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| .
Modelling of reality by ODEs

ODEs are used to model time dependent or so-called dynamical systems.
These systems are described by a state (vector of quantities describing the
system) and evolution rule. The evolution rule is a fixed law which describes the
future states of the system.

EVOLUTION OF MAN
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|
Example: Bathtub

State is the water level given in
e inital time: hg (known)
@ arbitrary time t: h(t) (not known)

From fluid mechanics (your expert knowledge) we know that the speed of running
dV(t) __ dAh(t)

water == = <= is proportional to the depth of bathtub h(t):
dVv(t) dh(t)
=A = —kh(t
dt dt (t)
dh(t)  k .
= i _Zh(t) evolution law

|
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Classification of a dynamical system
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Discrete vs. Continuous

Difference equations vs Differential equations

The discrete system is represented by a finitely many system states. Typical
example of such an system is the bank account.

Ax, = Bxy
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Continuous dynamical system

The system is characterised by an infinitely many system states.

The evolution law
dh  k h
dt S
represents the differential equation.
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Continuous to discrete

T,
o
Discrete Signal
(takes values at the integers {-7,-6...0...6,7})

! ‘..
Continuous Signal
(takes values in the set [-7,7])

www.durofy.com

By computer simulation we transform
continuous system to discrete system,

or better to say

differential equation to difference equation.

|
Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 13, 2017 6 /54



Ordinary differential equations

The ordinary differential equation can be written as
F (t,x,x/,x”7 ceey x(")) =0
in which F is in general nonlinear function and x(" is the n-th derivative of depen-

dent variable x with respect to independent time variable t. The initial conditions
are given by x(0) = x. Thus, the ODE is also called the initial value problem.
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Explicit vs implicit

The ordinary differential equation can be further classified to
@ explicit
G (t,x, X' ~X("*1)) = x(n)

@ or implicit
F (t,x,x’,x”, s X(")) =0

equations, and
@ autonomous (F does not depend on t explicitely)

@ or non-autonomous (otherwise).
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Exercise
o Explicit:
5 °
E = bx
o Implicit ﬂ
dx
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Exercise

@ Autonomous:

|-G
ki )

dx
— =bx
dt
@ Non-autonomous
dx
— =bx+1t
dt
dx
x—+t=1
dt
Introduction to Scientific Computing

December 13, 2017
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Non-autonomous ODEs

Every non—autonomous system can be converted into an autonomous one by adding
a state variable x441 := t. Hence, the non-autonomous system

x(t) = Ex(t) = f(t,x(t)), x(0) = xo,

X1

_ < f(xd+1, (X1, ..., xq)) )
X4 1
Xd+1
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Exercise

Let us transform non-autonomous

%:f(x,t):Sx—i—t

into autonomous by taking x; = x and x; =t

(- (5)- (- (47

|-
= kai )
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Order of ODE

The ordinary differential equation can be classified according to the order to

@ the first order ODE
F(t,x,x')=0

@ and higher order equatons

F (t,x,x',x”7 e x(")) =0

The order of ODE represents the highest order of derivative in equation.
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Exercise

o First order

dx
~Z _5
a

@ Second order

X
F_5X+t

@ Third order

|-G
i i 53

o
dt3

|
Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 13, 2017 14 / 54



Higher order ODE

Higher order ODE can be transformed to a first order ODE by taking

yi=X,)2 :X7y3 :).ea"'vyk :X(kil)»

and obtaining an equivalent representation of the ODE as

AW
| v ,

) Yk

Yk F(tvyka"'vyl)
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Exercise

Let us transform

d3x
ﬁ = f(X) = —X

into first order by taking

yi=Xx, }’2:5@ }’3:557 f(x):_)ﬁ

|-G
i 53

%1 ¥ » 0 10 n
vel=(»n|=|»n|=10 01 y2
3 f(x) - -1 0 0/ \ys
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Conclusion

Considering first order autonomous ODE is enough.
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Relevant Example: Llnear first order ODE

The linear ordinary differential equation has a form

dx

— =ax, x(to)=
o x,  x(to) = xo

to which correspond the solution
1 at
—dx = adt = x = xge
X

and the equilibrium point
0=ax, = x, =0,

respectively.
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| .
Linear Systems of ODEs

Linear systems of ODEs with constant coefficients are only slightly more complicated
than one single equation. They can be written as

X = Ax, x(0) = xo,

where A € R9%9 is a constant matrix. It is again obvious that x, = 0 is an
equilibrium point. As before, we try to express the solution in the form of the
exponential ansatz

x(t) = ve®,

where v is a fixed vector.
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| .
Linear Systems of ODEs

Inserting this ansatz into the ODE, we obtain
vae* =A (veat) = e* Av.

As et £ 0, this becomes
Av = av

)

i.e. the ansatz is a solution if v is an eigenvector and « the corresponding eigenvalue
of the matrix A.
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Linear Systems of ODEs

For simplicity, we shall now assume that the matrix A is diagonisable ( A has
a full set of linearly independent eigenvectors— the eigenvectors form a basis in
RY). Let {vy,...,vq} be these eigenvectors and {\1,..., Ay} be the corresponding
eigenvalues (which may be complex), i.e. we have

AVJ' = )\jvj;
and each function of the form
Mt

y(t) = vje”

satisfies the ODE, as well as any linear combination.
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Linear Systems of ODEs

Since {vi,...,vy} is basis, we may find coefficients {71, ...,74}, such that

d
Xo = Y
j=1
holds. Then
d
x(t) =Y edity;
j=1

satisfies both the ODE and the initial condition, and hence is a solution.
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|
Linear Systems of ODEs - the Ansatz

The Ansatz can be seen as justified by expanding the solution as

d
x(t) = Bi(t)v;.
j=1

As the solution varies in time, so do the coefficients 8;(t),j = 1...d. Inserting this
into the ODE

x = Ax, x(0) = xo,

we arrive at

d d d d
D B =AD B0y | =D Bi(DA = Bi(H)Av;,
Jj=1 j=1 j=1 Jj=1

|
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Linear Systems

Or
(B;(t) = B;(t)A))vj = 0.

d
=1

J

As {vi,...,vy} are linearly independent, the previous relation can only hold if

Bi(t) = AiBi(t),

which is a single linear ODE. Taking into account the initial condition, where §;(0) =
;. we get the solution
Bi(t) = ;e
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| .
Linear Systems of ODEs

However, note that \; can be complex

)\j =Ppj + iOJj
where p; = Re(}}), wj = Im(};) and i is the imaginary unit. In such a case the
exponential becomes

e)\jt _ e(pj+iwj)t — ghit eIUJJ

As ‘e"’“’ =1 (a pure oscillation with frequency w), stability or instability is deter-
mined by the factor ePit.
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FIRST ORDER ODE

|
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|
First order ODE theory

Let be given the first order ODE
F(t,x,x')=0, x(0)=xo

The following questions arise:
@ under which conditions the previous equation has solution?
@ if exists, is the solution unique?

A solution of this ODE on an interval / C R is a function x : | — X" for which x’
exist at each t € /, and

Vtel F(t,x(t),x'(t))=0

Note that t, € [ and X is either R or C. This further implies that x € C(/) as well
as x’ € C(/) (space of continuous functions).
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.
Solution of first order ODE

Let us observe the first order ODE

dx
i f(x,t), x(to) =x0

and let f : | — X" be a continuous function (meaning that for each f €
I lim,_;f(t) = f(£)). Then by integrating the previous equation from ty € /

t

x(t):x(to)—|—/ x’(s)ds:x(to)—i-/ F(x(s), 5)ds.

to to

|
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.
Solution of first order ODE

So, x(t) is the solution of the ODE

dx

i f(x,t), x(to) =x0

if and only if x(t) is solution of the integral equation (IE)

to

t t
«(t) = x(to) +/ ¥(s)ds = x(to) +/ F(x(s), s)ds
to
-Allows us to study the ODEs via IEs. Has shape

x=F(x) !
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Solving IEs: Picards iteration

To compute the solution of IE one may use the fixed point iteration (also called
Picard-Lindeldf iteration):

t
xFH (1) — xp = / f(x¥)(s),s)ds = F(x) | s)

to

by starting from x(©) = x;.

|
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Existance and uniqueness of the solution

Hence, the Banach fixed point theorem has to be satisfied:
@ the mapping F: X - X
@ the mapping must be Lipschitz continuous
@ the mapping must be contractive

which we seek to prove.
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Completeness

Let us observe all continuous functions x which satisfy
x(tp) = x0, |x—x0| < r

when
thh<t<b=tg+h 0<h<a.

This is some “interval” X := {x(t) = %, [|x — x| < r}. To prove Picard's
theorem, we have to prove that

t t
X:x0+/ f(x,s)ds:>x—x0:/ f(x,s)ds
to to

is a mapping from X to X.
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Completeness

Taking absolute values one obtains inequality

t
Ix — x| g/ I£(x,5)|ds
to

3 Ty s)las
[ mta)
Denote the maximum of f(x,t) on the rectangle "
R as M, then the integral as area under function
is smaller than the area of rectangle (width=h, /
height=M), i.e. . )

|x — xo| < M(t — to)
As tg < t < tg + h, then

|X—X0|§M(t—t0)§M(t0+h—t0):Mh
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Completeness

We started from
|x — x| < r

Hence, to have self-mapping the right hand side of inequality
|x — x| < Mh
has to be smaller than r, i.e.
|x —x0| < Mh<r

If this is satisfied (h smaller than r/M) then F is a mapping from X — X. Now
we need to prove that the mapping is contraction.

|
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Contraction

To prove contraction one has to assume that f is Lipschitz continuous w.r.t. to x:
Definition

Let I C R be an interval and X C X". We say that f(t,x) mapping | x X into
X" is uniformly Lipschitz continuous with respect to x if there is a constant L
(called the Lipschitz constant) for whichVt € I, Vx,y € X

f(t,x) = f(t,y)| < Lx =y

We say that f is in (C, Lip) on | x X if f is continuous on | x X and f is
uniformly Lipschitz continuous with respect to x on | x X.

Then the integrals

t t
y:x0+/ f(y,s)ds, x:xo+/ f(x,s)ds
to to

give

y—x= / (f(y,s) — f(x,s))ds

to

Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 13, 2017 35 /54



Contraction

By taking absolute values:

t t
Iy—x\s/ |f(y,s>—f(x,s)|dss/ Lly — x|ds
to

to
Furthermore
t t
/ Lly — x|ds < / L max|y — x|ds = L(t — to) max|y — x|
to to
Hence
ly — x| < L(t — to)d = Lhd

where d := max|y —x|. This means that x is a continuous mapping and contractive
when Lh < 1.

|
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Existence and uniqueness

Theorem

Let | = [to,to + 8] and X = Br(xo) = x € X" : |x — x0| < r, and suppose f(t, x)
is in (C, Lip) on | x X. Then there exisits o € (0, 3] for which there is a unique
solution of the integral equation

t

x(t)—x(to)—|—/tx'(s)ds—x(to)—|—/ F(x(s), s)ds

to to

in C(l,), where I, = [to, to + a]. Moreover, we can choose « to be any positive

number satisfying o < B, < 4 and o < $, where M = max |f(t,x)| and L is the
(t,x)elxXx

Lipschitz constant for f in | x X.
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Picards iteration

Theorem (Global existance)

Let | = [to, to + ], and suppose f(t,x) isin (C, Lip) on | x X". Then there exists
a solution x(t) of the integral equation (IE) in C(I).

Theorem (Local existance)

Let | = [to,to+ 8] and X = Br(xp) = x € X" : |[x — xo| < r,, and suppose f(t,x)
is in (C, Lip) on | x X. Then there exists a solution x(t) of the integral equation
(IE) in C(ly), where I, = [to, to + @], o = min(3, ;), and

M = max(t,x) € I x X|f(t,x)].

Corollary

Ix — xo| < Mo(elt=%) — 1) for t € | or t € I, where My = maxe; |f(t,x0)| or
Mo = maxzey, |f(t,x0)|

|
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|
Stability of first order ODE

The dynamical system is in equilibrium state when the change of its state in time

is equal to zero:
dx

E =
This further means that the equilibrium state x, satisfies the nonlinear (or linear)
equation

f(x)=0

f(x)=0

To find the root of the previous equation, one may use any of the previously studied
methods such as Newton-Raphson procedure, etc.
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| .
Stability of first order ODE

The Lyapunov stability of equilibrium point x, is classified as for difference equa-
tions, only that index n is repalced by time t.

Xo =X« +9

where § is small perturbation. Hence, the definition of the stability is similar as in
case of the difference equations.
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| .
Stability of first order ODE

Let x, be an equilibrium of the ODE x(t) = f(t, x(t)), x(0) = xo.
Q x. is called stable if

Ve>030>0Vx: [[x0—x|| <I=Vt>0: ||x(t) — x| <e
@ x. is an attractor or attractive if there is an § > 0 such that
Vxo @ ||x0 — X«|] <8 = ||x(t) — x«|| — 0 as t — 0.

Q x. is asymptotically stable if x, is stable and an attractor.
@ x. is unstable if x, is not stable.

@ x. is called exponentially stable if x, is asymptotically stable and there is an
a> 0 and C > 0 such that

Vt>0: [[x(t) — x| < Ce 2"

|
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Stability for linear first order ODE

The equilibrium point 0 of x = ax is

@ stable and attractive (even exponentially stable) if a < 0. Why? Because
x = xpe®* — 0 when a < 0.

%(2) = x.| = [%] = [Sole™ < Ce™™, p >0

@ stable if a = 0. Why? Because x = xpe?* = xp.

@ unstable if a > 0. Why? Because x = xge®* — oo when a > 0.
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|
Linear systems of ODEs

Another way of solving first order systems that resembles the one-dimensional case
closely is to write the solution of a linear first order system

x = Ax, x(0) = xo,

abstractly as
%(t) = e”xo,

where the matrix exponential function is used. This is defined just like the usual
exponential function by its power series

(o)
1
kz::k— —  exp(tA) = e Zk' th Ak,

|
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|
Linear systems of ODEs

Of course, this expression cannot be utilised for practical computations. To obtain
an expression which can be evaluated, assume that A is diagonisable and thus can
be represented as A = QAQ™ !, where Q contains the eigenvectors of A and A'is a
diagonal matrix consisting of the eigenvalues \;,i = 1,...,n. This gives

etA _ QetAQfl _ Qdiag(etA,-) Qfl.

And so, in order to compute the explicit solution via the matrix exponential, again
the eigenvectors and eigenvalues of A have to be found.
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Exercise

Solve
/

n=»n
Ys=y1—y
with i.c. y1(0) =1, y»(0) = 2. The system reads
y=Ay

in which

|-
i 3

The eigenvalues and eigenvectors are
-1 0 0 0.8944
N= < 0 1) V= (1.0000 0.4472)

|
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Exercise

The solution can be written as
- _+/(0 + (0.8944
y=ae (1 T e 0.4472

Constants can be found from initial conditions

1Y _ o () 4, (08944
2) = 1) T2\ 04472

|-G
i 53

|
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Equilibrium of linear Systems of ODEs

The equilibrium point of
x = Ax, x(0) = xo,

is trivial since
x, = 0.
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|
Stability of linear Systems of ODEs

To study the stability of linear systems of ODEs, one has to take the initial condition
Xo which is perturbed equilibrium point and to study the behaviour of the solution
X(t) in time. Hence, the same rules apply as on slide 25. However, note that the
stability will now depend on the vector of eigenvalues A\; = p; + iw; in the following
manner:

o If for any \; we have Re(\;) = p; > 0, then x, = 0 is an unstable equilibrium.

o If for all \j we have Re(\;) = p; <0, and at least one p; =0, then x, =0 is
stable but not attracting/asymptotically stable.

o If for all A\j we have Re()\;) = p; <0, then x, = 0 is asymptotically stable
and even exponentially stable.
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Exercise

For the ODE Solve
n=mn
Yo=y1— ¥

the eigenvalues are A\; = —1 < 0 and A\, =1 > 0. Hence,
the system is not stable at equilibrium point 0.

|-G
ki
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Nonlinear systems of ODEs

In case of the nonlinear system of ODEs

dx

P f(x,t), x(to) =xo

one may investigate stability by observing perturbation

y(t) = x(t) — x.(t)

where x is the solution for the perturbed initial point X = x, o + €.
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Nonlinear systems of ODEs

The last equation
y = f(y +x.,t)

now can be expanded in Taylor series

y(t) = f(x +y(1))
= f(x.) + Df(x.)y(t) + O(lly(t)II*)
y(t) ~ Df(x.)y(2),

such that one obtains linearised version of the system model around the equilibrium
point.
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|
Lyapunov stability

Theorem

Under certain conditions the results obtained in the stability analysis of linear
systems can be applied to nonlinear systems:

Let x,. be an equilibrium state of the ODE x = f(x). Let Df(x.) be the Jacobian
matrix of f in x.. Then the following statements hold:

(i) If all eigenvalues 1 of Df(x.) have negative real part, Re(pt) < 0, then x, is
stable for the nonlinear ODE.

(ii) If there is at least one eigenvalue p of Df(x.) with positive real part,
Re(w) > 0, then x, is unstable for the nonlinear ODE.
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Lyapunov stability

(i) If Re(p) < 0O for every eigenvalue 1, and if for at least one eigenvalue Re(p) = 0,
then the nonlinear part of f determines the stability of the equilibrium and our

theorem is not applicable.

(iv) Our definition of stability is stability in Lyapunov’s sense, that is we investi-
gate the stability with respect to a perturbation of the initial conditions. A
perturbation of the governing equation (structural stability) is not considered

here.
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Exercise

The nonlinear ODE

n=y-1
can be linearised around the equilibrium point y, = 1 such
that
n = Df(y )y =2n

holds. Since 2 > 0 one concludes that this equilibrium
point is not stable.

—|»-1C
i 53
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