Yt)t∈Z ergodic Markov Chain on N0 with

E[Yt |Yt−1] = αYt−1 + λ

for some α ∈ (0, 1), λ > 0: INCLAR(1) Process [Grunwald et al., 2000].
α-mixing with exponentially decreasing weights.

Goal: Test for

H0 : f ∈ {fθ|θ ∈ Θ} against H1 : f /∈ {fθ|θ ∈ Θ}.

Sebastian Schweer Testing Count Data Models 29.08.2015 10 / 21



Goodness-of-Fit Testing in General Setting

A More General Approach

INAR(1) Process:
Yt = α ◦ Yt−1 + εt .

INARCH(1) Process:

Yt |Yt−1,Yt−2, · · · ∼ Poi (α · Yt−1 + µ) .

More General Framework: (Yt)t∈Z ergodic Markov Chain on N0 with

E[Yt |Yt−1] = αYt−1 + λ

for some α ∈ (0, 1), λ > 0: INCLAR(1) Process [Grunwald et al., 2000].
α-mixing with exponentially decreasing weights.

Goal: Test for

H0 : f ∈ {fθ|θ ∈ Θ} against H1 : f /∈ {fθ|θ ∈ Θ}.

Sebastian Schweer Testing Count Data Models 29.08.2015 10 / 21



Goodness-of-Fit Testing in General Setting Empirical Probability Generating Function

Empirical Probability Generating Function

De�ne the (empirical) joint probability generating function

ψ̂T (u, v) :=
1

T

T∑
i=1

uyi v yi+1 and ψ(u, v ; θ) := Eθ
[
uY0vY1

]
.

Test Statistic

WT ,a(y1, . . . , yT+1; θ) := T

∫ 1

0

∫ 1

0

(
ψ̂T (u, v)− ψ(u, v ; θ)

)2
uavadudv ,

a ≥ 0 a weighting factor. Cp. [Meintanis and Karlis, 2014],
[Hudecová et al., 2015].
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Goodness-of-Fit Testing in General Setting Empirical Probability Generating Function

Asymptotic Distribution of the Statistic

Theorem ([S., 2015])

Let (Yt)t∈Z be an INCLAR(1) Process with E[|Y0Y1|2+ξ] <∞ for some

ξ > 0 and ψ(u, v ; θ) be twice continuously di�erentiable, and let the series

∞∑
k,l=0

kl
∂

∂θ
Pθ0(Y0 = k ,Y1 = l) and

∞∑
k,l=0

∂2

∂2θ
Pθ′(Y0 = k ,Y1 = l)

converge, where θ′ ∈ Θ. Let the estimator θ̂ satisfy standard regularity

conditions. Then

√
T
(
ψ̂T (u, v)− ψ(u, v ; θ̂T )

)
D→ Ψ2,

a zero mean Gaussian element in C [0, 1]2 with covariance function

κ2(u1, v1; u2, v2).
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Goodness-of-Fit Testing in General Setting Empirical Probability Generating Function

Sketch of the Proof

Finite-Dimensional Distributions: α-mixing with exponentially
decreasing weights,

Tightness: Use Moment Condition by showing that

E[|XT (u2, 0)− XT (u1, 0)|2] ≤ C1|u2 − u1|2

E[|XT (0, v2)− XT (0, v1)|2] ≤ C2|v2 − v1|2

E[|XT (u2, v2)− XT (u2, v1)− XT (u1, v2) + XT (u1, v1)|2]

≤ C3|u2 − u1|2|v2 − v1|2

for XT :=
√
T
(
ψ̂T (u, v)− ψ(u, v ; θ̂T )

)
, see [Lachout, 1988].
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Goodness-of-Fit Testing in General Setting Estimation of the Stationary Distribution

Estimating the Stationary Distribution

ψ(u, v ; θ) = Eθ
[
uY0vY1

]
=

∞∑
k,l=0

ukv lπθ(k)fθ(k , l).

fθ is known, the stationary distribution πθ is unknown in general.
⇒ Consider weak convergence on c0 := {x ∈ RN : limk xk = 0}, with norm
‖x‖c0 := supk∈N |xk |.

Theorem ([S., 2015])

Let (Yt)t∈Z be an INCLAR(1) Process with E[|Y0|2+ξ] <∞ for some

ξ > 0. Then there exists a zero mean Gaussian element Ξ of c0 with

√
T

(
1

T

T∑
i=1

1{Yi≤x} − Πθ(x)

)
x∈N0

D→ Ξ.
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Goodness-of-Fit Testing in General Setting Estimation of the Stationary Distribution

E�ect of Simulating the Stationary Distribution

If Stationary Distribution needs to be Simulated:

1 Generate stationary bootstrap data (Y ∗∗1 , . . . ,Y ∗∗S ) with fθ′ .

2 Calculate the statistic ŴS ,T ,a(Y1, . . . ,YT+1; θ′) by replacing πθ′(k)

with the estimator 1
S

∑S
i=1 1{Y ∗∗i =k} for all k ∈ N0.

Lemma

Let (Yt)t∈Z be an INCLAR(1) Process with Eθ[Y 4+ξ
0 ] <∞, where ξ > 0.

Then for large T it holds almost surely that

E
[(

WT ,a(Y1, . . .YT+1; θ)− ŴS,T ,a(Y1, . . . ,YT+1; θ)
)2]

= O

(
T 2

S

)
.
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Goodness-of-Fit Testing in General Setting Connection to Moment-Based Criteria

Connection to the Index of Dispersion

For a RV X with pgf G , the moments of X are related to G :
E[X ] = G ′(1−). This corresponds to higher values of a in

WT ,a(y1, . . . , yT+1; θ) := T

∫ 1

0

∫ 1

0

(
ψ̂T (u, v)− ψ(u, v ; θ)

)2
uavadudv .

Theorem

Let (Yt)t∈Z be a Poisson INAR(1) process. Then

lim
a→∞

a6WT ,a = 14

(
1

T

T∑
i=1

Yi

)2

·
(√

T (ÎY − 1)
)2

+ O

(
1

T

)
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Goodness-of-Fit Testing in General Setting Connection to Moment-Based Criteria

Connection to Generalized Autocovariance

For testing Time-Reversibility, de�ne

VT ,a(Y1, . . . ,YT+1) := T

∫ 1

0

∫ 1

0

(
ψ̂T (u, v)− ψ̂T (v , u)

)2
uavadudv .

Theorem

Let (Yt)t∈Z be a time-reversible INCLAR(1) process and let all moments of

Y0 exist. Let a4

T
→ 0 as a→∞. Then

lim
a,T→∞

a8VT ,a(Y1, . . . ,YT+1) = lim
T→∞

6
(√

T · β̂T (1)
)2
.
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Connection to Generalized Autocovariance

For testing Time-Reversibility, de�ne

VT ,a(Y1, . . . ,YT+1) := T

∫ 1

0

∫ 1

0

(
ψ̂T (u, v)− ψ̂T (v , u)

)2
uavadudv .

Theorem

Let (Yt)t∈Z be a time-reversible INCLAR(1) process and let all moments of

Y0 exist. Let a4

T
→ 0 as a→∞. Then
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Application of the Test

For the Strike Count Data:

Model a statistic critical value p-value

0 0.00492 0.03347 0.512
2 0.00117 0.00463 0.321

INARCH(1) 6 0.00028 0.00076 0.191
8 0.00002 0.00037 0.689
10 0.00015 0.00020 0.084

0 0.01886 0.01535 0.033
Poi(λ) INAR(1) 2 0.00501 0.00282 0.011

10 0.00021 0.00011 0.009
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Questions for Future Research

Extensions to More Sophisticated Structures,
[Fokianos and Neumann, 2013]

Circumventing Necessity to Estimate Stationary Distribution?

Criteria for Count Data Time Series Models vs. "Continuous Models"?
[Bisaglia et al., 2015]
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