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Dr. Noemi Friedman, 09.11.2016.

Introduction to PDEs and Numerical Methods

Lecture 4: 

Analytical solution of ODEs and PDEs



Overview of the course

 Introduction (definition of PDEs, classification, basic math, 

introductory examples of PDEs)

 Analytical  solution of elementary PDEs (Fourier series/transform, 

separation of variables, Green’s function)

 Numerical solutions of PDEs:

 Finite difference method

 Finite element method
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Overview of this lecture

The Fourier-series and Fourier-transform

 On the choice of inner product for real and complex valued functions

 Fourier-series of periodic functions with period 1

 Connection between series with sin and cos and the Fourier-series 

 Properties of the Fourier-series (e.g. for even and odd functions), 

derivatives, …

 Fourier-series of periodic functions with different period

 Examples
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Chose inner product by preserving validity of Pithagoream-

theorem in the real valued function space
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We define the inner product to be:

The orthogonality condition in L2[0,1] has to be

= 0

The Pithagorean-theorem:

The Pithagorean-theorem for real value functions using the L2 norm:



Chose inner product by preserving validity of Pithagoream-

theorem in the complex valued function space
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Requirements for an inner product in the complex domain

First let’s restrict the function space to the Lebesgue functions satisfying:



Chose inner product by preserving validity of Pithagoream-

theorem in the complex valued function space
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We define the inner product to be:

The orthogonality condition in L2[0,1] can be = 0

The Pithagorean-theorem:

= 0

If and holds, then



Determination of the coefficients of the Fourier-series

of a function f(t) with period 1
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Get the coefficients of the Fourier-series of 𝑓(𝑡) with the projection theory:

 

𝑛=−𝑁

𝑁

𝑐𝑛 𝑒𝑛, 𝑒𝑚 = 𝑓, 𝑒𝑚

𝐺𝑛𝑚 𝑏𝑚

𝑒𝑚 𝑡 = 𝑒𝑖2𝜋𝑚𝑡 𝑚 = 0, ±1, ±2. .

Coefficients: 𝑐𝑛 =?

Basis functions:

We would like to write the function 𝑓(𝑡) as linear combination of exponentials with

different frequencies:

𝑓 𝑡 ≈  

𝑚=−𝑁

𝑁

𝑐𝑚𝑒𝑖2𝜋𝑚𝑡

As learned, by defining in such a way the coefficients (derived from orthogonality of 

the error to the approximating subspace) we minimise the norm of the error:

 

𝑚=−𝑁

𝑁

𝑐𝑚𝑒𝑖2𝜋𝑚𝑡 − 𝑓 𝑡

Please remember,

we defined the inner product to be: 𝑓, 𝑔 =  
0

1

𝑓 𝑡 𝑔 𝑡 𝑑𝑡

And the induced norm to be: 𝑔 = 𝑔, 𝑔 =  
0

1

𝑔 𝑡 𝑔 𝑡 𝑑𝑡



Determination of the coefficients of the Fourier-series

of a function f(t) with period 1
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By projection theory, we project the function f(t) to the approximating subspace

spanned by the basis functions: 

𝐺𝑛𝑚 =

𝐺𝑛𝑚 =

𝑛 ≠ 𝑚

𝑛 = 𝑚

The basis functions:

are orthonormal

𝑒𝑚 𝑡 = 𝑒𝑖2𝜋𝑚𝑡

The gramian 𝑮 is the identity matrix

𝐺𝑛𝑚 =



Determination of the coefficients of the Fourier-series

of a function f(t) with period 1
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𝑛=−𝑁

𝑁

𝑐𝑛 𝑒𝑛, 𝑒𝑚 = 𝑓, 𝑒𝑚

The gramian 𝑮 is the identity matrix

𝐺𝑛𝑚 𝑏𝑚

Coefficients: 

𝑐𝑚 = 𝑓, 𝑒𝑚 =  
0

1

𝑓 𝑡 𝑒𝑖2𝜋𝑚𝑡𝑑𝑡 =  
0

1

𝑓 𝑡 𝑒−𝑖2𝜋𝑚𝑡𝑑𝑡

1
1

⋱

𝑐−𝑁

𝑐−𝑁−1

⋮
=

𝑓, 𝑒−𝑁

𝑓, 𝑒−𝑁

⋮

𝑮 𝒄 𝒃

Please note, common notation for the Fourier-coefficient 𝑐𝑛 of 𝑓(𝑡) is  𝑓 𝑛 :

𝑓 𝑡 ≈  

𝑚=−𝑁

𝑁

 𝑓 𝑛 𝑒𝑖2𝜋𝑚𝑡  𝑓 𝑛 =  
0

1

𝑓 𝑡 𝑒−𝑖2𝜋𝑚𝑡𝑑𝑡



Connection between expension with sin and cos functions

and the more general Fourier-series
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𝑓 𝑡 =
𝑎0

2
+  

𝑛=1

∞

𝑎𝑛 cos 2πn𝑡 +  

𝑛=1

∞

𝑏𝑛 sin 2π𝑛𝑡 𝑓 𝑡 =  

𝑛=−∞

∞

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡

Using the identities:

?

𝑓 𝑡 =
𝑎0

2

𝑒𝑖2𝜋0𝑡 + 𝑒−𝑖2𝜋0𝑡

2
+  

𝑛=1

∞

𝑎𝑛

𝑒𝑖2𝜋𝑛𝑡 + 𝑒−𝑖2𝜋𝑛𝑡

2
+  

𝑛=1

∞

𝑏𝑛

𝑒𝑖2𝜋𝑛𝑡 − 𝑒−𝑖2𝜋𝑛𝑡

2𝑖

𝑓 𝑡 =
𝑎0

2
𝑒𝑖2𝜋0𝑡 +  

𝑛=1

∞
𝑎𝑛

2
+

𝑏𝑛

2𝑖
𝑒𝑖2𝜋𝑛𝑡 +  

𝑛=1

∞
𝑎𝑛

2
−

𝑏𝑛

2𝑖
𝑒−𝑖2𝜋𝑛𝑡



Connection between expension with sin and cos functions

and the more general Fourier-series
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𝑓 𝑡 =
𝑎0

2
+  

𝑛=1

∞

𝑎𝑛 cos 2πn𝑡 +  

𝑛=1

∞

𝑏𝑛 sin 2π𝑛𝑡 𝑓 𝑡 =  

𝑛=−∞

∞

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡
?

𝑓 𝑡 =
𝑎0

2
𝑒𝑖2𝜋0𝑡 +  

𝑛=1

∞
𝑎𝑛

2
+

𝑏𝑛

2𝑖
𝑒𝑖2𝜋𝑛𝑡 +  

𝑛=1

∞
𝑎𝑛

2
−

𝑏𝑛

2𝑖
𝑒−𝑖2𝜋𝑛𝑡

𝑓 𝑡 =
𝑎0

2
𝑒𝑖2𝜋0𝑡 +  

𝑛=1

∞
𝑎𝑛

2
+

𝑏𝑛

2𝑖
𝑒𝑖2𝜋𝑛𝑡 +  

𝑛=−1

−∞
𝑎𝑛

2
−

𝑏𝑛

2𝑖
𝑒𝑖2𝜋𝑛𝑡

𝑐0
𝑐𝑛

𝑐−𝑛

𝑓 𝑡 =  

𝑛=−∞

∞

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡
𝑐𝑛 =

𝑎𝑛

2
𝑎𝑛

2
+

𝑏𝑛

2𝑖

𝑎𝑛

2
−

𝑏𝑛

2𝑖

𝑛 = 0

𝑛 = 1,2, . .

𝑛 = −1, −2, . .



Properties of the Fourier-series:

Fourier-series of real functions
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𝑐𝑛 =

𝑎𝑛

2
𝑎𝑛

2
+

𝑏𝑛

2𝑖

𝑎𝑛

2
−

𝑏𝑛

2𝑖

𝑛 = 0

𝑛 = 1,2, . .

𝑛 = −1, −2, . .

If the function 𝑓(𝑡) is real:  𝑎𝑛 and  𝑏𝑛 have to be real.  

𝑐−𝑛 = 𝑐𝑛

𝑅𝑒𝑎𝑙(𝑐𝑛) =
𝑎𝑛

2

𝑛 = 0

𝑛 = 1,2, . .

𝑛 = −1, −2, . .

𝐼𝑚(𝑐𝑛) =

0
𝑏𝑛

2𝑖

−
𝑏𝑛

2𝑖

If the coefficients are conjugates:  𝑐−𝑛 = 𝑐𝑛

𝑓 𝑡 =  

𝑛=−𝑁

𝑁

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡 = 𝑐0𝑒𝑖2𝜋0𝑡 +  

𝑛=1

𝑁

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡 + 𝑐−𝑛𝑒−𝑖2𝜋𝑛𝑡

𝑓 𝑡 = 𝑐0𝑒𝑖2𝜋0𝑡 +  

𝑛=1

𝑁

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡 + 𝑐−𝑛𝑒−𝑖2𝜋𝑛𝑡 = 𝑐0𝑒𝑖2𝜋0𝑡 +  

𝑛=1

𝑁

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡 + 𝑐−𝑛𝑒−𝑖2𝜋𝑛𝑡

The 

coefficients

are

conjugates:

𝑓 𝑡 = 𝑐0𝑒𝑖2𝜋0𝑡 +  

𝑛=1

𝑁

𝑐𝑛𝑒𝑖2𝜋𝑛𝑡 + 𝑐−𝑛𝑒−𝑖2𝜋𝑛𝑡 = 𝑐0𝑒𝑖2𝜋0𝑡 +  

𝑛=1

𝑁

𝑐−𝑛𝑒−𝑖2𝜋𝑛𝑡 + 𝑐𝑛𝑒𝑖2𝜋𝑛𝑡 = 𝑓 𝑡

𝑓 𝑡 = 𝑓 𝑡

The expension is 

real:  



Properties of the Fourier-series:

Fourier-series of even functions
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If the function 𝑓(𝑡) is even and real: 𝑓 𝑡 = 𝑓(−𝑡)

The 

coefficients

are real

 𝑓 𝑛 =  𝑓 𝑛 =  𝑓 −𝑛

The same comes out with sin and cos 

functions:

If the function 𝑓(𝑡) is even, the sin 

terms have to cancel

𝑐𝑛 =

𝑎𝑛

2
𝑎𝑛

2
+

𝑏𝑛

2𝑖

𝑎𝑛

2
−

𝑏𝑛

2𝑖

=
𝑎𝑛

2
= 𝑅𝑒𝑎𝑙(𝑐𝑛)

𝑏𝑛 = 0



Properties of the Fourier-series:

existence of the expansion, calculation of energy from coeffs
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then the integral defining the coefficients of the Fourier series:

exists, and then

If the function is 𝐿2[0,1] (in the Lebesgue-space):

Furthermore, if the basis is orthonormal, the above defined energy term can be simply

calculated from the coefficients:

So the magnitude is the energy contributed by the n-th harmonic:



Fourier-series of a function f(t) with period different from 1
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Fourier-series of a function f(t) with period different from 1
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Fourier-series of a function f(t) with period different from 1

Orthogonality of the new basis functions
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The basis functions:                               are orthogonal, 

but not orthonormal

𝑒𝑚 𝑡 = 𝑒𝑖2𝜋𝑚𝑡/𝑇



Examples

Fourier expansion of function 𝑓(𝑡) that is not in 𝐶0
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Examples

Fourier expansion of function 𝑓(𝑡) that is not in 𝐶0
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𝑛 = 1. . 9 𝑛 = 1. . 39



Examples

Fourier expansion of function 𝑓(𝑡) that is not in 𝐶𝟏
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