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Introduction to PDEs and Numerical Methods

Lecture 5:
Analytical solution of ODEs and PDEs,

The Finite Difference Method
Dr. Noemi Friedman, 16.11.2016.



Overview of the course

» Introduction (definition of PDESs, classification, basic math,
Introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method
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Overview of this lecture

» Solving PDESs, analytical solution of ODEs
= About existence and uniqueness of linear PDEs
» Solution methods
= Spectral method (Fourier analysis)
» Essesntial ODEs

= Solving system of ODEs
» Introduction to the Finitie Difference Method (FDM)
» Euler forward, Euler backward schemes and the theta-method
= Approximation of higher derivatives

» Solving the heat equation with FDM
» Semidiscretization- Method of Lines (spatial discretization)
» Time discretization
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Essential ODEs
solving linear systems«analytical solution of linear ODEs

Ax=b Lu=71 example: L,u= 0%u
b dx?

Existence: Existence:
b € R(C) (b is in the range of A) u € R(L) (f is in the range of L)

Uniqueness: Uniqueness:
let's suppose y and z are both solutions: i |et's suppose y and z are both solutions:
Ay=b Az =D Ly =f Lz =f
A(y —z) = 0 =) if y # z nontrivial , -
solution L(y —z) = 0mpify # z nontrivial
solution
In other words, the nullspace of A is nontrivial.
The system has only unique solution if the The system has only unique solution if the
nullspace of A is trivial, that is the only solution| fl |nullspace of L is trivial, that is the only solution

of
Lu = 0 is the zero function

of _
Ax=01I1s x=0
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Essential ODEs
solving linear systems«analytical solution of linear ODEs

Ax=Db Lu=f
Solution: Solution:
If N(A) is nontrivial, it has only solution if it If N(A) is nontrivial, it has only solution if it
satisfies a certain compatibility solution: satisfies a certain compatibility solution.

Adjoint operator: AT
Adjoint operator L*: {(Lu,v) = (u, L*v)

AT'w=0 =) weN(AD

w-b=0
If N(A) is nontrivial, and if it has a solution, it If N(L) is nontrivial, and if it has a solution, it
has infinitely many: has infinitely many:

Aw =0

}A(z+aw)=Az+aAw=b Lw =
Lz =

Az =Db p }L(Z+aw)=Lz+aLw=f

=) z + aw is also a solution =) z+ aw s also a solution
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Essential ODEs
solving linear systems«analytical solution of linear ODEs

Unigueness (examplel): 2
0%u 0-u(x)
_ — = € [0,
Lpu = a= =) —« 922 f(x)x €[0,]
u(0) =0 Lp:C3[0,1] = C[0,1]
The homogenous 02u(x) uh =0
system: BRI

=) u(x) =ax+b u(0)=0m) b=0 the trivial solution
u) =0 = a=0 =) u(x) = 0= unique solution of

Lpu=f
-
F(x)
d?u(x)

du (x)
a

jf(s)ds+c1 ﬁau——fo(s)ds+clx+cz
0
u(0)=0m= ¢, =0

1 l rz
u) =0 =) ¢, = Tj j f(s)dsdz
0 Y0
s Dnversitat 16.11.2016.| Dr. Noemi Friedman | PDE lecture | Seite 6

,% $ Technische
&4




Essential ODEs

solving linear systems«analytical solution of linear ODEs
Uniqueness (example?) :

Lyu=f @ —awy, =f(x) *€[0,]

) =10 Lp: C5[0,1] - C[0,1]
The homogenous 02u(x) u, () =0
system: —a 22 —
=) ulx) =ax+b u,(0)=0 = a=0 non trivial solution
(D=0 } =) u(x) =bmm) if there is a solution, it
U, =

IS not unique

d*u(x) d L ! !
—Qa dx2 = f(x) = _a[ ZECX)L _ jof(x)dx =) Lf(x)dx —0
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Essential ODEs
solving linear systems«analytical solution of linear ODEs

Ax=Db Lu=f
Solution: Solution:
1) General solution 1) Direct int tion
3 irect integrati
-1 _ a—1 — 1
A"Ax=A""b x=A"Db Method of Green’s functions

2) Direct solvers (GauB elimination),

iterative methods 2) Galerkin method/FD method

3) Spectral method . .
If AT = A (real eigenvalues) Av; = A;v; 3) Fourier series  Lv; = Av;
(Lu, v) = (u, Lv)(real eigenvalues)

b = Z(V‘ b)vi x= Z:(vl X)V;j —Zaivi
Ax=b =) AZa Vi = Z(V‘ b)v; f= Zfivi(x)
a; Av; = Z(V‘ bv,=) aA; = (Vi b)) U = zuivi(x)

i 7\lVl
(vi- b) l
X = Z }\i Vj
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Essential ODEs
solving linear systems<«analytical solution of linear ODESs

24
Solving ODEs with Fourier series - example —a— f(x) ug))) _(?
u =

Lpu = f(x)

1) Solve the eigenvalues-eigenfunctions (4;, v;(x))

a) Can eigenfunctions form an orthogonal basis (is the operator symmetric)? -

l 32
(Lu,v) = —« d dz;(zx ) v(x)dx = [—a du(x) v(x)] dz;(x) dzgcx) dx
0 0
du(x) dv(x) dv(x) l dv(x)
= ajo dx dx [ u(x) u(x) —

dv(x)

dx = {(u, Lv)

= af u(x)
b) Find eigenfunctions and elgenvalues-
- EE) We try to find the solution in the form
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Essential ODEs
solving linear systems<«analytical solution of linear ODESs

u(0) =0
u() =0

2

Solving ODEs with Fourier series - example —a— f(x) Lpu = f(x)

2) Project f(x) to the space spanned by the eigenfunctions:

()
) )

3) Solve the ODE for u;:

dzz (imx Z d?
a—— ) wisin(—)=—a u‘dxz
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Essential ODEs
Analytical solution of homogeneous second order ODEs

mii +cu+ ku =0 a)| c2—4mk <0

Assuming the solution in the form: 1.2 B

u(t) = et u(t) = e(@Eh)
mo?e®™ + coe® +k =0 u(t) = e*(cos(pt) + isin(ﬂt))—l
mo?+co+k=0 (1) u(t) = e*(C,cos(pt) + C, sin(Bt))
1
—_— (_ 2 _ b 2 _
Ul'z_Zm( ci\/c 4mk) )| ¢2—4mk >0

u=Celt+ (et I g12=1y  YERT

u(t) = Cie?* + Cre™

c) | c?—4mk=0| 0,=0,=080=5—

u(t) = C;e° + C,te" Yy ER

L
o™ e,

A

Q.

K ¢+ Technische - - :
%ﬁ s 16.11.2016.| Dr. Noemi Friedman | PDE lecture | Seite 11




Essential ODEs
Analytical solution of homogeneous second order ODEs

mii +cu+ ku =0 a)| c2—4mk <0
w u(t) = e*(C,cos(ft) + C, sin(pt))
g%é + u() $ u(t)
£ L N AN
: VAR

)| c2—4mk>0| ,en-

u(t) = Cie? + C,e™

c) | c2—4mk =0

u(t) = C,e + C,tedt y €ER

ALy
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Essential ODEs
Solving inhomogenous linear ODEs

general solution of the
homogenous equation

miy, + cuy + kuy =0 ==  u, = cquqp + Uy

U1 two particular solutions of the

u, Inhomogenous equation

mu +cu+ku=f —>

Theorem:
U; — Uy s a solution to the homogenous equation E==) Ug — Uz = CilUp + CoUzp
Proof: Uy = ClUgp + QU T U = Uy T Uy

92 d
mw(ul —Uu,) + ca(ul —Uuy)+k(uy —uy) =0

02 0 02 0
mﬁu1+cau1+ku1 — mﬁu2+cau2+ku2 =0

f f
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Essential ODEs

Converting higher order ODEs to first order system

mi +cu+ku=f

ALy

o <+,
wew s T
i

U - v
oI5| Ao
% = ol

Ox.

us =u
Uy = U ) 1/, = U,
c k f
mil, cu, Uq f [2%) muz mul + m 1
A=| k ¢
m m
) (11 (1)
1
_ L u(t) =
at[ ] Uz (t)
d
7 u(®) = Au(®) + f() A [ 0
f@=1/@®
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Essential ODEs
Converting higher order ODEs to first order system

0

5¢ 1) = Au(®) + £ ()

Let’s solve first the homogenous equation
0 t) = Au(t

o u(®) = Au(o)

d
Let's suppose that the solution has a form: = 5, ¢y = a(HAv

@] V1] '
u(t) = [uz 0| = a(t) [vz] = a(t)v E%H Ziéseﬁcector

1 of A
e up = u(0) = G;
u;(t) = Cetilt-t)y, a _
2 (0) = G, " a(t)W = a(O)

(- 0
u(t) = ) Gy m () = Cektt0 4B —a(t) = da()
[

!
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Overview of second part

= Essential ODEs

* The heat equation
= Analytical solution
» Semidiscretization- Method of Lines (spatial discretization)
» Time discretization
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

Derivation of u'(x)
u(z +h) = u(@) + ' @h + @R+ O(E) (1)
u(x —h) = u(e) o (@)h + g @h* + O) @)
Subtracting from eq. (1) eq. (2) results in:

u(z + h) — u(z — h) = 2u'(z)h + O(h?)

(z+h)—ulz—nh . / —Up—
H’(:I‘.}: H(l+ )thf(l ) _I_O(hz) Uy = uk"'lz—hukl_l_o(hZ)
From only (1) (EULER FORWARD)  From only (2) EULER BACKWARD
_ : () —u(x—h
u,(x) _ u(x+hiz u(x) -I-O(h) Uu (x) — ux Z(x )-I-O(h)
= Ly o) @ @@ | Wi = O
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

Example for using the two point stencil

| . u(t) |
Forward differences — explicit method

u'(t) = f(u(t)) B.C.:u(0) =u =u,

, Uk+1 —

Uy = A7 f(uy) /)

U1 = Uy + Atf (uy) f(uo)\/_

\ 4
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

Example for using the two point stencil

_ - u(t) |
Backward differences — implicit method
k+1 —

, u Up /
Upsr = At + 0(h) H //

u'(@®) = f(u@®)  B.C.:u(0) =7 = u,

, Ug+1 — Ug
Ukt = +At = f(Up+1) A /
uly'
U1 = Atf (Upeyq) + Uy T~ R
Theta method Ug | A't
u —Uu
W, = "“At “+ o) y y
/ k - Uk
Wirg = = = 0f (W) + (1 = 0)f ()
, Ug+1 — Ug
U1 = A T O(h)
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