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Overview of the course

» Introduction (definition of PDESs, classification, basic math,
Introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method
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Overview of this lecture

» Finite difference operators

* The heat equation
= Analytical solution
Semidiscretization- Method of Lines (spatial discretization)
Time discretization
= Euler foward
= Euler backward
» The theta-method

Consisteny, stability, convergence
Heat equation in higher dimension
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Von Neumann Stability Analysis

Stability checking with Von Neumann Stability Analysis (Fourier stability analysis)

Let's suppose our solution has the form of:
etfm* = cos(k,x) + i sin(k,,x)

W\\ % u(t,x) = ZOA m (£)e'™®m*  (Fourier-expansion)

1,224 With the wave number:  k,,, = T m=0..M M = 5

(Shannon’s theorem)

m =

Let’s suppose that the solution in time changes exponentialy
A, (t) = e%mlt  where  ap:constant

The solution takes the form after discretisation: ¢ = nAt, x = jh

u(n,j) = Z G(ky)etkmih | Gky)" = Ay () = eMm"At = (gamht )" gain factor/
amplifyer
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Von Neumann Stability Analysis — stability of Euler forward

in simpler form | 4 (n, j) = Z G()mekim | uy, (k) = G(k)"e™ " for one frequency

Example: let's check the stability of the following scheme for the instationary heat equation:
2

R , — _ . - . ) (Euler forward, three
Un+1,j = Un,j At h2 (unJ -1 Zund T Un,j +1) point spatial discr.)

2
G(k)n+1eikjh _ G(k)neikjh At'B—(G(k)n ik(j—1)h _ ZG(k)neikjh + G(k)neik(j+1)h)
2 /GUO™
ikjh _ ,ikjh — AP (Lik(j—1)h _ 9 ,ikjh ik(j+1)h
G(k)e e At 2 (e 2e + e ) el
Gk) —1=At— 2 ( U 4 ) etk 4 e~k — 2cos(kh)

,82
Gk)=1+ 2At > (cos(kh) — 1)
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Von Neumann Stability Analysis — stability of Euler forward

2
The gain factor: Gk)=1+ ZAtﬁ (cos(kh) — 1)
In a more precise form: 2<bm >0 L
52 e "L
Gk, =1+ ZAt > (cos(kph) — 1) m=0..M
= L
k. h T h
Stability requirement: 1G(k,)| <1
,82
max(G(k,,)): m=0 === G(ky) =1+ 20t 5 ~(1-1) =1
lowest frequency
min(G(km)) : B? B?
highest frequency =M == G(ky) =1+ ZAt >(-1-1)=1- 4Atﬁ
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Von Neumann Stability Analysis — stability of Euler forward

- | | B2
Stability requirement: Glky)=1- 4Atﬁ > —1
ﬂZ
4Atﬁ <2
h? Scheme for the heat equation is only
At < 553 stable if this condition is satisfied.
2% | (conditionally stable)

If the gain factor is positive, the solution will not oscilate in time:

G(ky) =0
,82
G(ky) =1-— 4Atﬁ >0
h2 Solution will give oscillatory
> At solution if this condition is not
AR2 L
4,3 satisfied.
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Von Neumann Stability Analysis — stability of Euler backward

Example 2: let’s check the stability of the following scheme for the instationary heat equation:

2
u. —_— u.
jn+1 jn
A7 =0 ¥l (Wj—1n+1 = 2Ujns1 + Wisr1ne1) + (Theta method)
2

+(1—9) > (Wi — 2Ujp + Ujyrn) + O +0(007)

2
G(k)n+1eikjh_G(k)neikjh At@—(G(k)n+1 ik(j—1)h _ ZG(k)n+1eikjh+G(k)n+1eik(j+1)h]

+At(1 - 6) 75 (G(k)" kU=Dh _ 26 (k) eI + G(k)"ekU+DR)

/G(k)"
G(k)eln — gthkjh =
2 2
= AteﬁG(k)(e”‘(f—l)h 2etkih 4 elk(1+1)h) + At(1 — 9) (elk(] Dh _ 9gikjh 4 eik(j+1)h)
plikjh
2 2 /

G(k)—1= Ate =G(k)(e " =2+ ™) + Ar(1 - e)ﬁ(e—ikh — 2+ eth)
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Von Neumann Stability Analysis — stability of Euler backward

Example 2: let’s check the stability of the following scheme for the instationary heat equation:

2 2
G(k) =1 = At -7 ~G(k)(e " -2+ ™M) + (1 - (e W —2 4 ')

2
G(k) — HAt—G(k)(e_”‘h +e ) =(1- 9)

*

=7 =T

h2
( —lkh_z_l_eikh)_l_l

h2

etk 4 e~tkh = 2cos(kh)

G(k) — 0rG(k)(2cos(kh) —2) = (1 —60)r(2cos(kh) —2)+1
G(k)(1+ 20r — 26rcos(kh)) = 2(1 — 0)r(cos(kh) —1) + 1

2(1 —0)r(cos(kh) —1)+1

G(k) = (1 + 26r — 20rcos(kh))
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Von Neumann Stability Analysis — stability of Euler backward

2(1 — 8)r(cos(k,,h) — 1)+ 1
(1 + 20r — 20rcos(k,,h))

The gain factor: G(k,,) =

Lowest frequency: k, = 0

20— 0)r(1 —1) +1

(0) (14 26r — 26r)

Highest frequency: k,, = ME = L_T[ G(k ) _ 2(1 B H)T(_l _ 1) +1 _ 1- 4(1 - 9)7”
L Lh M (1 + 26r + 26r) 1+ 40r
Stability requirement: |G (k)| <1 1-4(1 - 6)r >_1 == (1-20)r<1/2

1+ 46r l 2
6>1/2 0<1/2
Unconditionally stable Restriction on the timestep:

_ 1

"S2010-20)
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Von Neumann Stability Analysis — stability of Euler backward
check positivity

Requirement to get G(ky) =0 1-40-6)r =) (1-20)r<1/2

non-oscillatory sollution: 1+ 46r
Restriction on the timestep:

1

<
Requirement to get " 4(1 — 260)
positive sollution:

u. — u.
J,n+1 jn
A7 = Qﬁ (uj—l,n+1 —2Ujp4q T uj+1,n+1) +

2

+(1—0) = (Wjman — 2Ujn + Ujr10) +O0() +0(007)

2

Ujnt1 = 9Atﬁ(“f—1,n+1 — 2Uj i1 + Uirine1) +
2
+(1 - 0)At 7 (Wiman|— 2Ujn F Ujprn) + Uiy + O0(7) +0(117)

o1
2(1 — 26)

g%‘f?&% Technische - - -
ﬁﬁ UITEETN? O, 11. 2017. | Dr. Noemi Friedman | PDE lecture | Seite 11
o cﬂ; Braunschweig




Stability, consistency, convergence — clear up definitions

Important definitions:

Well-posedness (in the sense of Hadamard)
 solution exists

» the solution is unique

« continious dependence on the initial data
* e.g.: heat equation, Laplace-equation

lll-posed problems

That are not well-posed in the sense of Hadamard
e.g.: inverse problems, like the inverse of the heat equation

-
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Stability, consistency, convergence - introduction

Well-posedness differently:  rx =y XY

Surjective X Y

L: X—Y is surjective, if every elementy in Y has a ¥ :

corresponding element x in X such that f(x) =y. The 1 b Bijective

function f may map more than one element of X to the same 2 'B

element of Y. (For all y€Y | can find a solution in X) 3 ' X Y
VyeY, dJreX Lx=y . L ‘D

+ The function g -R==R-defined by g(x) = x2 5. B
The function g : R — R* defined by g(x) = x?

o 9 ! y 9(x) X . o
Injective (one-to-one mapping) A A

every element of Y is the image of at most one element of X '

1 Lx; =Lx, = X1 =X, l

Continious dependence on the ininital data
The inverse/solution operator is uniformly bounded
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Stability, consistency, convergence - introduction

Lu=u+uy =f Lyup =f,  (discretized in space)

Numerical stability
Even if an operator is well-posed in the sense of Hadamard, it may suffer from

numerical instability when solved with finite precision, or with errors in the data.

L7 < C but ||z§éc

A method is numerically instable if the round-off or truncation errors can be
amplified, causing the error to grow exponentially

lll-conditioned
A well-posed operator may be ill-conditioned, that is a small error in the initial

data can result in much larger errors in the answers.
(indicated by a large condition number)
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Stability, consistency, convergence - introduction

Consistency
A certain finite difference method is consistent if:

Agii{r_l)()”ll(u) — LAt,h(u)“ =0 (method approximates
’ the differential equation)

where L(u):  original operator

Lae p(u): approximated operator (discretized)

For example: L(u)=1u'
from the Taylor expansion ' = u(x + h})l —u) + 0(h)
u(x+h) —ulx :
L) = ( })l (%) (first order method)
, ulx+h) —ux) <Cch = }}E})”L(“) — L, =0

u h

1Ly
.
2
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Stability, consistency, convergence - introduction

Convergence

A finite difference method is convergent if:

lim |lu —u,l|| =0  Solution of the FD method (numerical
ALR=0 approximation) gets closer to the
exact solution of the PDE as the

where u; analytical solution . S .
y discretisation is made finer.

u;. approximated solution

Difficult to show, but

Lax Richtmyer theorem
A consistent finite difference method for a well-posed, linear initial value
problem is convergent if and only if it is stable.

‘ Instead of analysing convergency
check consistency and stability

-
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Stability, consistency, convergence - introduction

Lax Richtmyer theorem
A consistent finite difference method for a well-posed, linear initial value
problem is convergent if and only if it is stable.

lu —upll = ||[£7f = L5 | convergency:

=) lim|lu -yl = 0

e = unll = [[£74f — L3 f + Li f — Ly fu

-0
< |7 = LR fIl + LR T = LRt full (triangular inequality)

= |[Lr Lru — Lw)|| + [|£5°(F = f)||  (linearity of £;1)

< CllLpu—Lull + ClIf = full (stability)
| ' (consistency)

—»0ash-0 —»>0ash—-0

L
o™ e,

l72f = Lt | = le7 Lu — £t Lu| = [Ju — £ Lul| = ||£7 Lau — L7 Lu| = [|£5* (Lpu — L]
— 1 (linearity of £;;1)
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Consistency

Check consistency

Derivatives are approximated with the help of the Taylor series
1. Derivation of a consistent finite difference operator

Example: derivation of u'(x) used in the Richardson scheme
u(x +h) = u(z) + v (@)h + (@)W +O() (1)
u(z — h) = u(z) — '(z)h + %u”(:r}hz tom?y @
Subtracting from eq. (1) eq. (2) results in:

u(x 4+ h) —u(x — h) = 2u' (x)h + O(h?)

(r+h)—ulz—h . ’ —Uj—
u,(m}: H[l—l— )thf(l )—|—O(h‘2) u'y = %4_0(}12)

AIL
o™ e,
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Consistency

2. Check consistency of an already defined scheme

Example: prove consistency of the DuFort-Frankel scheme

2
Un+1,j —Un—1,j P*
n+1,j n—L.j h_z(””--f_l - (”n—l.,j_l"“ﬂ-H-.f) ‘|‘Hr1,j+1) =0

A1

dut | 9%u

Uptl,j = u(r—l—m,.r)zu,,‘j—i—gﬂ 23.,5.!2 O(ﬂ.f})
d | 92

Un—1,j = u(t—Arx)=1uyj— a“ﬂ 3 3:‘5‘!2 O(ﬂ.f})
du 1 0%u )

Upj+1 = u(t,x+h) _“’*f+a ’LH_?W;? +o(h)
%, [ 92

Unj—1 = u(t,x—h)=up;— a”.-’ 5%:’12—#0{;&3)

LAr + O(AFP) B(2u,”—|—a“h +0(IP)) Bl(ﬁum+3"m2+0(m3))
At h? h?
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”-’gﬁ =00 11. 2017. | Dr. Noemi Friedman | PDE lecture | Seite 19

%}Pﬁ %25 Braunschweig

bi\fsc.\i



Q.
i

Consistency

- ” 2 2
WAL+ O(AP) B2 (2up j+ T4+ O(h)) B B2(2un j+ LEAE + O(AF3))

N dx? _
At h? h?

d 92

= B 4E=0

ot dx

B2Ar? 9%u )

E = A=)+ 0(]
h?  or? (A7) (h)
The method is consistent if: At}}{r_l)0| |

The second and the last term will tend to zero as discretisation if refined, but the last term will
only be zero if

At

h

For example if the stability condition of Euler forward is satisfied:
2

lim =
At,h—0

A ===) At =0(h?*)===) scheme is consistent

t<-—
2[3%

L
o™ e,
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Stability

Stability checking from eigenvalue analysis:
* Method of lines

ZBJ Vi B! 1) = Dlr

elg(A) <0 )
* Euler forward method
Uy, = ([ +AtA)u, (B < 1
—_ leig(B)| < —>
« Euler backward method
u, = (I —-AtA)u,y,q |eig(B1‘1)| <1 —>

B
e Theta method
(I—0AtA) u,, = gl + (1 — 6)AtA) uy
B'1 BYZ

leig(By'By)| <1 m=mmm)

unconditionally satisfied

h2

At < —=

232

unconditionally satisfied

for 8 = 1/2: unconditionaly stable

B2At 1

for 8 <1/2: <
h? 2(1 — 26)

o'«";"*Q
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Instationary heat equation in 3D

Let’s consider the heat equation in 2 dimensions: ﬁ B z[ﬁ 4 az_“j _f
ot dx?  dy?

E]Zgj_; 1 { ) ]
= 5 \Wj—1 ] —LUj] T+ U+
{;}IE A2 1.1 jd j+1.d = j-&t
- u 1 i
J = [-Ay.
n Ay? (1 =20 +ujps 1) ) Y
auj-_; Bl B';_’

5 E{.“}'—l.! —2uj+ujigg)— E{“j'.r—l —2ujtujpr)=f

duj; B

If dx=dy: 2 . [—415{;'_; LT W o S Wi o T N O +Hj_;_|:| = f.

After time discr. with theta method:

ntl _ nm 2
H_j‘-.ll H_i'lr . ﬁu{{] B 4 n n mn i m ]
(U =0) (g Gy g )

B{—-ﬁlu’;_?' +u?fi_, +HE_:]I_;+H’;-_T_I| +u?_’l','_|1_]]}+f

Technische
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Instationary heat equation in 3D

B, = (I — AtA)

A: triangular matrix =) } tridiagonal matrices
B,y = (I — OAtA)

du 5 *u  Fu

Recall 2D instationary heat equation : = B tz)=f (See Tutorial 3.)
x< V-

duj; B? p?
. s(uj—1g—2ujp+ujg) — (w1 —2uj +ujp) = f

g Al Ay?
du;;  B?
If dx=dy: a—: f,}[ —dujyduig ujeyy tuj o tuje) = f

After time discr. with theta method:

W ;B
Jd Js
L = (1 - 8) (- u+"; Ul )+

Af :
O(—4u’; I_I_H.'r1+] 4" 4t 1 _|_”n+l ]}“"f X n+1
ik j—1d _,r+]!' ji—1 jl+1
A n

g”o'mf?&% echnische - - -
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Instationary heat equation in 3D

— p?
f~—0 Atﬁ!:T

n+1 n+1 n+1 n+1 n+1 n+1 _
u™ ) —r(—4um M M g A u™Y L A u™Y ) =
- n n n n n n
=u"j; + r(1l — 9)(—4u gptutiogtultitutotu j}l+1)

& =1 Euler backward method

n+1 n+1 n+1 n+1 n+1 n+1 — n
u™ (=A™ u™ ™ Hu™ L u ) = Ul

AIL
o™ e,

A
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Instationary heat equation in 3D

(0, N) (M,N)
_ - D\ D\ Voo D
Uy U] @ N D O NV 0,
Uz1 2,3)
um n
31 U31 (\ P Py P an) F)
: " 4 N N\ N 7 N\
41
n 1
W11 uq, 1,2) 2,2) 3
um = D M M e s
o= 1.2 o |tz G~ 0 & © O
U 22 u” = u"s, 1
" 01  (1,1) 21 B (M, 1)
M1z e © \© ©& © O
. | B D \©O/ 0
u™in-1 Uu-23 I (0,0) (1,0) (2,0) (3,0) M, 1)
B ) 0 Y Fam) e
n Ussl | OO O  ( o O
U " M-1,N-1. u'y3

with homogenous Dirichlet BC.

n+1 n+1 n+1 n+1 n+1 n+1 — n
u™ g —r(—4u™ u™ g Fu u™ L u™ ) = Uty
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Instationary heat equation in 3D

n+1 n+1 n+1 n+1 n+1 n+1 — n
u™ (=A™ a4 u ) = Ul

with homogenous Dirichlet BC. '

=)

+

[y
i
RN

=

+

[y
N
e

=

+

[y
w
U

S

+

[
-
-

P~
+
[y

=

T

[y
=
N

P~
+
[y

S

+

[uny
G
N

=

+

=
=
w

P~

+

[y
N
w

S

+

=
&
w

S
+
=

‘2 f f 2 f e R e 28
N
[\

=
w

Sparse matrix with bandwidth: 2M-1 (here 9) BUT the band itself is sparse, only five diagonals are nonzero
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Instationary heat equation in 3D
un+1j,l _ r(_4un+1j,l + un+1j—1,l + un+1j+1,l + un+1j,l—1 + un+1j,l+1) — unj,l

n+l _ yn
B,u =u

where

o S
- WO
o

1+4r  —r ] (—T
—r 1+4r —r —r

—r 14+ 4r] i -1

L
o™ e,

Q.
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Reminder:
Stationary heat equation —what to solve?

Instationary heat equation with constant BC, and source term approaches a
stationary state:

Eu(.x—, v.z.1) — BPAu(x,v,z.1) = f(x,y,2) (parabolic)

u(x,v,z,0) — ii(x,y,z) as r—nx
Equilibrium equation (stationary heat equation):

~ifx,y.2) =0 = —B*Ad(x,y.z) = f(x.y.z) (elliptic)

Discretised form:

ALy
£, 4
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Reminder:
Stationary heat equation —what to solve?

Conclusion
 instationary heat equation with implicit FD}

System of linear equations:

Gx=Db
solve for x

methods (Euler backward, Theta method)
 stationary heat equation

Where the G matrix is in general

« sparse, banded

e can get very large with refined spatial and temporal discretisation
« for 1D heat equation with three-point-stencils: tridiagonal

« for 1D heat equation with five-point-stencils: pentadiagonal

« for 2D heat equation: banded with sparse band

-

1Ly
.
2
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