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Introduction to PDEs and Numerical Methods
Lecture 13.

The finite element method: assembling the matrices,

Isoparametric mapping, FEM in higher dimension
Dr. Noemi Friedman, 24. 01. 2018.




RECAP: How to solve PDE with
FEM with nodal basis, piecewise linear shape functions

Finite Element method with piecewise linear functions in 1D, hom DBC
1) Weak formulation of the PDE, definition of the ,energy’ inner product (the bilinear
functional, a) and and the linear functional (F)
a(u,v) = F(v)
2) Define approximating subspace by definition of a mesh (nodes 0,1,..N, with coordinates,

elements) and setup the hat functions on them
X = Xj—
l
. — N. = .+ | — —
;(x) = Ni(x) xl+1l X e 0 X0 ] i=1.N—-1
O . else - - - -
3) Compute the elements of the stiffness matrix (Grammian) — evaluation of integrals

X € [xi_1, %]

Kij = a(N;(x), Nj(x)) = (N; (), Nj(x)) . i,j =1..N =1
4) Compute the elements of the vector of the right hand side — evaluation of integrals

fi=F(N),i=1..N—-1
5) Solve the system of equations: Ku = f
for u, which gives the solution at the nodes. N
The solution in between the nodes can be calculated from: u(x) = z u; N; (x)
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Recap:
1D Example with linear nodal basis

‘g@

E——
[

instead:
Compute stiffness matrix elementwisely and
then assemble

Global stiffness matrix

115 o U5 31/5 4155 /56

f2

f3

fa

fs

w2 > > s
251
K,°(1,1) = EA jﬂ azp;;x) ang;x) Y.
4 uz
K,6(1,2) = EA f alp;ix) alp;;x) dx
Q, Us
K@D =4 | W) T 4
Q4 K4e(1,1) K4e(1’2)
PR S B Uy
K,°(2,2) = EA f Ws) 05 () —
o, Ox  Ox ; K,° (2,1) K, (2,2 e
K4e - K4e(1’1) K4e(1’2 /?/ u6
—1 //
K4¢(2,1) K4 (2,2) K u
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Recap:
1D Example with linear nodal basis

instead:
Compute stiffness matrix elementwisely and
>

—— then assemble
l

115 o U5 31/5 4155 /56

by <y <y s )
u1 -
f2f(1) =J p ()P, (x)dx |
Qa "
£5@ = | s
Q "
Uy .
/2 f4 (1)
TR 22 > £.52)
| Y5
f e — . // / /
4 (D) L ”
fa~(2) K u ¢
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The same but elementwisely: How to solve PDE with
FEM with nodal basis, piecewise linear shape functions

Finite Element method with piecewise linear functions in 1D, hom DBC
1) Weak formulation of the PDE, definition of the ,energy’ inner product (the bilinear
functional, a) and and the linear functional (1)
a(u,v) = 1(v)
2) a.) Define reference element, define maping between global and local coordinate systems

g(x)e= x($)

b.) Define reference linear shape functions N;(§) =1-¢% N,(&) =¢

3) Compute the ,element stiffness’ matrix — evaluation of integrals K €= K,°(1,2)

/ — KD

4) Compute the right hand side elementwisely (f,, = [(N;)),i = 1,2 \
f

Kij = a(N;(x), Nj(x)) = (N;(x), Nj (), i,j = 1..2

Ka©(2,1) [Ka©(2,2)

5) Compile, global stiffness’ matrix

6) Solve the system of equations: Ku = f
for u, which gives the solution at the nodes.
The solution in between the nodes can be calculated from: N fa°(2)

w0 ~ ) w N(9)
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Local/global coordinate system 1D

Idea:
coordinate transformation to have unit length elements =) element stiffnes matrix is the same for each element

f=1 N = £=101] o6 _ 1

—X. ox l

K,°(k,1) = EA j a"’;(") a‘/’aspfx) i,j € [4,5]
. kL€ [1,2]

0 0
Ko = ga [ LBOIAM@ I, __EA j N© N
Q

0 0x 0% ox (149 9 0§
- -

4

1
e

l

1
e

l

. _EA ['ONg(&)ON,(®) |dx(§)| ,. EA [TON(E)IN,()
Ks (k’l)_(le)zj 08 0F | df df_lej 98 0¢ %@
v
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Local/global coordinate system 1D

f4e(l) =
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j (f)Nl(a‘ O e =1 ]0 P(E)N,(E)dE
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Local/ coordinate system, isoparametric mapping 1D

local coordinate ¢ = 0 &E=1
global coordinate
coordinate transformation Xi Xy

using the ansatzfunctions === isoparametric mapping

Shape functions: functions of lower order: subparametric
P - N (f) =1- SC functions of higher order: superparametric

Nz(f) =<

Transformation from local to global coordinates:

x(8) = XNy (&) + x4 N, (8) = [Ny (§)  Np(8)] [xfil] —

dx _ M) sz(E)
df = Xi df gl T o

[dN1(<f) sz(€)][
Stiffness matrix with isoparametric elements: d"z Xit1
e _ 0y (x) 0(x) =~ dN ($) 0§ INi(S) 9§

K, (k,l)—EAJm . P x—EAJQ -TARFPRNT: axd -
v v ) )
dr\" o (dx) k,1€[1,2

1 ) 2]
e _ FONE() (dx\ T ON(E) (dx T [dx(§)
Ktk = A [ (df) % (df) a | “
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The same but differently:
Local/ coordinate system, isoparametric mapping 1D

—1...1] ) XX

coordinate transformation _ _ _
using the ansatzfunctions mmm)  ISOparametric mapping

Basis functions: . I . functions of lower order: subparametric
© NG = 5(1-9) functions of higher order: superparametric

M(&) =
Transformation from local to global coordinates:
Xi d d 0 i
Xgiob(§) = ;N1 (&) + x;11N>(§) = [N1(§)  N2(§)] [xi+1] =) a_é—xglob(f) = a_le(f) a_gNZ(f)] [xirl]

———e—" p—
Stiffness matrix with isoparametric elements: —-1/2 +1/2 —5 L,

1 dx —“1ON, [ox “Tan: \ | dx (E)
— glob I glob i glob .. "
K;; = EA ./_1(( i ) 3 ( o ) % )| e hiel

21, =172 21, =£1/2 1/21,

local di - — — —
_1] C ocal coordinate £=-1 £=0 £=1
) —_—

global coordinate X;

<a% Technische

fde SR> 1 01. 2018. | Dr. Noemi Friedman | PDE lecture | Seite 9

e .
8
S Braunschweig




FROM STRONG FORM TO WEAK FORM in higher dimension
Steps of formulating the weak form (recipe)

Lu(x) = f(x)

1.) Multiply by test function ¢ and integrate

(Lu,v) —(p,v) =0 Vv eV

JLu(x)v(x)dx— jf(x)v(x)dx =0

2.) Reduce order of (Lu, ¢) by using Green’s theoreem (generalized integration by
parts)

h
/-e:&-auiﬂ = — [ Vv - VudQ) + / i'icfr
Jo J Jaa On

3.) Apply boundary conditions

LL
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FROM STRONG FORM TO WEAK FORM
Recap: differential operators (grad, div, curl), Green’s theorem

Green’s identity | similar to integration by part in multiple dimensions

1) rewrite equation with the product rule in multiple dimensions
V.-(wVu)=Tv-Vu+vAu

2) integrate both sides over the domain  (bounded by 0Q)

jV-(vVu)szva-VudQ+jvAudQ
Q Q Q

3) apply divergence theorem

f V-(vVu)dQ = j divlvVu)dQ=| (wVu) -ndoQ
Q Q 2Q

—ijudQ=f\7v-\7udQ— (v Vu) -ndoQ
Q Q 10
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Recap: Multidimensional stationary heat equation v

with inhomogeneous Dirichlet and Neumann BC. { o« \;.
N
Strong form: | Lu(x) = f(X)
convert to homogeneous problem:
Example: , S |
—Au(x) = f M5 _w:known function,w =g onTp
u=g on'p, W U=wW+U g.new function that we look for
< ou _ L on I'p.
L V ={ve H{(Q) andv =0 on I'p}

1.) Multiply by test function v and integrate

j—Au(x)v(x)dQ — jf(x)v(x)dﬂ =0

2.) Reduce order of (Lu, v) by using divergence theorem

Vu(x) - Tv(x)dQ — Lﬂg—zv(x)df‘

j—Au(x)v(x)dQ =j

Q
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Recap: Multidimensional stationary heat equation
with inhomogeneous Dirichlet and Neumann BC.

j—Au(x)v(x)dQ =f Vu(x) - Vv(x)dQ

Q

3.) Apply boundary conditions

du ou ou
Lﬂ%v(x)dl“=jr %v(x)dI‘+L %v(x)dF=L hv(x)dTl

N D N
-

h 0
f Vu(x) - Tv(x)dQ = j fX)v(x)dQ + ] hv(x)dTl
Q Q r

N

—

r V(w(x) + ﬁ(x)) -Vv(x)dQ = j fx)v)dQ + j hv(x)dl’
Q Q r

N

—

Jo Vi) - Tv(x)dQ = [ f®vx)dQ+ [ hv(x)dl — [ Vo x) - Vv(x)d

——
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Isoparametric linear mapping 2D
triangular elements

Basis functions: Ni(Em) "
Ni(Em) = & 1
M(Emn) = n

N3(Em) = 1-E—n

Transformation from local to global coordinates:

Xelob e . = X1 : X2 X3
( Vo ) (En) =Ni(En) ( . ) +M(Emn) ( - ) +N3(E,m) ( - )

X1
V1
[xglOb(E' n)] _ [N1(€7 T]) Nz(f, n) N3(€, n) ‘| xz
yglob(g; 77) Nl(f, 77) Nz(f, 77) N3(f, 7]) :;’2
3
| V3 |
Stiffness matrix:
gr | o ,j €[1,2,3]
dN; dN; dQeim L]
3 ( 9y

L
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Isoparametric linear mapping 2D
triangular elements

Stiffness matrix:

- ahrf Eil;"'.",-
— o || ox i iEe123
KU ‘/'O'Efm ( a—vi ) ( oNi ) dﬂﬂh” J [ ]

Stiffness matrix with local coordinates:

ON;T [ON;] substitution rule
1 ,1-7 az determinant should not be negative or zero!
Ky=| [ 57| ow || ons | U
Y o Jo oN; oN; i,j €1[1,2,3]
| J7 | | Jn |
where: Oxglob  OXglob ] - -
J = ok on ON _ ON IXgiop  ON glob .
a}iﬁ.’fob af"’y!ob g dx 9§ dy dE :> Cr}}_; ) _ ]f
aE'\ arl ON - ON o. Velob oN EJ_“ glob W
3 3 am  ox on 9y o 3

oON;(&,m) aN;(&,n)
Z o z o

_ =1 =1 IN =Y,
J= 3 3 T 3 o
af yl an yl dn )

i=1 i=1
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Isoparametric linear mapping 2D
triangular elements, example

s Ny
Y '
~ N =1-£-7
' ﬁ.f""' ',.f" £ A 1)
| 7 8 \Nz
e f Ny=¢
3 ~ — ,.'"l ! ) 1%
e / Sl -7
11 = if El pNs
— o] . ' Ny=1
2 T 9 ‘ f‘ﬁ"q
1l -1
Transformation from local to global coordinates (isoparametric mapping):
X4
V1
[xgl()b (E’ n)] — lNl (51 77) NZ (EJ 77) N3 (6) TI) X2
Yglob (E) 77) Nl(f! 77) NZ (EJ 77) N3 (E; 7]) 3:2
3
2 Y3
3
IX(f,n)] _ l(l—f—n) ¢ n |7
y(&m 1-¢&-m £ U é
va

L
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Local/ coordinate system, isoparametric mapping 2D
triangular elements, example

Lo " N1
o 4 . N N __}-"I,’?;}' o1 A Ny=1-E-n
| Pl TN
{ ___,.;-"”J. ."' 1
1 NE""
i T~ ™=
S ..' i_'-,.q.”' . ;lf
—_ | X |"n,'3-_ n
2 7 g _ ﬁf-ﬁ
Stiffness matrix with local coordinates:
N1 [ON;]
K.. = -T T déd i
lj j() jo ] a]V] ] aNl |]| E 77 l!] E [112;3]
| Jn | | Jn |
a-’fﬁob axg!ob
_ 0§ an
J B a}";:fob a}’gfob
o8 an
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Local/ coordinate system, isoparametric mapping 2D
triangular elements, example

%, ) ] [-1 1 r: 12 3] s o _[5> 7 T| — 7] —
ﬂ" -n £ I,'l] J , 0 ]'” ', p J ] l_z 4_] |] |_ |]| - 34‘
I I -T _ _—
R L) B 1=l sl
€ _ | 9§ T 0§
K, _fofo I o | 177 | ow, | V1agn
W L dn
e e e
[ON; [ON;] K1 | Kyp | Ki3
e_("(T"Lra zj|08| L1ra 2|08 Ky | K’ | Ky
= — i 21 22 23
Ku JO jo 34 l—7 5] 6Nj 34 l—7 5] dN; 34ddrn e e e
- K3 | Ky |K3;
| dn | | dn |

S A e | i e e | e e P W L

Ky, = —1.118 [, [ " dédn = —1.118 -~ = —0.559
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Local/ coordinate system, isoparametric mapping 2D
triangular elements, example

e e e e | = e T| — = 34
1(11 1(12 1(13 s fi |]'| |]1

e e e u-°€ €
1(21 1(22 1(23 Ze fée

e e e Us fé
1(13 1(23 1(33

- . -rl rl—n T
jg PN x| | [ p@mem ldedn
re rl rl—n

fé = J p(x)N2(x, y)dx =] | p(E)N, (&) |J|dédn
- ;’1 Fl_n

Jo PENLNE] || p@Na(Em) ldzdn

!

%%_ Technische 3 3 .
g niversitat 24. 01. 2018. | Dr. Noemi Friedman | PDE lecture | Seite 19

cnt

Vo.«
$-)
&
<

o 1
5
+
o,
s




Local/ coordinate system, isoparametric mapping 2D

triangular elements, example

1 2 3 - S 6
ypog 6 1 uy

' 2 U,

l e
JLa. 3 Ky, | Ko K>3 Y3 f2
. B Ki; | Ky Kis ki /i

& S . 5 Usg
1 72 e
6 u f3
K3, | K3 K33 :
global 4 3 6
e
4 K, | Ky K13e t” f1 4
3 e U, € €
Kz1 | Kz | Kp3 ze fze
6 e Us f3
K3, | K3, | Ks3
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Local/ coordinate system, isoparametric mapping 2D
guadrilateral elements

Basis functions: ~ Ni(§m) = %fl—i}il—ﬂ] Vs 2 n 3
I 1 b (11
NaEm) = Z(1+8(1 -n) \’f
Ms(&m) = (1+8)(1+n)
1
Na(&,m) 7(1-8)(1+m) (=1, -1) (1,-1)

Transformation from local to global coordinates:

Xglob w - w Xl : X2 X33, = X4
(e ) e =miem (31 )+ram (32 ) +m@n (32 ) wmem ()

X1
V1

X2

[xglob(g;n)] — lNl(E’ 7)) NZ(f! 77) NS(fi 77) N4(E; T’) ] Y2
yglob (E' 77) Nl(fl 77) NZ(fi T]) Ng(f, T’) N4(Er 77) ;Clg
Stiffness matrix: X4
| V44

&, ) | ( = ) an Il g = | TN - TN GOdD

L
o™ e,
=)
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