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Lecture 6:

Numerical solution of the heat equation with FD method:
method of lines, Euler forward, Euler backward, the Theta
method, and their stability

Dr. Noemi Friedman, 23.11.2016.



Overview of the course

» Introduction (definition of PDESs, classification, basic math,
Introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method

QILL
o .?Q

g‘% 3 Technische
3

el 23.11.2016.| PDE lecture | Seite 2

Braunschweig

U ) -
o33
v'_d

7,
bi\fscﬂ-



Overview of this lecture

» Finite difference operators

* The heat equation
= Analytical solution
» Semidiscretization- Method of Lines (spatial discretization)
= Time discretization
= Euler foward
» Euler backward
» The theta-method

= Consisteny, stability, convergence
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Finite Difference Method — derivation of difference operators
Derivation of u'(x)
u(z + h) = u(z) +u'(x)h + %u”(:r}hz + O(Rh?) (1)
u(z — h) = u(z) — o' (x)h + %u”(:r}hz rom®y (@
Subtracting from eq. (1) eq. (2) results in:

u(z + h) — u(z — h) = 2u'(z)h + O(h?)

(z+h)—ulz—nh . / —Up—
H’(:I‘.}: H(l+ )thf(l ) _I_O(hz) Uy = uk"'lz—hukl_l_o(hZ)
From only (1) (EULER FORWARD)  From only (2) EULER BACKWARD
_ : () —u(x—h
u,(x) _ u(x+hiz u(x) -I-O(h) Uu (x) — ux Z(x )-I-O(h)
= Ly o) @ @@ | Wi = O
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Finite Difference Method — derivation of difference operators

Example for using the two point stencil

| . u(t) |
Forward differences — explicit method

u'(t) = f(u(t)) B.C.:u(0) =u =u,

, Uk+1 —

Uy = A7 f(uy) /)

U1 = Uy + Atf (uy) f(uo)\/_

\ 4
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Finite Difference Method — derivation of difference operators

Example for using the two point stencil

_ - u(t) |
Backward differences — implicit method
Uk 41 —

u’k+1 _ = U + O(At) H ///

u'(@®) = f(u®) B.C.:u(0) =7 =y,

, Ug+1 — Ug
Ukt = +At = f(Up+1) A /
uly'
U1 = Atf (Upeyq) + Uy T~ R
Theta method Ug
Ug+1 — Ug At
u'y = +At + 0(At) .
, Uk — U
Uksg = AL = 0f (Ug+1) + (1 —60)f (uy)
/ _ Ug4r — Ug
Uk+1 = At + 0(At)
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Finite Difference Method — derivation of difference operators

. . H H u"(x)
Derivation of u"(x) — the three point stencil ' o .

uw(z +h) =u(z)+u(x)h + éu”{;z'}i"}g + %u”"(:c)hg —ll” (z)h* + ;(:.-:)h.a + O(h%) (3)

l"l

\ 1, ..o 1 1 1 5 z
w(z — h) = u(z) —u'(x)h + U (z)h* — au”’(:&)hg + E”” (z)h* — r_|“ ( Jh® + O(R%) (4)

Adding eq. (3) and eq. (4) results in:

5
w(x+h)+u(lx—h)=" + 0+ —|—0+_1—u x)h* 4+ 0+ O(]
ey o wx+h)—2ulx)+u(x—h) 2 truncation error:
u'(x) = . +0(h?) AN
dx*
U'+1—ZU'+U i—1 \4
= - h2] I + 0(h?) truncation constant
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Finite Difference Method — derivation of difference operators

Derivation of u"(x) — the five point stencil
Adding eq. (3) and eq. (4) results in:

2

w(z+h) +u(e—h)=2u(r)+0+ " '-+0+in”'{;z-jf-;.1+0+r )(h
) 0 (e 12 8 " 3 32 6
u(z + 2h) = u(x) + 2u'(x)h + 2u" (z)h* + ks (z)h + j ()bt + =uY (2)h® + O(h5) (5)
. : LJ'.
: 16 F 32
u(x — 2h) = u(x) — 2o (z)h + 20" (z)h* — —um( Vb + o ' (z)h* — B u' (z)h® + O(h°) (6)
32 v, :
(@ + 2h) + u(z — 2h) = 2ulr) + 0+ 4" ()7 + 0 + %u” ()l 40+ O]
—u(z — 2 sulz — R) — _
o (z) = u(x — 2h) + 16u(x — h) — 30u(z) + 16u(x + h) — u(z + 2h) O(h")
12h2
—wj o+ 16w 1 — 30uj + 16uj41 — 4
uj = A 12;;jf T TR okt ©e © ¢ 0 9

u'(x)
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Numerical solution of the heat equation
1.) Method of lines (semi-discretized heat equation)
du(x,t) d%u

_ P2 —> —
ot P 0x2 =0 ot dx 2

du(x,t) ., 0%u

Approximate second derivate with the three point stencil (spatial discretisation of the heat eq.)

BEHJ- ] 5
. o o 5 = 73 (HJ,'_] — EH_I' +ujq ) +O(h*)

dx*  h
0 (t) 2
r u(;t = 'i‘iz (u]+1 Zu] + u] 1) + O(hz)
! 52 ]
BEAGHE g 1| W) +73 12 Uo(t) %u(r) =Au(r)
u-_.l(t) u—1(t) - 7
azi Lj “) zi_j i‘f ®) 21 _2] 01 :
t Ujy1(t) Uj41 (1) N -
I _. t). i | | 2 0 | | —.I 2
-1 uy-a )~ @] L :

\ -1 A
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Numerical solution of the heat equation
1.) Method of lines (semi-discretized heat equation)

ou(x,t) 0%u
Y —,32@=f(x;t)

truncation error:

“p2 + 0(h%)
P i (u1+1 2u; + uj—q) + =/fJ @

l truncatlon constant
S0 1 AT wi(t) T f1(t)
-1 2 -1 : s
0 —[3? -1 2 Uj-1(t) fi-1(®)
at =z 2 1 u;(t) |+ fi(t)
-1 2 -1 uj+.1(t) fj+1(t)
-1 2 ‘ :
_ “luy_1(2).
%u = Au(t) + () f-1(8) _
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Numerical solution of the heat equation
1.) Method of lines (semi-discretized heat equation)

Solve analyticaly the system of ODEs: a b
iu = Au(t) (see slide: 15) _2p2 2 b Z Z
dt a: = h2 b: = ﬁ A=

S Q
S"Q &
QT

1.) Find eigenvalues (4;) and eigenvectors (v,) of A:

i\ 2f* i Sk kn
A; = a+ 2bcos v )= rz \os|\y Vi =S T
Lk=1..N—-1
2.) Write initial condition in the basis of the eigenvectors: u(0) = C;v;

3.) Look for the solution in the form: u(t) = Z a;v; a;(0)=C
i
The solution to the homogenous equations: a;(t) = C;e*it=t) (1) = C;etilt=toly,

uy, (t) = Z ciehit=to)y,
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Numerical solution of the heat equation
1.) Method of lines (semi-discretized heat equation)

d
au = Au(t) + f(t) u,(t) = 2 Cieﬂ.i(t—to)vi

i

1,2.) See steps 1,2 for the homogenous equation (get eigenvector and eigenvalue of A)

3.) Write r.h.t in the basis of the eigenvectors : f(t) = Z fiv;

4.) Look for the solution in the form: u(t) = z u; (t)v;

—u Au() = — Zul(t)v, —AZul(t)v, Z 1w (), —Zui(t)Avi

i

= Z (E u;(t) — ui(t)/li> v

) i

d
Z(Eui(t) —ui(t)/li>vi=2fivi —> <%ui(t) ul(t)/1> £

l
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Numerical solution of the heat equation
1.) Method of lines (semi-discretized heat equation)

d =A
Eu— u(lt)+f

Instead of analyzing stability of the inhomogenous case, we discretize the
homogenous one. We can do that, because of the following.
Let’s take a stationary function u, for which the equation:

d
auo =Aupg+ f =0 holds.

And let’s suppose, that the solution can be written in the form  u(t) = ugy + v(t)

r.h.s:
Au(t) + f = Auy + f + Av(t) = Av(t)
. I d
l.h.s: =0 _v(t) — Av(t)
d dt

d d
au(t) = (ug + v(t)) = Ev(t)
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Heat equation

Comparism of the solutions: analytical and method of lines

Homogeneous equation (no internal source term):

dt

d
u = Au(t)

Analytical solution with hom. BC:

u(x, t) = 2 d; e~ @it sin(a)jx) wj = S j=10,1,2..
J

[
With method of lines: u(t) = Z c;etilt=to)y,
i
232 i
/li = ? COS N — 1)
*
>0 <1

1Ly,
AT

»ast—>oo u-0

»ast—wo u—-0
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Numerical solution of the heat equation
2.) Euler forward - explicit

Euler forward: approximate time derivate with the forward difference

D—I—OC iz (-1 = 2w +wisq) + 0(1) Au(r)

S u —Uu
uj’n _ u],n+A1t Ujn + 0( ) un — n+1At n _ Aun
2
u],n+1At G = 2 (u]-_l,n — Zuj,n + uj+1,n) + 00 )+0(10) U, | = U, + ArAu,

Stable? (does it give decaying solution?) (I+ArA)u,

-2 -1 1 11 b

-1 2 -1 1
—At - B? -1 2 1
B =——75+— +
h? 2 -1 1
-1 2 -1 1
-1 2 1
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Numerical solution of the heat equation
2.) Euler forward — d-tour on eigenvalues and eigenvectors

Stable? (does it give decaying solution?)

— — D2

Some discussion about egienvalues and eigenvectors:

o
AVi = Aivi 2'2
AV =DV ) D =
V 'AVis a .
1
VAV =D m) diagonal matrix, An-1
with the ! An
eigenvalues in the V1 V2 Vn_1 Vp
diagonal.
V=

o'«";"*Q
g3t | .a% Technische
:’ﬁ%; =nnisch

S L 2 3.11.2016.| Dr. Noemi Friedman | PDE lecture | Seite 16

Braunschweig
bi\fsc.\i




Eigenvalues, eigenvectors
change of basis (coordinate system)

How to write an arbitrary vector, u, in a new basis vV, v (3 Whatis V-1AV?
u=u;eq +u,e, +uszes
u =i, v® + i,v® + ;@
v = V( )el + vg )ez + V( )
v® =vPe; +viPe, + ng)eg,

(3) (3) (3)a

v(3)—v €1 +V € +V

u—ul(V§ )e1+v( )e2+v() )+ u=e1(u1V§)+u2V()+u3V( ))+

u
+i, (viPeg +viVep + viVe )+» ——

(D) (ulvg ) + uzv( ) + u3v( )) + .-

+t13( (3 )e1+vg )32 +V(3) )+ 3
€3 (ulvg ) + uzv( ) + U3V( )) +

—
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Eigenvalues, eigenvectors
change of basis (coordinate system)

Some discussion about egienvalues and eigenvectors:

D 52 ,3) !
ol T

~ (1 ~ (2 ~ (3
—V(l) V(Z) V(?’)- - u=e; (u1V§ ) + u2V§ ) T U3V§ )) o
Uq 1 1 1 Uq U2
1o o ol D —
lEZI =lvy" vy v 22 A e (fj viY 4+ i,v? + V(S)) + -
1L ]l in® £ E® 1 gt

e3 (ﬁlvgl) + ﬁ2V§2) + ﬁ3V§3)) + .-

l '
~ U3
u=Vad mm) =V 1lu
Let’s consider now the respresentation of an operator in the new basis:

Au=b V~1AvV is the representationa of the A operator
Avi = Vb in the new basis defined by vV, »(2) v

amtm

V1AV =V 1Vvb V- IAVii=b
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Numerical solution of the heat equation
2.) Euler forward — d-tour on eigenvalues and eigenvectors

V~1AV is the representationa of the A operator in the new basis defined by v, v»(2), (3
If v, »@ »3) are the eigenvectors of A, this representation is a diagonal matrix.

Let’'s go back to the problem of the Euler forward method used for solving the heat

Stable? (does it give decaying solution?)
Up+q = Buy u,., = B%u, .. Upy = Bfuy
Let's check instead in the basis defined by the eigenvectors: U; = V™ 1u;
t,,; = V!BV, ., = V1B2Vi, U,. = VIB*ru,
o
V1BV =V~ 'BB..BBV =V 'BVV 'BVV~! .. .VV 'BVV !BV =Dk = %

e e
D D

-

1Ly
.
2
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Numerical solution of the heat equation
2.) Euler forward — stability analysis

Stable? (does it give decaying solution?)

-2 -1 1 11
-1 2 -1 1
_At - B2 -1 2 1
B=——"— +
h? 2 -1 1
-1 2 -1 1
-1 2 1

When for all the eigenvalues |1;| < 1 then response is decaying with time.

At'ﬁz b:At.'BZ

a=1-2
2 h2
h AtB? im
i AtB? i 1-2 12 1—cosﬁ <1
Ai=a+2bcos<ﬁ):1—2 h2 (1—cosﬁ)
i=1.N—-1

-

1Ly
.
2
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Numerical solution of the heat equation
2.) Euler forward — stability analysis

Stable? (does it give decaying solution?)
When for all the eigenvalues |1;| < 1 then response is decaying with time.

At 3> in
P (1 — cos—) <1

/ 2 h?2 N
in)

allways satisfied

AtB? ) in
1z cos —

‘1—2

i=1.N—-1 —
At'BZ 1— COSi_n) =1 (I\)/|<ax va>lu2e: 2
1-— ZA}tEZ <1 — cos%) > —1 ZAZEZ (1 - cos%) <2 <1 — COSE) Ah;2 2 < A}tl,;z
—

Method is not unconditionally stable, only stable if criteria is satisfied!

% Universitit

g”o'mf?&% echnische - - -
%ﬁ U 23.11.2016.| Dr. Noemi Friedman | PDE lecture | Seite 21

<

U o e
o5 e
¥, "'ﬂ

bi\fsc.\i

Braunschweig




Numerical solution of the heat equation
2.) Euler forward — summary

Euler forward: approximate time derivate with the forward difference

D—I—OC iz (-1 = 2w +wisq) + 0(1) Au(r)

y Ujn+1~Yj, —_— Up+1 — Uy _
Ujn = ]n+A1t ==+ 0(00) Uy = = Aug
uj,n+1 - uj,n 2
At = h2 (uj—l,n _ zuj,n + uj+1,n) + 0( ) + 0( ) U1 = Uy —ﬁ-’AUn
= (I+ArA)u,
Stable? (does it give decaying solution?) T

the absolut values of the eigenvalues of matrix B can not be greater than one.

(N -Dnr h?
(1—COST |Aj|S1 —> At<2_,82

B2 At
Aj=1—2 h2

L
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Numerical solution of the heat equation
3.) Euler backward (implicit) — derivation

Euler backward: approximate time derivate with the backward difference

I : iz (uj_l — Zuj + uj+1) +0("1) Au(.r)
5-0-0

u —u
U —U; . n+1 n
. jn+1 n | u =

= Au
At At ntl

uj,n+1 — uj,n

2
=72 (Wmtmet = 2Wjng1 + Wigrpe1) + 007) +0(10)
U, = Upyq —AtAuyy; = (I — AtA)uy

(Stability criteria: unconditionaly stable, to be shown later)
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Numerical solution of the heat equation
4.) Theta method (implicit) — derivation

N ﬁZ d o
Theta method (Crank-Nicolson) = e (uj_1 — Zuj + uj+1) +0(") Eu(:r) =Au(r)

. _ Ujn+1~Ujn
: T Wea tly, = MR L g
:I: Uin+e = AL + 0( ) At

Euler f.
. Upi1 —Un Au
n At n
- _ Ujn+1~Ujn
Uin+1 — Ujn 2 Ujns1 = ———— + 0(L1)
=0 (Wietne1 = 2Ujne1 + Wit ner) + Euler b.
At h

2 . _ Upyqg —Up

Unir = At - Aun+1

+(1 - e)ﬁ(uj_l,n —2Ujp + Ujp1n) FO()+0(N17)

u —Uu
0 = ““At = gAu,,; + (1 — 6)Au,

6 = 0 Euler forward
(I-60AtA)u,,; =1+ (1 —6)AtA)u,
— 6 = 1 Euler backward

HLLgy
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Numerical solution of the heat equation
4.) Theta method (implicit) — stability analysis

Stability criteria: B; = (I1—-6AtA)

Bju,,; = Bauy B, = (I+ (1 — 8)AtA)

~ (iknm
Ulk = Sin (T)

1) B; and B, are both tridiagonal sym. matrices ol
=) B; and B, have the same eigenvectors v, — l ! ]
‘ N-1

Vi

2) The representation in the basis defined by the eigenvectors

V- iB,V 1, = V1B, Vi,

———
Dl DZ
A1 (B1) ] [ A1(B2)
A, (B1) A2 (B2)
Uy = Uy
An(B1) | i An(Bz)
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Numerical solution of the heat equation
4.) Theta method (implicit) — stability analysis
Stability criteria:

B; = (I1—-6AtA)
Biu,i1 = Bauy

[

" 11(B2) I
A1 (By) B, =|
|

|

|

A,(B3)

= A2(B1) ~
Upp1 = 2 . U,

|
|
I
|
|
|
|

Tn(By) | .

i 2% At in
A;(By) = a; + 2b, cos NI = 1+ % 01— cos N

L
o™ e,

A

21,(B3) B, = (1+ (1 — 6)AtA)

Q.
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Numerical solution of the heat equation
4.) Theta method (implicit) — stability analysis

[ 41(B2)
A1(Bq)
A2(Bz)
_— 72(B,) y
An(B2)
An(By)
O< Ci > 2
2r
— e,
- (1-cos (7))
‘Ai(BZ) - 1 7 (1-6)(1—cos N i
. - 2 -
Ai(B1) 1428 ZAt 6 (1 — cos (E))
h N 1-2r(1 - 6)C;
T — —1 < T 20C) <1
o— ﬁZAt r O< Ci > 2 '
ri=—

=(r-o()

1L
Lt

e
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Numerical solution of the heat equation
4.) Theta method (implicit) — stability analysis

. . ) 2
1) Right hand side of the equation: | . ._ 'Bhft 2) Left hand side of the equation:
Lol 2r(1—-0)¢; 1-2r(1-6)¢;
—1< <1
1+ 2r6C; 1+ 2r6C;
—— ——l
—1-2r0C; <1-2r(1-6)C; /-1 1-2r(1-6)C; <1+ 2r6c;
-2 — ZTQCL' < —ZTC,: + ZTQCL' /+2T9CL 2rC: > 0
l
—2 < =2rC; + 4r0C; /:(=2) 1
1>r(1-20)C unconditionally satisfied
1-20=<0 (6=0.5) 1-20>0 (6<0.5)
1>7r(1 - 20)¢;
SR i A o
<0 r > At > At
- ~ C;(1—26 2C;(1 - 26 2(1 —
unconditionally satisfied i( ) g -!"(—!—) 2p*(1 —26)

- max2Z2 max1
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Summary:
Instationary heat equation — what to solve?

Stability checking from eigenvalue analysis:
* Method of lines

N—1

u(r) =Y By, Bj(r) = E}glﬂ mm) find the eigenvalues (4;) and
J=1 eigenvectors (v;) of matrix A

* Euler forward method

u,, = (I+ AtA) u, m==) u,; =Bu,
B

 Euler backward method

_ Solve
u, = (I—AtA) u, 4 mm) | Bilni1 = Un system of
B, equations
* Theta method for u,,,
gl —BQAtAz u, =+ (1B— H)AtAz u, ‘ Biou,., = Bypu,
16 26

L
o™ e,

A

Q.
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