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Introduction to PDEs and Numerical Methods
Lecture 3:
Analytical solution of ODEs and PDEs

Dr. Noemi Friedman, 01.11.2017.



Overview of the course

» Introduction (definition of PDESs, classification, basic math,
Introductory examples of PDES)

= Analytical solution of elementary PDEs (Fourier series/transform,
separation of variables, Green’s function)

= Numerical solutions of PDESs:
= Finite difference method

= Finite element method
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Overview of this lecture

» Solving linear systems — solving linear PDEs

» Eigenvalues, eigenfunctions, solving linear equations with spectral
method — spectral method for PDEs

» Essential functional analysis, projection theory, Fourier series
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Projection theory and the Fourier series
1.) Essential functional analysis - vector space

« functional is a function from a vector space into its underlying scalar field

» Vector spaces (V)
uvev
» addition of u and v (z = u + v) is defined such that z e V
« multiplication by scalars is defined such that au € V
For addition and multiplication the following axioms are satisfied:

u+ v+ w) = (u+ v) + w(associativity)

Ny with:
u + v = v + u(commutativity)
u,v,wevlv
There exists an element0 € V,suchthatv + 0 = vforallv € V.
a,b e R

For every v € V, there exists an element —v € V suchthatv + (—v) = 0

a(bv) = (ab)v
1lv = v, where 1 denotes the multiplicative identity in F.
a(u + v) = au + av (distributivity)

(a + b)v = av + bv (distributivity)
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Projection theory and the Fourier series
1.) Essential functional analysis - vector spaces, linear subspaces

Important vector spaces, examples:
« Euclidian n-space:

R" = {(uy,u9,...,u,) : u; ER,1=1,2,...,n}

« CJa, b] : set of all continuous, real-valued functions defined on the interval [a, b].

« C!]Ja, b]: set of all real-valued, continuously differentiable functions defined on
the interval [a, b]. (A function is continuously differentiable if its derivative exists
and is continuous.)

« CK[a, b]: space of real-valued functions defined on [a, b] that have k continuous
derivatives

Subspaces

linear subspaces V, €V, x,y €V, ab€R, ax+byelV,

(any linear combination of two elements of the subspace is also en element of the subspace)

examples:

Cpla,b) = {u € C*[a,b] : u(a) =u(®) =0}. Dirichlet
Cxla,b) = {ue€ C?a,b] : %(a)=4() =0}  Neumann
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Projection theory and the Fourier series
1.) Essential functional analysis - norms

A vector space may be endowed with additional structures, such as a norm and
inner product

Norm in Euclidian spaces: any mapping g:V — R, that satisfies:
1. The zero vector, 0, has zero length; every other vector has a positive
length.
gx) =0, glx)=0o0nlyifx=20
with the usual notation
lx]| =0, |[lx|]|=0o0onlyifx=0

2. Multiplying a vector by a positive number changes its length without
changing its direction.

g(ax) = |alg(x)
3. The triangle inequality holds. That is, taking norms as distances, the
distance from point A through B to C is never shorter than going directly from A
to C, or the shortest distance between any two points is a straight line.

gx+y <gx)+gy)
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Projection theory and the Fourier series
1.) Essential functional analysis - norms

Examples for norms in the Euclidien space

Ixll1 = lxa] + |z + [x3]

x|l = \/9512 + x2% + x32

1
lIxllp = Clxq | + [x2]P + |x3]P)P

1|0 = max(lxy], [xz2], [x3])
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Projection theory and the Fourier series
1.) Essential functional analysis - norms

Norm in function spaces, equivavelently:
any mapping g:V — R, that satisfies:

1.
g(f(x)) =20, g(f(x)) = 0only iff (x) =0
2.
glaf (x)) = lalg(f (x))
3.
g(f (x) + h(x)) < g(f (x)) + g(h(x))
Examples:

1

1 1 5
Ifll, = J j f(0)?dx ||f||p=< j If(x)l”dX)
0 0

1fllo = max (|f(x)])

x€[0,1]
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Projection theory and the Fourier series
1.) Essential functional analysis — inner products

Inner product space: vector space with an inner product

Inner product:
any mapping g:V XV — R, that satisfies

1. Positivity
glx,x) =0, glx,x) =0onlyifx =0
2. Linearity
glax,y) = ag(x,y)
9(x+y,z) =9g(x,2z)+g(y,z)
3. Symmetry

gx,y) =gy, x)
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Projection theory and the Fourier series
1.) Essential functional analysis — inner products

Examples

In Euclidian space (R")
« Dot product

(ry)=x-y= )
(21, zn) (1, o)) =2ty = Z Tl = T1Y1 + - - - + Tnln,
i=1
 Hermitian form
(x,y)4 = xT Ay if A: pos. def. symm.

In function spaces

c (fog)=f, fOgdx  G[01]
* (@ = [ FOgE) + f1(0) g (x)dx
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Projection theory and the Fourier series

2.) Projection theory

Approximation of a vector u

we try to find the coefficients «; of an
approximating vector in the form:

a;Vj

1

u, =

n
]=

where
v;: known (linearly independent) vectors

u,. the approximation of the vector u,
which is in an n-dimensional space:

u, €V, = span{v,,v,, ... v,,}

AIL
o™ e,

Approximation of a function u(x)

we try to find the coefficients «; of a ,proxi
model” (ansatz function):

n
up (x) = z ajwj (x)
j=1
where
w;j(x): known (linearly independent)
basis or ansatz functions
uy (x): the approximation of the solution
u(x), which is in an n-dimensional space:
uy €V, = span{wq, wy, ... w, }
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Projection theory and the Fourier series
2.) Projection theory

Approximation of a vector u Approximation of afunction u(x)

Our goal is to minimize the difference in between the solution and the approximation:

error = [lu —uyl|l < |lu—2z|| vze, error = [[u(x) —up |
<|lu(x) =z Vz(x) € Vy

The best approximation u; to u from V;, is the one where the error is orthogonal to the
space of V;,, that is to all possible z € V.

Instead of writing it for all z (as z is an n-dimensional space) we can write
u

error

Vv;jj=1.n Vwjj=1.n

((u — Uy, ),vj) =0 j=1.n ((u(x) — Uy, (x)), a)j(x)) =0 j=1.n
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Projection theory and the Fourier series
2.) Projection theory

Approximation of a vector u Approximation of a function u(x)

Plugging in the proxi model to the orthogonality condition we have:

<<u—iaivi>,vj =0 j=1.n <<u—i“iwi>»wj>=0 j=1.n

im1 =1

Rearranging the equation we get:

=1 i=1
n n
2 a; (vi,v;) =(wv;) Jj=1l.n z ai (w;, wj) =(ww;)) j=1l.n
i=1 —_— T i=1 —_— TV
Gl] bj Gl] b]
Ga=Db
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Projection theory and the Fourier series
3.) Fourier series

f(y): some complicated function, we seek for a nicer interpretation piin the domain
[—m, ] in the form:

f(y) = ag+ aqcos(x)+ a,cos(2x)+..
b, sin(x) + b, sin(2x)+..
- ay, by coefficients? Let's minimise the error of the approximation using the inner
product: (f,g) = ffn f(x) g(x)dx and the induced norm: /{f, f)
First some important trigonometric identities:

cos(a + ) = cosacos 3 Fsinasing =  cos(a) cos(B) = % [cos(a + ) + cos(a — B)]
= sin(@)sin(B) = [cos(a — §) ~ cos(a + )]
=) cos2(a) = %[cos(Za) +1]
== sin’(a) = %[1 — cos(2a)]
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Projection theory and the Fourier series
3.) Fourier series

sin(@) sin(B) = [cos(a — §) — cos(a + )]
( :TTcos(kx) sin(lx)dx = 0 cos? (@) = 7 [cos(2a) + 1]
sin?(a) = %[1 — cos(2a)]

T
_J0 fork # 1
j_n cos(kx) cos(lx)dx = {n for k = 1

Vs
. . )0 fork #1
j_n sin(kx) sin(Ix)dx = {ﬂ for k = [
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Projection theory and the Fourier series
3.) Fourier series

Get the coefficients of the Fourier series of f(x) with the projection theory

Basis functions:

= __ —— cos(kx)
Gij bj wy (x) = sin(kx) k=1,2..
Coefficients: a; =? 1
1 cos(x) sin(x) cos(2x) sin(2x)

r s VA A A VA
f - 1dx j cos(x)dx j sin(x)dx j cos(2x)dx j sin(2x)dx
-1 —TT —TT -1 —TT

jn dx jn sin(x)dx fn sin(x)dx fn cos(2x) dx jn sin(2x)dx
G = o o o o o
] dx j_ n cos(x)dx
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Projection theory and the Fourier series
3.) Fourier series

i fﬂ 1-1dx jn 1cos(x)dx jn 1sin(x)dx T T
— Jom e f 1cos(2x)dx f 1sin(2x)dx
f cos(x)dx j cos(x)sin(x)dx f cos(x)sin(x)dx .m r
n - -1 f cos(x) cos(2x) dx j cos(x)sin(2x)dx

G = T s
f sin(x)dx j cos(x)sin(x)dx
Vs T T
j 1-1dx =2m f cos(kx) sin(lx)dx = 0 j cos(kx) cos(lx)dx = OforticrEit
— — - m fork =1
— T T
. . )0 fork #1 . _ 10 forl =1,2,3..
J_n sin(kx) sin(lx)dx = {n for k = | ] sin(lx)dx =0 f cos(Ix) dx —{ 2 forl =0
—TT —T1T
- Jnf - 1dx -
2r 0 0 0 O n_n
0O = 0 0 O J f cos(x)dx
_{o o = Ga=Db —(fw)=|
G : b (f' a)]) J f sin(x)dx
fnf cos(2x)dx
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Projection theory and the Fourier series
3.) Fourier series

T
T | 1
j f-ldx ao =~ ff(x)dx
27 0 0 0 0 .Jg- | (™ n
O 7 0 0 0 . aO jfcos(x)dx 1 T
0 0 = bi I q ak=; Jf(x)cos(knx) dx
o [

T VIA

j_nf cos(Zx)dx by, =% ff(x) sin(kmx) dx
' 5 ' " k=1,2..
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Projection theory and the Fourier series
3.) Fourier series

Fourier series on arbitrary symmetric domain [—p, p]:

o O

Basis functions: Gramian: 2p 0 0
0O p O
( kTtx
COS<—> G = 0. 0 p
p :
wp(x) =14 (m) [=12.
sin| —
. 1
p
ff-ldx
-p
2p 0 0 0 0
0O p 0 0 O
0 0 p

P X
IZS\ J_,,f "OS(?) - q A =
by|= r

fpfcos<2ixx>dx b
—p 14 k
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Projection theory and the Fourier series

3.) Fourier series

Fourier series on arbitrary domain [0, p]:

Basis functions:

wr(x) =4 (Zlnx) l
sin

1Ly,
AT

Gramian:

0 0 0
p/2 0 0
0 p/2
p
a0=—ff(x)dx
0
p
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Projection theory and the Fourier series
3.) Fourier series

Let’s find the a; coefficients (the same without projection theorem)

Multiply both sides with cos(ltx) and
integrate over the domain [-1,1]

a
flx) = 70 + Z a; cos(kmx) + z b;, sin(kmx)
k=1 k=1

1 [=0,1,2..
f f(x)cos(Imx) dx =
j — cos(lmx) dx + f z a;, cos(kmx) cos(Imx) dx + J Z b;, sin(kmx) cos(lmx) dx
-1 k=1 -1 k=
J f(x) cos(lmx) dx =
~1

1 o0 1 o0 1

a

70 j cos(lmx) dx + Z ay J cos(kmx) cos(Imtx) dx + 2 by, f sin(kmx) cos(lmx) dx
k=1

-1 k=1 -1
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Projection theory and the Fourier series
3.) Fourier series

Let’s find the a; coefficients (the same without projection theorem)

f f(x)cos(Imx) dx =
— j cos(lmx) dx + 2 ay f cos(kmx) cos(lmx) dx + Z by, j sin(ktx) cos(lmx) dx
k=1 -1 k=1
2 forl=0 0 fork #1
0 otherwise 1 fork =1

1
‘ a = jf(x) cos(kmx) dx k=0,1,.2..
-1
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Projection theory and the Fourier series
3.) Fourier series

Let’s find the b, coefficients (the same without projection theorem)

Multiply both sides with sin(Irmtx) and
integrate over the domain [-1,1]

a
flx) = 70 + Z a; cos(kmx) + z b;, sin(kmx)
k=1 k=1

1 [=1,2..
f f(x)sin(Imx) dx =
1 1 o
j%sm(lnx) dx + f z a;, cos(kmx) sin(lmx) dx + J Z by, sin(kmx) sin(Imx) dx
-1 -1 k=1 -1 k=
J f(x) sin(Imx) dx =
~1

1 o0 1 o0 1

a

70 J sin(lmtx) dx + Z ay J cos(kmx) sin(lmx) dx + 2 by, f sin(kmx) sin(lmtx) dx
k=1

-1 k=1 -1
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Projection theory and the Fourier series
3.) Fourier series

Let’s find the b, coefficients (the same without projection theorem)

j f(x) sin(Imx) dx =
1

— ] sin(lmx) dx + Z ay f cos(kmx) sin(lmx) dx + Z by, j sin(kmx) sin(lmtx) dx

* —

0 fork #1
1 fork =1

1
‘ b, = jf(x) sin(kmx) dx k=1.2..
-1
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Projection theory and the Fourier series
3.) Fourier series - - exercise

fO) =—-0?*—h*/4)

k
@)= ) Agsin (%y)

k=1
- A, coefficients?

kT 2 h ~ [km q
ne=7 f(y)sm< V=7 -y - mpsin (v ) ay
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Projection theory and the Fourier series
3.) Fourier series - exercise

—2 rh ~ (km —2 (h ) . [(km
= | (y(y—h))sln<7y)dy=7jo v —hy)sm(;y)dw
—2 h (] ke \|" (" kTt
——{ —(y? — hy) cos<7y) + (2y — h) cos<7y)dy}=

—2h([_ ., kit ':_h'z i 'hhjhz_knd
hkﬁ_(y y) cos hy_ kﬁ_(y ) sin hy_ k) sin| -~y | dy

—2h'2h k '+h'2 b i (KT 'h+h22 ki \]h
hkn_(y y) cos hy_okn_(y ) sin R )| ) [P\ Y O
=0 =0 = 2(=1¥

8(h)2 f kis odd

A = {8 )3 if kiso

0 if kiseven
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