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Introduction Robust Change Point Test
Subsampling

Long Range Dependence

long range depenent process: subordinated Gaussian sequences
> (&n)nen stationary, Gaussian
» Var(¢p) =1
> (k) := Cov(&1, &kg1) = kPL(K)
» D e (0,1], L, slowly varying
observations:
> Xn= G(&n) + pn
» G measurable, 1, € R
» G, jup unknown
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Introduction Robust Change Point Test
Subsampling

Change Point Problem

Xn = G(&n) + pn

hypothesis:
H:pui=...=un
against alternative:
A:py=...=puk# pks1=...=pp forsome ke {1,...,n—1}.

classical change point tests (e.g. CUSUM) affected by
» long range dependence
» heavy tailed distributions
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Introduction Robust Change Point Test

Subsampling

Robust Test Statistic

based on Wilcoxon two-sample statistic: R; = rank(X;) = Z/ 1 Tix<xy
k n
= 2 Ri—— 2 R;
1= 1=

Theorem (Dehling, Rooch, Tagqu, 2013)

underH and if mD < 1

p2 DL () max [ Wa(k)| = CmCa SUP [ZmnH(A) = AZmH(1)
ol <A<

» Hermite rank: me IN
» Hurst coefficient: H =1 — ’"TD
» Hermite process: Z;, 4
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Introduction Robust Change Point Test

Subsampling

Robust Test Statistic

based on Wilcoxon two-sample statistic: R; = rank(X;) = Z/ 1 Tix<xy
k n
= 2 Ri—— 2 R;
1= 1=

Theorem (Dehling, Rooch, Tagqu, 2013)

underH and if mD < 1

n BRI () max [Wo(k)| = CnCa SUP | Zm#(X) — AZmu(1)|

=1,..,n 0<A<A
» Hermite rank: me IN unknown!
» Hurst coefficient: H =1 — "’TD unknown!
» Hermite process: Z;, 4 L,,G unknown!
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Introduction Robust Change Point Test
Subsampling

Self-Normalized Test Statistic |

_ Y R-ESNR

B k 1/2
{35001 S K) + 5 2k SE(k+1,n)} /

with S,(j, k) = 324 (Rn — Ryx) with By = == S, R

Gn(k)

Theorem (Betken, 2014)

MaXke(|nr ..., nma)} | Gn(K)
’Zm,H()‘)_)‘Zm,H(‘I )‘
1/2
Zo (1)~ £ Zm )20+ J (2 ()= 155 25, (1= N2}

= SUPr <x<r, O
0

with Z5 () = Zmn(1) — Zn,(1 = 1)
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Introduction Robust Change Point Test
Subsampling

Self-Normalized Test Statistic Il

similar, but not robust statistic: Shao (2011)

no scaling needed, but shape dependent on unknown parameters
» L, has not to be known

» m, H still have to be estimated

use resampling methods?
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Introduction Robust Change Point Test
Subsampling

Subsampling

general assumptions:
» (Xn)nenw Stationary process
» Th= Ta(Xi,...,Xn) series of statistics
» T, = T for some random variable T
subsampling estimator:

1 n—I+1
Fin(t) = =T 1 Z (X X )<t}
=

with block length | — oo, //n— 0

estimator for F7 (f) = P(T, < t)
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Introduction

Robust Change Point Test
Subsampling

Consistency under Short Range Dependence

Theorem (Politis, Romano, 1994)

If (Xn)new is strongly mixing, t is a point of continuity of Fr, then

(Fin(t) = Fr(t)) B0

sketch of proof:
> Var(lA-',,n(t)) — 0 because of strong mixing property
» Fr.(t) — Fr(t) because T, = T
» E I:_l,n(t) = Fr,(t) — Fr(t) because | = oo
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Introduction Robust Change Point Test
Subsampling

Consistency under Long Range Dependence

» Hall, Jing, Lahiri (1998): restrictive class of subordinated
Gaussian processes, general statistics T,

» Nordman, Lahiri (2005): linear LRD processes, sample mean

» Jach, McElroy, Politis (2012): subordinated Gaussian processes,
G and T, Lipschitz-continuous

» Beran, Feng, Ghosh, Kulik (2013): Gaussian processes, sample
mean

» Zhang, Ho, Wendler, Wu (2013): subordinated linear LRD
processes, sample mean
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Main Theorem
Results Application

Assumptions |

assumption on statistic:
Tn == Tn(X‘],...,Xn) = T

» standard assumption for subsampling

assumption on block length:
=1, —ocoand [, = O(n1+P)/2=¢) foran e > 0

» range for / depends on unknown parameter D
» but D > 0: / ~ C\/n always possible
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Main Theorem
Results Application

Assumptions |l

assumptions on process:
Xn = G(&p) for stationary, Gaussian process (£,)new With

(k) := Cov(&1, &14k) = k™ PLy(K)
such that following conditions hold:

1. D e (0,1] and L, slowly varying with

~ max L,(k) - L, (k)| < KL tor some K < oo
kef{k,...k+2/1+1} k

2. spectral density f(x) = |x|P~"Ls(x) of (£n)nen,
slowly varying function L; bounded away from 0

» assumptions hold for fractional Gaussian noise
» assumptions hold for Gaussian FARIMA
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Main Theorem
Results Application

Subsampling Consistency

subsampling estimator:
~ 1 n—I+1
Fin(t) = P > X X<t
j=1

Theorem (Betken, Wendler, 2015)

Under assumptions above for all points of continuity t of Fr, we have
A P
Fin(t) — Fr,(t) — 0.

If Fr is continuous, then

sup |Fio(t) — Fr()] 2> 0.
teR
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Main Theorem
Results Application

A Useful Lemma

p-mixing coefficient:
p(A, B) := supcorr(X,Y)

supremum taken over all . A-measurable X and all B-measurable Y

Lemma

under our assumptions

p(k, ) :=p(c(&,1<i<I),o k+1+1<j< k+2l)
< Cy (k/N)7P L, (k) + ColPk~ P~ max{L,(k),1}.
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Main Theorem
Results Application

Proof of the Lemma

Kolmogorov, Rozanov (1960): 3 a{, as,...,a;, by, bo, ..., by

p(o(&i,1 <i<),o&k+1+1<j<k+2l)
I /

I /
= Cov (Z aiéi, > bj€k+/+j) => a» bylk+1-i+))
i—1 =

=1 j=1

and Var(Y_y a&j) = Var(32j_q biékr1j) = 1
restrictions on the coefficients:

& < Ky, b? < Ky,
20

i=1 j=1

/ /
> &l < Ky, > b < Koz
i=1 j=1
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Main Theorem
Results Application

Proof of Theorem

n—I+1
Var(F/n(T)):Var<n_/+1 21 1{T/()o,...,x,-+/_1)9})
j:
4/ 2 n—2/-1 e
<
ey ru Sl kZ::/ plk.l) == 0

Furthermore:
E (Fun(t)) — Fro(t) = Fr(t) — Fr,(1)
= (Fr,(t) = Fr(t)) — (Fr,(t) — Fr(t)) =220

because T, = T, T/ = T
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Main Theorem
Results Application

Simulations |

self-normalized, robust change point test statistic:

sup |Gn(K)|
ke{|nm|,...,[nm2]}

k k —=n
< R -k R
Wlth Gn(k) _ 1 p . 21:1 ; ,:72/:1 21 1/2
{521 SF(1 k) + 5> kiq SE(k+1,n)}

Random variables
> (&n)nen fractional Gaussian noise
» He {0.6,0.7,0.8,0.9}
» G(x) = x (normal margins) or
G(x) = %(¢‘1/3(x) — 3) (Pareto(3, 1) margins)
critical values dependent on: Hermite rank m, Hermite coefficient H
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Main Theorem
Results Application

Simulations I

first method: estimate H by local Whittle estimator, assume m = 1
second method: use subsampling

scenarios:
» sample size n = 300
» time of change [n7] with 7 = 0.25,0.5
» height of change h=0,0.5, 1

nominal level: « = 0.05

5000 simulation runs per scenario
block length / = [\/n] = 17
T1=1—-m=0.15
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Simulations ||

norm

H

al margins:

h=0

Main Theorem

Results Application

whittle estimator/ subsampling
T=0.25

h=0.5

h=1

7=05
h=05 h=1

0.6
0.7
0.8
0.9
Paret

H

0.044/0.064
0.053/0.070
0.048/0.067
0.057/0.074
0 margins:

h=0

0.21/0.31
0.11/0.17
0.08/0.12
0.07/0.10

T=0.25

h=05

0.52/0.74
0.27/0.42
0.14/0.23
0.10/0.16

h=1

0.42/0.57 0.86/0.96
0.23/0.31 0.61/0.76
0.14/0.21 0.36/0.49
0.12/0.17 0.31/0.40

=05
h=05 h=1

0.6
0.7
0.8
0.9

0.056/0.067
0.070/0.064
0.072/0.068
0.073/0.071

0.82/0.87
0.53/0.53
0.30/0.28
0.17/0.17

0.91/0.95
0.70/0.74
0.43/0.45
0.24/0.25

0.98/0.99 1.00/1.00
0.86/0.88 0.98/0.99
0.64/0.67 0.88/0.91
0.50/0.53 0.74/0.77
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Main Theorem
Results Application

Data Example: Nile River Discharges

. 5 » 1871-1970

: > for whole data set:
H=10.962

» test with subsampling:
change in 1899

> before, after change:
H=0517,H=0.5

» same findings:
e.g. Cobb (1978), Balke
(1993), Shao (2011)

800 1000 1200 1400

annual discharge

600

T T T T T
1880 1900 1920 1940 1960

time
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Main Theorem

Results Application
Conclusion
Results:
» subsampling consistent under mild regularity assumptions on
process

» for self-normalized robust change point test: similar results as with
parameter estimation

Open Questions:
» choice of block length?
» long range dependent linear processes?

Thank you
for your attention!
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Main Theorem
Results Application
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Main Theorem
Results Application
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