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Introduction to PDEs and Numerical Methods
Lecture 4:
Analytical solution of ODEs and PDEs

Dr. Noemi Friedman, 09.11.2016.



Overview of the course

» Introduction (definition of PDESs, classification, basic math,
Introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method
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Overview of this lecture

The Fourier-series and Fourier-transform

» On the choice of inner product for real and complex valued functions
» Fourier-series of periodic functions with period 1

= Connection between series with sin and cos and the Fourier-series

» Properties of the Fourier-series (e.g. for even and odd functions),
derivatives, ...

» Fourier-series of periodic functions with different period
= Examples
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Chose inner product by preserving validity of Pithagoream-
theorem in the real valued function space

The Pithagorean-theorem: |7 + g||* = || fI|* + |lg||

The Pithagorean-theorem for real value functions using the L2 norm:

/Dl(f(f-)ﬂ?f Qdfflf t 2dt+/19{f)2dt
/1 )2+ 2f(t)g(t) + g(t dl‘—/ f(t) df_|_-/' g(t)2dt
/ f07dt 42 / 1) /Dg(f)' df:fg f(t)’ dt+/0 g(t)? dt

—

=0
The orthogonality condition in L2[0,1] has to be / f(t)g(t)dt =

We define the inner product to be:
f F(t)gt)dt (f,f)= / F(t2dt = | £
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Chose inner product by preserving validity of Pithagoream-
theorem in the complex valued function space

First let’s restrict the function space to the Lebesgue functions satisfying:

1
f FO)Rdt <
0

Requirements for an inner product in the complex domain

L. (f.9)=1(g9,f) (Hermitian symmetry)
2. (f.f)=0and (f,f)=01ifand only if f =0 (positive definiteness — same as before)

3. (af,9) =alf,g), (f.ag)=7a(f.g) (homogeneity — same as before in the first slot, conjugate
scalar comes out if it’s in the second slot)

4. (f+g.h)=(fh)+(g,h), (fg+h)=(f,g)+(f,h) (additivity — same as before, no difference
between additivity in first or second slot)
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Chose inner product by preserving validity of Pithagoream-
theorem in the complex valued function space

The Pithagorean-theorem: . . 1
fD\f(t)Jrg{f-)Q:/O \f(t)|2dt+f0 g(t)]? dt

1 - ) .
f(f(t)2+238{ftgf)}+\g{f 2) dt:f \ft|2dt+f g(t)*dt

[ 1srzansere ([ swa@a|+ [awpa= [ [ aopa
—

t =

The orthogonality condition in L2[0,1] can be / 1)

We define the inner product to be: {f,g):f f(t)g(t)dt
0

(f.f) = /f F(#) dt = f\f )2dt = | £]2

1
[ and / g(t)*dt <o holds, then (f.9) <
0
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Determination of the coefficients of the Fourier-series
of a function f(t) with period 1

We would like to write the function f(t) as linear combination of exponentials with

different frequencies: .

f(t)z z Cmeiant

m=—N

Get the coefficients of the Fourier-series of f(t) with the projection theory:

N Basis functions:
Cn{en em) = (f,em) _izmmt _
TLZN n#m *n'l em(t) - el e m = O) i]-) iz--
Grm bm

Coefficients: c¢,, =?

As learned, by defining in such a way the coefficients (derived from orthogonality of
the error to the approximating subspace) we minimise the norm of the error:

N Please remember, 1 _
Dt we defined the inner product to be: {f>9) = JO f®g®adt
i2mm

§ Cme€ o f(t)

1 [—
m=—N And the induced norm to be: lgll =v{g,9) = \]JO g®)g(t)at
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Determination of the coefficients of the Fourier-series
of a function f(t) with period 1

By projection theory, we project the function f(t) to the approximating subspace
spanned by the basis functions:

n+m
r I | 1
Gnm = (en. Em) _ ] 2™t 2mimt Jp — f p2mint ,—2mimt g4 / e?m{n—m)t dt
0 0 0
1 e2mi(n— m)t:| b 1 2mi(n—m) 0y _ 1 . o
1?(n — m) 0o 2?75_(-” — -;-”) (e € ) o 2’rr-?'.(-n. _ ,,.”) (l l) =0
n=m

1 1 1 1
Gpm = (€n.en) = / 2™ p2mint f — / e2rintp=2mint gy — [ 2mi(n—n)t gy — / 1dt =1
8 - 0 0

1 n=m : : :
‘ Grm = (€n,€m) = Opm = { — The basis functions:

0 n#£m -

are orthonormal

The gramian G is the identity matrix J
> Universitit
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Determination of the coefficients of the Fourier-series
of a function f(t) with period 1

The gramian G is the identity matrix

1 G C b
- (f,e_n)
1 C_nN ,€6_
PR R
Gnm bm . . ‘
Coefficients:

1 1
m = (frem) = | f@e®EdE = [ p(e)emmear
0 0

Please note, common notation for the Fourier-coefficient c,, of f(t)is f (n):

N 1
FO = Y f e Fon= [ roemiar
m=—N

!
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Connection between expension with sin and cos functions
and the more general Fourier-series

f(t) = 70 z a,, cos(2mnt) + z b,, sin(2mnt) “ f(t) = Z elZTL’nt
n=1 n=—oo
Using the identities: eit femit eit _ =it
cost = —2 ., SInt = —% .

- 62'mnt 4 e—27r3?1t EQ’JT?,?HT . 6—27r1nt

cos(2mnt) = > ., sin(2mnt) = =
l2TL’0t + e—LZnOt © 12nnt + e—lZnnt @ i12nnt e—i27tnt
Ch ( )+ e J+ 2 )
n=1 =1
- b = b
a , a .
£) = lZTL'Ot + 2 -n + -n elZnnt + z _n_-n e—127tnt

&) = 2 [ 2 21

n=1 n=1
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Connection between expension with sin and cos functions
and the more general Fourier-series

co

f(t) = 70 z a, cos(2mnt) + z b,, sin(2nnt) “ f(t) = Z Letzmt
n=1 n=—oo
O n —
t lZTL’Ot z _n _r 121mt Z i2nnt
f©) = 4 +
n=1
0 an N an bn i
t) = lZTL’Ot z _n i12nnt z e 12nnt
f(t) = + e + L, > T e
- * - -
CO CTL C_n
oo % n=>0
: a, by
ft) = z cne™ | g = (7*27) n=12,..
n=-—oo a, by
(7_2_1') n=-1,-2,..
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Properties of the Fourier-series:
Fourier-series of real functions

% n=0 If the function f(t) is real: a,, and b,, have to be real.
an b?’l
Cn = (7*27) n=12,.. l The
a, b, l? n=20 coefficients
(7‘27) n=-1,-2, a, <2_”> are
Real(cy) = > Im(c,) =« ; n=12,.. conjugates:
If the coefficients are conjugates: c¢_,, = ¢, The expension is
N N real:
f(t) = Z Cnei27mt — CoeiZnOt + Z CneiZnnt + C_ne—i27mt f(t) = f(t)
n=-—N n=1

N
i2mnt —i2nnt
cpeé + c_,e€

N
=1

n n=1
N N
f(t) — CoeLZnOt + E Eeiznnt +Ge—i2nnt — COeLZTL'Ot + § C_ne—lZnnt + CneLZTL'Tlt — f(t)
n=1 n=1
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Properties of the Fourier-series:
Fourier-series of even functions

If the function f(t) is even and real: f(t) = f(—t)

1 1
f(n)=f(-n) = /O T2 (1) dt = /O 2™ £ (1) dt

~1
— / e2TS f(_s)ds  (substituting t = —s and changing limits accordingly)
0

0
/ e2™MS f(s)ds (fipping the limits and using that f(t) is even)
~1

f(n) (because you can integrate over any period, in this case from —1 to 0)

1 The same comes out with sin and cos
functions:
. _ ) The If the function f(t) is even, the sin
f(n) =7 (n)=f(=n) coefficients | terms have to cancel EE) b, = 0
are real a,
2
Cp = <% + b_72> = % = Real(c,)
(3-2)
SV, 2 2i
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Properties of the Fourier-series:
existence of the expansion, calculation of energy from coeffs

ENETGY / | f(t)|? dt
If the function is L2[0,1] (in the Lebesgue-space): f |f(6)]2dt < x

1
then the integral defining the coefficients of the Fourier series: / _—2ﬂﬂtf t) dt
0

exists, and then

Z f H Emnt

n=—N

]1111
1—>’Zx,

’

Furthermore, if the basis is orthonormal, the above defined energy term can be simply
calculated from the coefficients:

DC

/f Y= 3 [fm)f

So the magnitude |f(n)2 is the energy contributed by the n-th harmonic:
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Fourier-series of a function f(t) with period different from 1

1.6.1 What if the period isn’t 17

Changing to a base period other than 1 does not present too stiff a challenge, and it brings up a very
important phenomenon. If we're working with functions f(t) with period 7', then

g(t) = f(Tt)

has period 1. Suppose we have
N

gty = Y cp®™,

n=—N
or even, without yvet addressing issues of convergence, an infinite series

g(t) = Z 2™t
n=—o<
Write s = T't, so that g(t) = f(s). Then
~0 o
f(S) = g(f) e Z Cnqur-j.nf _ Z Cn€27ﬁn5/T
n=—00 n=—oo

Technische
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Fourier-series of a function f(t) with period different from 1

The harmonics are now e27s/T

What about the coefficients? If

1
g(n) :/ e_zmntg(t) dt
0

then, making the same change of variable s = T't, the integral becomes
1 [T -,
— e—2?r-r.-n.s/Tf(S) ds .
I Jo

To wrap up, calling the variable ¢ again, the Fourier series for a function f(t) of period 1" is

o0

E : Cne2mnt/T

where the coefficients are given by

1 [T ointy
Cn = = / e~ 2mntIT f(t) dt |
0
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Fourier-series of a function f(t) with period different from 1
Orthogonality of the new basis functions

T [
(f.9) = /D oL

T T
(E_:Q?rin.t,"T . EQW-im.th) _ / E_:Q‘Jrz'n.t;’T Egﬂimt,ﬂf dt = / E,Q?riﬂ.th e—?ﬂimth dt
0 0

T omi - 1 : 1T
— / E.Qm(n._m)t/’f dt = Eﬁﬁ?-(n—m)t/T]
. —
0 2mi(n —m)/T 0
1 2mi(n—m) 0 1 . .
— : e )= 1-1)=0
it — m)/T ) = Smita—myyr

And when n = m:

T
(E:Q'rr?.nt,f'f ‘I EQ';r-mt/T) _ / E:Q',rrmt,"f E‘Q';I']"Eﬂ_tf;"T dt
0

T _ . _ . T
_ / Eant,"T E—ant,"T dt — / 1dt =T .
0 0

The basis functions: e, (t) = e'2™mt/T

but not orthonormal

are orthogonal,
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Examples
Fourier expansion of function f(t) that is not in C,

Consider a square wave of period 1, such as illustrated below.

f(t) 1
1 L . Cn = f E—Zm'nff(t} At
_ 0
_ 2mint
1 f(t)_ Z.—Cﬂ A . .
n=—I _ —2min N d
= fo = [ e pe)a
-2 —1 0 1 2 t
_ +1 0<t<4i
t) = - 2
— -1 f(®) {1 2<t<l
1 4 1 |
_ f 6—271111*]0 dt f(t) = ; Z Y T 1 S111 27’1’(2}» + 1)f
0 k=0
1/2 1 _
— f —2”rmf dt — / 6—2mn.t dt
0 1/2

win

1/2 : 1 : , .
—272?1?] / o I:_ 1 Ej—2?r-i-n.1 _ 1 (l . P—’xﬂ"ﬂ-) 1 — Ej—?rz'.n _ 0 neven
- 27in 0 2min 1/2 _ '- 2 n odd

= Universitit
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Examples
Fourier expansion of function f(t) that is not in C,

f(t)Z,LZ
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Examples
Fourier expansion of function f(t) that is not in C;

1) cos(2m(2k + 1)t)
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