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Introduction to PDEs and Numerical Methods

Lecture 5:
Analytical solution of ODEs and PDEs,

The Finite Difference Method
Dr. Noemi Friedman, 15.11.2017.



Overview of the course

» Introduction (definition of PDESs, classification, basic math,
Introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method
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Overview of this lecture

= Converting higher order ODEs to system of first order ODEs
= Solving system of ODEs
» Introduction to the Finitie Difference Method (FDM)
» Euler forward, Euler backward schemes and the theta-method
= Approximation of higher derivatives

» Solving the heat equation with FDM
» Semidiscretization- Method of Lines (spatial discretization)
» Time discretization
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Essential ODEs
Analytical solution of homogeneous second order ODEs

mii +cu+ ku =0 a)| c2—4mk <0

Assuming the solution in the form: 1.2 B

u(t) = et u(t) = el@xipit

u(t) = e**(cos(pt) + isin(ﬂt))—l

mo?e® + coe® + k=0

mo?+co+k=0 (1) u(t) = e**(C,cos(pt) + C, sin(pt))
1
—__— (_ 2 _ b 2
012=7 ( Ci\/C 4mk) )| ¢2—4mk >0

U= Clealt + Czeazt — 012 = i]/ Yy € R~

u(t) = Cie? + Cre™ "t

c) | c?—4mk=0 | 0y =0,=0=5—

u(t) = C,e + C,tedt y €ER
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Essential ODEs
Analytical solution of homogeneous second order ODEs

mii +cu+ ku =0 a)| c2—4mk <0
w u(t) = e*(C,cos(ft) + C, sin(pt))
g%é + u() $ u(t)
£ L N AN
: VAR

)| c2—4mk>0| ,en-

u(t) = Cie? + C,e™

c) | c2—4mk =0

u(t) = C,e + C,tedt y €ER

ALy
£, 4

g% 3 Technische
3

S Ll 15.11.2017.| Dr. Noemi Friedman | PDE lecture | Seite 5

Braunschweig
bi\fsc.\i




Essential ODEs
Solving inhomogenous linear ODEs

general solution of the
homogenous equation

miy, + cuy + kuy =0 ==  u, = cquqp + Uy

U1 two particular solutions of the

u, Inhomogenous equation

mu +cu+ku=f —>

Theorem:
U; — Uy s a solution to the homogenous equation E==) Ug — Uz = CilUp + CoUzp
Proof: Uy = ClUgp + QU T U = Uy T Uy

92 d
mw(ul —Uu,) + ca(ul —Uuy)+k(uy —uy) =0

02 0 02 0
mﬁu1+cau1+ku1 — mﬁu2+cau2+ku2 =0

f f
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Essential ODEs
Converting higher order ODEs to first order system

mi +cu+ku=f

Uy = u
U, = 1u ) 1/, = U,
. _ SIS &
mu, +cu, +ku, = f == 1, = — Uy mu1+m . 1
A= k C]
1 m m
d
sihul=|_k _¢ ae) = 1)
%u(t)zAu(t)+f(t) = 0
fo=|1®
L m
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Essential ODEs
Converting higher order ODEs to first order system

0

5¢ 1) = Au(®) + £ ()

Let’s solve first the homogenous equation
0 t) = Au(t

o u(®) = Au(o)

d
Let's suppose that the solution has a form: = 5, ¢y = a(HAv

@] V1] '
u(t) = [uz 0| = a(t) [vz] = a(t)v E%H Ziéseﬁcector

1 of A
e up = u(0) = G;
u;(t) = Cetilt-t)y, a _
2 (0) = G, " a(t)W = a(O)

(- 0
u(t) = ) Gy m () = Cektt0 4B —a(t) = da()
[

!
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ll. The Finite Difference Method

» Solving PDEs with the Finite Difference method

!
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

Derivation of u'(x)
u(z +h) = u(@) + ' @h + @R+ O(E) (1)
u(x —h) = u(e) o (@)h + g @h* + O) @)
Subtracting from eq. (1) eq. (2) results in:

u(z + h) — u(z — h) = 2u'(z)h + O(h?)

(z+h)—ulz—nh . / —Up—
H’(:I‘.}: H(l+ )thf(l ) _I_O(hz) Uy = uk"'lz—hukl_l_o(hZ)
From only (1) (EULER FORWARD)  From only (2) EULER BACKWARD
_ : () —u(x—h
u,(x) _ u(x+hiz u(x) -I-O(h) Uu (x) — ux Z(x )-I-O(h)
= Ly o) @ @@ | Wi = O
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

Example for using the two point stencil \

| . u(t) |
Forward differences — explicit method

u'(t) = f(u(t)) B.C.:u(0) =u =u,

W = —EE = f () y
U1 = Uy + Atf () f(u%//'/
: Lo s ot f
At t
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

Example for using the two point stencil

_ - u(t) |
Backward differences — implicit method
k+1 —

, u Up /
Upsr = At + 0(h) H //

u'(@®) = f(u@®)  B.C.:u(0) =7 = u,

, Ug+1 — Ug
Ukt = +At = f(us1) A /
Uuq y
U1 = Atf (Upeyq) + Uy 'Zﬁ/ R
Theta method to t1 A't
u —Uu
W, = "“At “+ o) y y
/ k - Uk
Wirg = — = 0f (geas) + (1 = O)f ()
, Ukg4+1 — Ug
Uk = A7 + 0(h)
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Numerical solution of the heat equation
Finite Difference Method — derivation of difference operators

o . . u"(x)
Derivation of u"(x) — the three point stencil . o o
uw(z +h) =u(z)+u(x)h + lu”.‘ t)h? + lu”’(:{:)hg lu (z)h* + V(:r)ha + O(h% (3)
| ol 2 \ ol ) 3' ! —l 5' ! =N J -
oy / 1 e ovg.2 L A3 1 IV 4 1 v 5 316 /
u(z —h) =ul(z)—u'(z)h + Su (a Vh* — 3t ()™ + ik (z)h" — Hu (z)h> + O(h”) (4)
2 . ! 5!
Adding eq. (3) and eq. (4) results in:
9
w(x+h)+u(lx—h)=" + 0+ +O_E“ (x)h* 4+ 0+ O[]
w'(x) = u(x+h)—21:l(2x)+u(x—h) n O(hz) truncactllfl? ezrror: 4
ﬁh + 0(h*)
U'+1—ZU'+U i—1 \
= - h2] — + 0(h?) truncation constant
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Numerical solution of the instationary heat equation
Method of lines (semi-discretized heat equation)
du(x,t) d%u

_ P2 —> —
ot P 0x2 =0 ot dx 2

du(x,t) ., 0%u

Approximate second derivate with the three point stencil (spatial discretisation of the heat eq.)

BEHJ- ] 5
. o o 5 = 73 (HJ,'_] — EH_I' +ujq ) +O(h*)

ox=  h
0 (t) 2
r u(;t = 'i‘iz (u]+1 Zu] + u] 1) + O(hz)
i 52 i
T ug(t) 3 1| W@ +73 12 Uo(t) %u(r) =Au(r)
u-_:l(t) u'—1(t) - 7
7| v [ e T
t Ujy1(t) U1 (1) B -
I _. t)] : | g 0 | | —.I 2
10 uy-1(£)) +le 10] . -
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Numerical solution of the instationary heat equation
Method of lines (semi-discretized heat equation)

] B? B
(—Euzﬁ(uj+1—2uj+uj_1)—fj -
truncation error:
;@ﬂ h? + 0(h4)
dx*

™ truncation constant

S0 1 AT wi(t) T f1(t)

-1 2 -1 : :

0 —[? -1 2 Uj-1(t) fi-1(®)
at =z 2 1 u;(t) |+ fi(t)

-1 2 -1 uj+.1(t) f]+1(t)

!

_ -1 2 |, ‘ (t) '
| UN—-1 i
0 fn-1(t)
—u = Au(t) + f(t) - -
ot
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Numerical solution of the instationary heat equation
Method of lines (semi-discretized heat equation)

Solve analyticaly the system of ODEs: a b
d (see slide: 15) 2 2 b a b
—u = Au(t) + f(t) -2 b-—'B b a
dt a: = hZ . — ﬁ A —

S Q
S"Q &
QT

1.) Find eigenvalues (4;) and eigenvectors (v,) of A:

i\ 2f* i JE = kn
A; = a+ 2bcos v )= rz \os|\y Vi =S T
Lk=1..N—-1
2.) Write initial condition in the basis of the eigenvectors: u(0) = C;v;

3.) Look for the solution in the form: u(t) = Z a;v; a;(0)=C
i
The solution to the homogenous equations: a;(t) = C;e*i¢t=t) uy, (1) = C;etit~to)yp,

232 im
llh(t) — Z Cl_e)li(t—to)vi /11- — ? CcoS N -1
i *
>0

<1
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Numerical solution of the instationary heat equation
Method of lines (semi-discretized heat equation)

d o
U= Au(t) + f(t) up () = 2 c;etit=toy,

i

4.) Solve one particular solution of the inhomogenous system of ODESs:

4.1.) Write r.h.t in the basis of the eigenvectors : f(t) = zfivi

4.2.) Look for the solution in the form: u(t) = zui(t)vi

—u Au() = — Zul(t)v, —AZul(t)v, Z 1w (), —Zui(t)Avi

i

= Z (E u;(t) — ui(t)/li> v

5.) i

d
Z(Eui(t) —ui(t)/li>vi=2fivi —> <%ui(t) ul(t)/1> £

l
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FD discretization of the Poisson equation-nom. N. BC

F 2 -1 m@w1 | f} _ truncation constant

-1 2 -1 5 ‘

1 ~1 2 w1 i
nZ Y= b
h 2 _1 u]+1 f

-1 2 -1 JH

-1 2 '

UN-1 fn-1

ALy
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Exercise 1: FD approrimation of the Poisson equation with homogenous Dirichlet B.C.s

Consider the boundary value problem

—u"(z) = 2°
|
! 1 2
h2 |
0 -1
2 1
! 1 2
0252 |
0 —1

AIL
o™ e,

u(0) =0
0 _’Ll',l
—1| |us
2 _‘ug

0 _ul
—1 U2
2 _Hg

-
f2
f3

u(l) =0,
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Exercise 2: FD approrimation of the Poisson equation with inhomogenous Dirichlet B.C.s

-1
w7 (W = 20 + ) + = i

Consider the boundary value problem
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0 ”Ll',l_
—1 U9
2| |u3]

—u"(z) ==

f3

2
—1
0

—1
2
—1

1

/2

1

3

0
—1
2

u(0)=1 u(l)=2,
(i 1
1 1 0
us || — F 0| =
._ug ._u4_. L
(2 1 0
! 1 2 1
0.252
o -1 2

Us
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—1
ﬁ (u]’+1 — 2u] + u]'_l) + =

Exercise 3: FD approrimation of the Poisson equation with mired B.C.s

Consider the boundary value problem
—u"(z) =2 W'(0)=0 wu(l)=0,

The first derivative in the Neumann B.C. can be approximated by:

] Up+1 — Un

T }'1
1l 1 0 0 |ful [o]
1 —1 2 —1 0 uq B .fl
h2lo| -1 2 -1 us! Ly
o 0 -1 2 Us f3
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