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Introduction to PDEs and Numerical Methods
Lecture 2:
Analytical solution of ODEs and PDEs

Dr. Noemi Friedman, 24.10. 2018.



Overview of the course

= Introduction (definition of PDES, classification, basic math,
modelling: introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method
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Overview of this lecture

» Classification of PDEs, some examples of PDEs, boundary conditions
» Solving linear systems — solving linear PDESs

» Eigenvalues, eigenfunctions, solving linear equations with spectral
method — spectral method for PDEs

= Fourier series

= Separation of variables — analytical solution of the heat equation
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Classification of PDES

= Constant/variable coefficients
» Stationary/instationary (not time dependent/time dependent)
Linear/nonlinear

linearity condition:  L{au+ 8v) = al(u)+ SL(v)
= order

order of the highest derivative

= homogeneous/inhomogenous

Inhomogeneous: additive terms which do not depend on unknown function

homogenous: u = 0 is a solution of the equation
elliptic/parabolic/hyperbolic (only for second order PDES)

Auyy + 2Buy,, + Cu,,, + lower order derivatives = 0

« AC—B?=0 parabolic
« AC—B?<0 hyperbolic
« AC—B?*>0 elliptic
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Classification of PDEs, examples of PDEs

Wave equation | Laplace equation | Heat equation
Upp — €Uy = 0 Uyy +Uyy =0 Up — Uy = 0
2 2 2

Order

Constant yes yes yes

coefficient?

Linear? yes yes yes

Homogenous? yes yes yes

Class A=1, B=0, C=—c? A=1, B=0, C=1 A=-1, B=0, C=0
AC — B? = —¢* AC — B? =1 AC—B?=0

Hyperbolic Elliptic Parabolic
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Classification of PDEs, examples of PDEs

Lo(u(t,z)) = _ — a— The Lo operator is hyperbolic if a > 0
Linearity:

La(Buy + yuz) =

_ 32(,8151 + yug) B aaﬂ(_ﬁul + Yus) _
o2 Ox?

L% (ur) | P(ug) 0% () 9 (u2)
e e P e ) T

o2 or2 ot2 dr
= BLa(u1) + yLa(us2)

_ 3 (ag(ul) ~ &.32(H1))+7 (aﬂ(uz) - &_32(@)) _
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Classification of PDEs, examples of PDEs

opd opd
P O u — 4 order: 4; linear, stationary

9t
drT + Oz vy~ + dy*

du 4. %u du . 9. . . . .
5 4u a2 T 5 — 0 order: 2; nonlinear, instationary

oyl iyl i . . .
9% — (5%)* = f order: 2; nonlinear, instationary
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Introductory example: heat flow in a bar

=Basic assumptions:

»Uniform cross-section

»Temperature varies only in the longitudinal direction
»Relationship between heat energy and temperature is linear

c [gLK]: specific heat capacity <==) Energy [/]

c J energy is required to raise the tempreture by 1K of 1g material
*Homogenous material properties along the bar (p and c are constants along the bar)

p[%]: density of the material of the bar

= Problem description u(x, t) =? (temparature)

q(0,1)

1 \ ! \
1 [ \
1 <_|—0_> 1
I
1

||= [
| [
1 [
:'\\"
l\|l
(R4 ~ L7

0 x  x+Ax l
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Introductory example: heat flow in a bar

Total energy in the bar section of length Ax is:

x+Ax
Eiot = Eo + j Apc(u(s,t) —Ty))ds =
X

x+Ax x+Ax
E, +j Apcu(s,t)ds —f ApcTyds
X X

—

_ _ ApcTyds
But I’'m only interested in:

0 x+Ax x+Ax au(s t)
f Apcu(s,t)ds =j Apc ~—ds
X X

ot ot

q(0,1)

/ v ! \
! v ! \
1 4—> 1

1 1
Lo Ay !
\ ! \
\ \ 1 1
\ I L ! !
[ A
N 4 CE R
(R4 ~ L7
t
[

0 X x4+ Ax [
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Introductory example: heat flow in a bar

Change of heat energy by time in the section of length Ax

0 x+Ax
aj Apcu(s,t)ds =
X

x+Ax ou ot CI(xr t)
Apc (s, 1) ds —
ot

X

Change of energy by time in the section of length Ax from heat flux:

Fundamental
q(x,t) [ﬁ] : heat flux theorem of calculus:
x+Ax 0
q(s,t) fx)dx=F(b)-F (a)
A Ax,t) — A ,t) = A d '
q(x + Ax, t) q(x)fx axs-f
Conservation of energy:
x+Ax 0 st x+Ax ou st
J A qg )d =—j Apc g )ds
X X X ; fx+Ax y dq(s, t) . du(s, t) e —0
g ox PE9r 7
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Introductory example: heat flow in a bar

x+Ax a ,t a ,t
J A a6, 6) + A u(s )dS =0
X

ox PC5¢

dq(x,t) du(x,t)

0<x<l
o + pc 5t 0 X

aua(i’t): change of temperature with increasing x

. . _ ou(x,t)
Assumption: Fourier’s law of heat conduction:  q(x,t) = —«k

dx

k. thermal conductivity
Heat equation

ou(x,t) 3 0%u(x,t)

I it A (for homogenous material properties)

PC o T a2

p(x)c(x) Ou(x, t) — J K (x) Julx, t) — o (for inhomogenous material
ot 0x dx properties)
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Introductory example: heat flow in a bar

The heat equation with source or sink (inhomogenous heat equation)
f (s, t): heat energy per unit time, per unit volume

jx+Ax AOQ(S't)_l_A au(S,t)d _jx+AxA Ny
. dx pe—g ds=) A Dds

q(x,t)

dq(x,t) N ou(x,t)
ax P ot

= f(x,t) 0<x<I
Heat equation

ou(x, t) d%u(x,t)
pe—0r— E——o 3 = f(x,t) (for homogenous material properties)

ou(x,t) 0 ou(x,t)
p(x)c(x) Fya— axk(x) PR f (x, t) (for inhomogenous material properties)
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Introductory example: heat flow in a bar

q(0,t)

ou(x, t) d%u(x,t)
TR el ACL))

pc

Boundary conditions:
a) Perfect isolation at the end (flux across the boundaries is zero):

(0, t) oulLt) _

— — — VvVt
& dx 0 & dx
b) Perfect thermal contact:
u(0,t) =0 u(lLt) =0 vi
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Examples of PDEs and their classification

Transport equation: u; + cu,, =0

: 0
Heat equation: PCUs — Ky = f PO)CCU — o (k(D) = f = pcuy — xbu = f
(Diffusion/membrane equation/
electrical conduction problem — temperature: electric potential, heat flux: electric current)

Steady state of the heat equation: lim %u =0
t—>oo

—KUy, = f == —xAu=f —Ku,=0 == —Ay = 0(Laplace equation

(Poisson’s equation)

N
O
AR

TR
A

0, N
R

Hanging bar: | Pup — Ky = f
(the wawe equation : vibrating string)

Steady state of the
hanging bar: —ku,, =f
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Examples of PDEs and their classification

Gauss’s law: g =P & permittivity of free space, E electrical field
€0

Gauss’s law for V-B=20 B: magnetic field

magnetism:

Faraday’ law of induction: VX B =—B; B;:magnetic flux

Burger’s equation:  u; + uu, = Vi, v viscosity/diffusion coefficient

(fluid mechanics, nonlinear acoustics, gas dynamics, traffic flow)

Inviscid Burger’s equation: u; +uu, =0

Plate equation:  wyyyy + UyyyytUyyyy=0
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Analytical solution of the 2D Laplace equation

a) The wave equation: w,, —ctu._ =0, hyperbolic,
1 it T yp
b) The heat equation: u, —yu, =0, arabolic,
1 t hi TT p
¢) Laplace’s equation: . 4w, =0, elliptic.
P q TT yy P

At = Uzg + Uyy = 0, (z,y) € Q2
u(0,y) =u(l,y) =0, Yy € [U, 1]

u(x,0) =0, z € [0,1]

w(z,1) = —z? 4z r e (0,1)
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Analytical solution of the 2D Laplace equation
At = gy + Uyy =0, (z,y) € Q2
» Solve by seperation of variables

" ansatz + seperation:
u(z,y) = v(z) w(y)

5% O%u

=) w(y): 5 =

- o) w(y)

?u  O%u y y
Au= g+ 5 =) w(y) +o(e) (y) =0

v(@) w(y) = —v(z) w'(y)

(z) __w'ly)

v(z)  w(y)
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Analytical solution of the 2D Laplace equation

v (z) _w (y) _ )\ ) seperation constant
v(z) w(y)

v N

v — Av =0, w'+Aw=0 eigenvalue-eigenfunction
w' +Aw =0 m==) problem: Lu = Au

a) Let's assume A =0 b) Let's assume A # 0

Assuming the solution in the form:
w(y) =e?”
g%e? + 1e?Y = 0 (characterisitic equation)
c2=-1 = g=+V-1
w(y) = Cyy + C, The Tc.olution IS the linear combination of the two possible
solutions
w(y) = C3e‘/__’1y + C4e“/‘_’13’
Cs, C, are arbitrary constants

w"'(y)=0
Any linear equation would
satisfy this equation:
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Eigenvalue problem — Poisson equation with hom. D.B.C

Let's assume A >0

g = ii\/z
The solution:

w(y) = Cgei‘ﬁy + C4e_"‘/73’ =

Let's assume 1 <0
w(y) = C3emy + C4e_‘/_7y
Introducing : 1 = —w?

w(y) = C3e®Y + Cre™®Y

C3{cos(VAy) + i sin(VAy)} + C4{cos(VAy) — i sin(vAy)} =

(C5 + Cy) cos(\ﬁy) + (C53 — Cy)i sin(\/zy)

where A, B are new constants with
63+C4_=A (63_64)1=B

w(y) = Acos(ﬁy) + Bsin(V1y)
Introducing : 1 = w?

w(y) = Acos(wy) + B sin(wy)
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eigenvalue of L = Fye

w: eigenfrequency of L =
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Analytical solution of the 2D Laplace equation

v (z w”
(@) o @) _ )\ e seperation constant

v(z) w(y)
v — Av =0, w’' +Aw =0
A v() w(y) u(z,y) = v(r) w(y)
Wy y Wy L
. _, , €7 COSwx, e"“smwex
A=—w?<0 coOsSwz, SNwx e~ “WY ey, oy T
€ coswz, e “Ysinwzx
A=0 1, = 1, y 1, =, y, zy
I wrxr -
_ , , e“Fcoswy, e“Tsinwy,
A=w?>0 eI ewT coswy, sinwy . e
e COSwy, € sinwy
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Analytical solution of the 2D Laplace equation

v — Av =0, w’' +Aw =0
A v(z) w(y) u(z,y) = v(z) w(y)
“ Yy - Wy .z
. _. , e COSWwx, e"“sSlnwz
A= —w? <0 coswz, Sinw e~ “Y YV, oy -
e coswz, e “Ysinwe
A=0 1, = 1, y 1, =, y, zy
W wr _:
, , e“*coswy, €e“Tsinwy,
A=w?>0 eTWE Wt coswy, sinwy o o
e COSwy, € sinwy

u(0,y) =u(l,y) =0,  ye[0,1]

} m=) u(0,) = v(0) = v(1) =0

u(z,y) = v(z)w(y)
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Analytical solution of the 2D Laplace equation

Acoswx + Bsinwx A<0
v(x) ={Cix + Cyb A=0
C3e_wx + C4_e—wx A > O

Acoswx + 0 —> =
BC: v(0) = 0 |mmm) v(0) = 0+C, =0—|C, =0
Cge_w.o + C4e_w.0 —>

fB sin wx A1<0
Cix A=0
v(x) =3 1ewx _ o WX

C = (Csinhx A >0
L 2

B sin w —>| w, =km,k=1,2,3,..
BC:v) =0 mdy(1)={ G =0-—> (=0 leads to v(x) = 0

¢ S"Lhﬁ — =0 (trivial solution)
#+ 0
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Analytical solution of the 2D Laplace equation

v — Av =0, w’' +Aw =0
A v() w(y) u(z,y) = v(z) w(y)
WY Qi 0y
A=—w?<0 BosEy, sinwz e~ “Y, e¥Y, c r S]I]:-.AJ’I,
e “Ysinwzx
A=0

vi(x) = By sin(w, x) wy =kmk=1,2,3,..
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Analytical solution of the 2D Laplace equation

v — Av =0, w’' +Aw =0

A v(z) w(y) u(z,y) = v(z) w(y)

e“Ysinwr,

A= —w? <0 N sinw T e” “Y e¥Y,
i) 3 3 E C m _"'-ﬂ-"y .
. e sinwx

u(0,y) = u(l,y) =0, y € [0,1] /
w(x,0) =0, z € [0,1]

X

) w(0) = 0 wi(0) = Cse™@k0 + C e~ @k 0
Dy,
Wi(0) = Cys + Crg =0 ‘ —Cis= Cre: = —

ewky — e_wky

wi(y) = Dy >

*

sinh(wy)

= D;.sinh(w;y)
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Analytical solution of the 2D Laplace equation

u(x,y) = v (X)wi(y) = sin(wgx) sinh(wyy)

(0] (00]

u(x,y) = Z a v ()wi(y) = 2 agsin(wgx)sinh(wgy)

k=1 k=1
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Analytical solution of the 2D Laplace equation

u(0,y) =u(l,y) =0,  yel0,1] J
u(z,0) =0, z € [0,1] /
u(z,1) = —z2 +z, z e (0,1)
u(x,y) = > aysin(wgx)sinh(w,y) wp =kmn
k=1
u(x, 1) = Z agsin(wgx) sinh(wg) = —x2 + x
k=1

write the Fourier series of the initial condition : —x2 + x = Z gksin(wex) mmm) gy
k=1

0= )
k sinh(wy)
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