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Motivation

Let us resolve the problem scheme by using Kirchhoff's laws:

>
[ .
! IA v, J @ the algebraic sum of all the currents
R1 3 n flowing toward a node is equal to zero.
R W
= 2
LA Z I=0
R2
1 @ In any closed circuit, the algebraic sum

of all the voltages around the loop is
hth—lk=0 equal to zero
—hRi + KRy =—-V; ZV:ZIR

—hRy — KRz = —V>

|
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Motivation

Hence, we end up with the system of equations
—h+h—-—5h5=0

—hRi+ hR3 = -V
—hRy — KbR3 = -V,

which is easy to solve algebraically by elimination
h=h+£h
and substitution
—(b+ B)Ri+ hrs=—-Vi=bhL=(Vi+ L(Rs— R1))Rfl

and so on...
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What to do in this case?

Algebraically is difficult to solve.
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But, engineering goal

is to solve large-scale (realistic) systems

This usually matches with solving
x = F(x)

in which x is the system state.

|
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Special case

Special case are systems in a linear form
Ax=b
in which matrix A can be of dimensions larger than 10. Think about

1000 x 1000
AcR

1000000 x 1000000
AcR

Examples are: solving linear partial differential equations (elasticity, heat equation etc.)

In these cases one cannot compute
-1
x=A""b

as one would have problem with memory or computation time.

|
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Linear systems

There are many methods one can use to solve the system
Ax=b

such as:
@ Stationary iterative methods (approximate operator)

o Gauss-Seidel (GS)
e Jacobi (JM)
o Successive over-relaxation (SOR)

@ Krylov subspace methods

o Conjugate Gradient (CG)
e Biconjugate gradient method (BiCG)
o generalized minimal residual method (GMRES)

@ combination
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Solving system

Remembering fixed point iteration, we may try something similar. Let us guess the solution
by putting

x = x

Since we do not know if our guess is correct, we
may check its accuracy by evaluating

AxF

and check if the value matches b. Usually our
guess will not be correct, and hence we may com-
pute the error

d® = b — Ax

“There's supposed to be a fine line between
a guess and an educated guess.”

Now we may have educated guess by drawing con-
clusions from the error value.
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What would be our next guess?

Thus, our next guess x%*) will be smaller or larger than xt) depending on the error d®,
Hence,
XKD — (k) (k)

in which v(¥) denotes correction.

Our goal is now to find the best correction!
Naturally, the best correction v(¥) would be the correction which satisfies the equation
x(k) + v(k) =X.

The only problem is that we do not know x!!

|
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But,

we do know that the best correction v(¥)) has to satisfy
Ax =AY vy =p
This in turn gives us equation for the correction
AV = b — Ax) = ¢

which further yields
v = A7 (b — AxM) = A71dW
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Problem

However, thhe process of solving
v — a—tg(d)
requires inversion of A which may be very expensive.

size time [s]
10 x 10  7.6000e-05
100 x 100  8.4500e-04

10% x 10° 0.394

10* x 10* 415.64

Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 6, 2016 11 /97



|
Solution: pose the problem differently

Do not invert matrix A, but find some simpler matrix C ~ A which is easy to invert!
Then the problem
v — a—tg(d)
reduces to
v — c—1g®

cvk) — gk

which takes only small computational time.

|
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Linear iteration scheme

Then we can formulate the general linear iteration scheme

xk1) = x(K) 4 1 (b — Ax(k)) .
—_——
v(®)
in which C can be chosen in different ways. With respect to the type of approxi-
mation one may distinguish:
@ Jacobi method
@ Gauss-Seidel method
@ The successive over relaxation method, etc.

These methods choose C from LDU decomposition of a matrix A.
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LDU decomposition

A=L+D+U,

where L is a lower triangular matrix with main diagonal equals 0, D is a diagonal matrix
und U is an upper triangular matrix with main diagonal equals zero. Decomposition of A:

Lij=0,j>i diag(ai) Uj=0,j<i
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Jacobi method

Let us take that C is approximated only by diagonal

C := D = diag(ay).

Then it follows

x(1) = x() 4 p~! (b — Ax(k)> :
—_—

v(k)
With D! = diag (a; ') and

(b — Ax(k))_ = b — z”: a,-jxj(k)
j=1

1
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Jacobi method

The iterative procedure in element-wise form reads:

1

n
k 1 ]. k ;
X-(+) - bI._E auxj() , 1:1,...,n.
ajj —
i#

Hence, the values a;; must be different than zero.
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Exercise

Let us use Jacobi method to solve

2x+ y =11
5x + 7y =13

by starting at x® = (1;1)". Hence,

() ()

3|10
i 53
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Exercise

The first iteration reads
x =xO® 4 p~t (b - Ax(o))

where D is the diagonal part of the matrix A:

o~ 2)

D™ = (1(/)2 137) :

with the inverse

L[
i 3

|
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Exercise

Hence,

@ _ (1 1/2 0 11
x _(1>+<0 177) 13
(21 1 )
5 7 1
<D — 5.0000
—\1.1429
After 22 iterations one obtains:

(2 [ 7.1110
X =
—3.2222

|-G
ki )

|
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Exercise

Let us check solution

A D _ (2 1) (71110 _ (11
“\5 7)\—32222) 7 \13

|-G
ki 3

|
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Exercise

Let us use Jacobi method to solve

3x + 2y —
2x — 2y +4z= -2
—x+%y— z= 0

Hence,
3 2
A=|2 =2
-1 0.5

-1
4
-1

z= 1

|-G
a3
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Exercise

The diagonal part of the matrix is

3 0 0
D=0 -2 0 | =
7 % B
1/3 0 0
D'=(0 -1/2 o0 i
0 0 -1/1
and the Jacobi method reads:

XD — (K + D! (b — Ax(k)) .

| S
v(k)

|
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Exercise
Start with
emeen ©
such that
cere ) S
1 3 2 -1
xV=0+D||[-2]-(2 -2 4]0
0 -1 05 -1
holds.

|
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Exercise

1/3 0 0 1 1/3
V=10 -1/2 o0 —2|=11
0 o -1/1) \o 0
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Exercise
Iter X1 X2 X3
1 0.33 1.00 0.00
2 -0.33 1.33 0.17
3 -0.50 1.00 1.00
100 -0.43e6 1.94e6 1.29e6

1000 -0.29e59

1.3e59 0.87e59

However, by iterating one may notice that the solution
does not converge. This happens even by changing the
initial condition. The question is why this happens?

3|1
i 3
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Convergence

From
xUHD — x4 p~t (b — Ax(k)) = F(x(k))

we may conclude that this is one kind of fixed point iteration scheme with the Lipschitz
constant
F(x)=1-D'A
Since
A=D-+R

in which R is the rest of the matrix (“residual ")

F(x)=1-D "(D+R)=-D'R
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Convergence

To cheek if the method is convergent, one has to check contractivity
g =sup||F'|| = sup|IDT'R|l> < L.

The last relation is equivalent to the condition for the spectral radius
p ™ max(|ni) < 1
1

where \; are the eigenvalues of D !R.
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Exercise

In the first example one has

1, [ 0 05000
D R‘<0.7143 0 )

Hence,
p=05976 < 1

|-G
ki 3

|
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Exercise

In the second example one has

0 0.6667 —0.3333
D !R= [ —1.0000 0 —2.0000
1.0000 —0.5000 0

Hence,
p=114>1

|-G
ki 3

|
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Can we make this conclusion apriori?

In most of cases when the matrix A is strictly or irreducibly diagonally dominant,
Jacobi method will converge. Strict row diagonal dominance means that for each row, the
absolute value of the diagonal term is greater than the sum of absolute values of other
terms:

|ai| > |ay]-

J#i

|
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.
Gauss-Seidel method

Going back to the general scheme

x(kH1) = x(k) 4 ¢t (b - Ax(k)) .

we may take the approximation for C to
be equal

C=L+D

Then it follows

x(+D) = 50 (L4 D)? (b - Ax(k)) :

0 10 20 3 40 50 60 70 80 90 100
nz = 5050

|
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Gauss-Seidel method

However, we said before that inversion is avoided in numerical schemes. Due
to this reason, let us multiply both sides of equation by (L 4+ D):

(L + D)x* ) = (L + D)x + b — Ax).
Having that A =L 4+ D + U we obtain
(L +D)x* ) = (L+D)x* +b— (L+ D+ U)xW = b — Ux®
Splitting the left side of equation, one obtains

Dx (k+1) _ —b-— LX (k+1) Ux(k
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Gauss-Seidel method

In component form one obtains

i—1 n
(k+1) (k+1) (k) .
ajiX; = b — E ajx; — E aix;", i=1,...,n.

j=1 j=it+1
and
ey 1 k) N W)
k+1 k+1 k i
X! =— b — ajjx; — E ajjX; i=1...,n
" j=1 Jj=i+1
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Exercise

Let us use Gauss-Seidel method to solve

2x+ y =11
5x + 7y =13

by starting at x(®) = (1;1)7. Hence,

() o)

|-
i 53

|
Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 6, 2016 34 /97



Exercise

The first iteration reads

1)
X,-( = — b—g a,JXJ
aII

— Z a,-jxj(o) i=1,...

j=1 j=i+1
Xl( aTl[bl Zalj =
x$Y = —[bz 232, U =_17143
j=1

L
ki )

It takes approximately the same number of iterations as Jacobi to get the solution.
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Exercise

Let us use Gauss-Seidel method to solve

3x+2y— z= 1
2x — 2y +4z=-2
—x~|—%y— z= 0

|-G
i 3

Hence,
3 2 -1 1
A=|2 -2 4], b=|=-2
-1 05 -1 0

|
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Exercise

The first iteration reads

=L b—ZaU W _ ZaX@)

™ ©

X1 a—n[b1 Zalj )] =0.333

i 53

1 3
1
EEPRCED LR SRR ERE 2
j=1 Jj=3

N —[bg, - Z azxM] = 0.333
j=1
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Exercise

Similarly to the Jacobi method, the Gauss-Seidel does not
converge for this system of equations.

|-G
ki

|
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Convergence

From
xUHD = 5 (L4 D) (b — Ax(k)) :

we may conclude that this is one kind of fixed point iteration scheme with the
Lipschitz constant

F'(x)=1-(L+D)'A
Since
A=L+D+U

one has
F'(x)=1—(L+ D)‘l(L +D+U)=—(L+ D)_1U

|
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Convergence

Thus, the method is convergent if the spectral radius of
p((L+D)'U) <1

The convergence properties of the Gauss—Seidel method are dependent on the ma-
trix A. Namely, the procedure is known to converge if either:

@ A is symmetric positive-definite (symmetric A= AT, positive definite matrix
is a symmetric matrix A for which all eigenvalues are positive).

@ A is strictly or irreducibly diagonally dominant.

|
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Convergence

In the first example one has that
p((L+D)'U)=03571 < 1
and in the second example

p(L+D)'U)=124>1

|
Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 6, 2016 41 /97



Successive over relaxation method (SOR)

The SOR-scheme tries to improve the convergence properties of the GauB-Seidel method.
The idea is to introduce a relaxation parameter w > 0 such that

C:= lD +L
w
Inserting yields
-1
Xt — (0 (10 + L) (b—Ax®).
w

Multiplying by %D + L, and using A =L + D + U one obtains

(ED + L) X — (1 - 1) Dx* b — Ux¥
w w
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.
SOR method

Then
Lot = 129 p) D) 4 gx®
w w

and

Dx*™) = (1 — w)Dx® + w (b — Lx*F) — yx® ) ,

The representation with components is now given by

i—1 n
a,,x(kﬂ) (1 —w)aiix; W) 4w (b — Zau (k+1) Z a;jxj(k)> ,

j=1 Jj=i+1
and

i—1 n
k+1 k w k+1 k
x,-(+)=(l—w)x,-()+aﬁ<bi—Ela,-jxj( ) _ E aU)<J.()>.
=

j=it1

|
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.
SOR method

Note that when w = 1 the method
Dx D) = (1 — w)Dx® + w (b — Lx(kD) — Ux(k)) .

becomes
Dx(k+1) — (b — Lx(kD) UX(k)) .

which is GauB-Seidel method.

|
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.
SOR: how to choose w?

With an optimal choice of w we can improve the convergence of the SOR-method
in comparison with the GauB-Seidel method. But the optimal value for w depends
on the problem, i.e. in general one has to try several values. One should start with

larger values, i.e. w = 1.7, then w = 1.3 ... and take a look on the convergence
behaviour.

|
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Convergence

From .
XK — ) (iD + L) (b—Ax®)
w

we may conclude that this is one kind of fixed point iteration scheme with the Lipschitz
constant

/ 1 -
F(x)=1- (fD—&-L) A
w
and hence the spectral radius must satisfy
1 -1
p(1— (;D—Q—L) A)<1

to get convergence.

|
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Convergence

For w = 1.7 the spectral radius in the previous two examples becomes

—1
p(1— (lD—kL) A)=07 <1
w

and in the second example

—1
o(1— (%D + L) A) = 3.008 > 1
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General convergence results

The equation
XD = x4 ¢t (b - Ax(k)) .

for the general iteration method can be transformed into

XM =x® e (b - AxY) =€+ (1 - C A

(k+1

X ):Mx(k)+g

in which M =/ — C'A and g = C'b. This equation is often called normal form. Every
linear iteration method can be written in normal form. The matrix M is called iteration
matrix of the method.

|
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General convergence results

For the derivation of convergence criteria we need the spectral radius of a matrix which
can be defined in the following way:

Definition
For a given matrix M € R™" let \;, i =1,...,n be the eigenvalues of M. Then

p(M) = _max [

is called the spectral radius of M.

|
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General convergence results

Theorem

The linear iteration method with the iteration matrix M converges for an arbitrary start

vector x\% if and only if p(M) < 1 and if in a dedicated matrix norm || - ||, the condition
[IM|| < 1 is satisfied. In this case the following error estimates are true:

k
(k) M| H ) (o)H
x| < ————x" = x|, (1)
| =
D) [M]] H (k) (k—l)H
X Xy — ||x"" —x . 2)
H 1— M|

Inequality (1) is called a priori estimate and (2) is called a posteriori estimate.
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|
Conjugate Gradient Method

In order to solve
Ax=0>b 3)

let us observe the function

1
f(x) = EXTAX —bTx+c

and find its derivative (Jacobian)
f'(x) = Ax — b. (4)
By comparing Eq. (1) and Eq. (2) we may conclude that they are the same in case

when
f'(x)=0

|
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|
Conjugate gradient method

The condition
f'(x)=0

is actually equivalent to finding the maximum or minimum of a function f(x).
Assuming that A is positive definite (this means that the term x"Ax is always

positive no matter how we choose the non-zero vector x) and symmetric, one may
prove that x satisfying

f'(x)=0

is the minimum of a function f(x), i.e.

1
X = min (2XTAX —bTx+ c)

|
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| .
Conjugate gradient method

Graph a) represents f(x) for positive definite matrix A and graph b) f(x) for negative
definite matrix A.

The fact that f(x) is paraboloid helps us to understand why x is minimum of the
function f(x)

|
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Conjugate gradient method

The idea of this algorithm is to find minimum by starting from some point x(q)
and then move one step in first search direction d{g), then one step in orthogonal
search direction d(1) and so on until we hit the minimum.
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|
Conjugate gradient method

Thus, we move according to the following rule
X(i+1) = X() + (i) (i)

where ;) is the step length and d(;) are orthogonal directions.After moving in

iteration (/), one may compute the error between the new position x;) and the real
minimum x:

&) = X(i) — -

Similarly, the error between the iteration (i + 1) and the real minimum x is

&) = Xi1) — X = X+ o din — x = &n +apdi)

|
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| .
Conjugate gradient method

Hence, for now we have two important equations:
@ change of position
X(i+1) = XGi) + aq)d(i) (5)

@ error propagation (measures how far are we from the real position)

ei+1) = €y + agyd( (6)

|
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|
Conjugate gradient method

Because we move in orthogonal directions
our error g(;1) is orthogonal to the direc-
tion d(,-), i.e.

d(7,—) e(,'+1) - O

By taking €i+1) = €() T Oz(,')d(,-) the last
realtion becomes

-
d(,-)(e(,-) + a(;)d(;)) =0.

|
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|
Conjugate gradient method

Looking at

Q@) = — dr.

(/)d(i)

we may notice one thing:

We do not know e(;y = x(;y — x because x is something we want to compute!!

Solution: do not take orthogonal directions, but A-orthogonal directions (also
known as conjugate).

|
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Conjugate gradient method

A-orthogonal (conjugate) directions d(;y and d(;) are the directions which satisfy

T _
(diiy dijy)a = d(iyAd(jy =0
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Conjugate gradient method

Similarly, it must hold that

d(Z'—)Ae(,'Jrl) =0

/ <

// / Q

Y
r’/ ."//

*

A
y

A

A

2 \\\
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|
Conjugate gradient method

Now from d(,T)Ae(,-H) = 0 one has

-
d(i)A(E(,') + Oé(,')d(,')) =0
which leads to r
d(i)Ae(,-)

dlAd()

i) =~
The term
Ae(,-) = A(X(,-) — X) = AX(,-) — Ax = AX(,-) — b= —I’(,-)

leads us to the residual
r(,-) =b-— AX(,-)

|
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| .
Conjugate gradient method

Finally, one has
@ step length

)
°0 = 47 Ady (7)
@ change of position
Xi+1) = X(i) + (i) di) (8)
@ error propagation
e(i+1) = € + () d) (9)

But, the problem is that we also do not have A-orthogonal directions d(;y.

|
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| .
Conjugate gradient method

The question is how to choose d(;)'s?

|
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Conjugate Gram-Schmidt process

Suppose that u(g), ...U(m) form a basis in a vector space. The Gram-Schmidt process
means orthogonalisation of the previous basis. The procedure starts by choosing:

dio) = U(0)-

Then the next vector y(y) is decomposed into the vector u™ parallel to d(o) and the

vector u* A-orthogonal to it.
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Projection of a vector onto vector

The parallel vector can be obtained by projecting u(;) onto djg) such that
ut = pI’Ojdw) uny = |U(1) Ccos 9|8(0)

in which 6 is the angle between u(;) and dg), and 8(0) is the unit vector. From
scalar product of vectors

N dio
(Uqy, doy) = luq)lld(oy| cos @,  do) = d( )
|d(0)l
one obtains the formula
. (U, d
ut = Projde Y1) = ( o d(o)

d(0), o))

|
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Conjugate Gram-Schmidt process

However, in case of conjugate Gram-Schmidt process we search for A-orthogonal
projection and hence the last relation

(u(1y, dio))
ut = %)
(d(0)> d(0)) ©

transforms to

in which
(ugy, doy)a = ulyAdiy,  (dio), d()) a = d(0yAd(o)
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Conjugate Gram-Schmidt process

Once we have u™ we may compute u* by substruction

B u(Tl_)Ad(o) .4

u*:u(l)—u”L:u

The last relation is exactly our next search direction d(y).

....
------
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Conjugate Gram-Schmidt process

Furthermore, we may compute the search direction d,) by taking u(2) and projecting
both djgy and d(;) onto y(z) such that

u" = u) — ) — U

holds. Here, u(+0) is A-orthogonal projection of () onto dp) and u(+1) is the A-

orthogonal projection of () onto d(;) . Hence,

_ U(Z)Ad(o) U(-Z)Ad(l)
do) = U@) = —F-—d0) = 7 790
d(E)Ad(O) d(q)Ad(l)
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Conjugate Gram-Schmidt process

Finally, we may write general formula for computation of A-orthogonal directions

i-1
= ui) + Zﬂikd(k)
k=0
in which T
Ad,
UiyAa(k) .
Bk =——F>7—> >k
iy Ad(e)

Note that this is expencive operation (O(n?)) since one has to keep all the old
search vectors to construct the new one.

|
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Conjugate gradient method

The conjugate gradient method uses conjugate Gram-Schmidt process by taking
for the vector set uq), ..., U(m) the set of residuals r(g), ...r(m). Then, we walk in the

solution space by
X(i+1) = X(i) + (i) di

where
oy = d(,T')r(,) iy = b— AX(')
dfyAdq
and - .
— r\Ad,
(N 9(k)
diy = iy + Bikd(k)a Bik = —————,
; Ao Ad(x)
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|
Conjugate gradient method

From
-
diiyAe(i1) = 0.
and r(jy1) = —Ae(;41) one concludes

-
d(,')f(i+1) =0
or more generally
T . .
d(,-)r(j) =0, j>i
Hence, the residuals are orthogonal (not that there is no prefix A) to the seacrh
directions.

|
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| .
Conjugate gradient method

|
Bojana Rosi¢ (WiRe) Introduction to Scientific Computing December 6, 2016 73 /97



Conjugate gradient method

Furthermore, since r(;) are taken to be u(;) one may write

i—1

diiy = iy + Y, Bkl

k=0
Taking the inner product of the last one with r(;) one obtains

i—1
T T T
iy = ryriy + D Bikdiy )
k=0
and using orthogonality condition d(,T)r(j) =0,/ > i one obtains

-
i

g =0, J>i, aswellas  diyrg) = riyrg).
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Conjugate gradient method

Thus, each new residual is made to be orthogonal to the all previous residuals
and search directions, and each new search direction is made from residual to be
A-orthogonal to all previous residuals and search directions.

r') ;
& 43 /(2)

|
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|
Conjugate gradient method

Furthermore, from
Mi+1) = —Aeiy1 = —A(E(,’) + a(’)d(’))

Mi+1) = 1) — a@)Ad()

one concludes that the residual r(; 1) is only linear combination of the previous
residual r(;y and Ad(;). Hence, our search space is Krylov subspace

K= Span {d(o), Ad(o), veey Aid(o)}
Having that rg) = d{q) this is the same as

K =span  {rq), Arq), ...7Air(0)}

|
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|
Conjugate gradient method

To simplify formulas

where ,
d'\Ki;
()"
(i) =~ s Iy = b= Axg)
a7 Adg
and - .
— r! Ad,
(i)9(k) .
diy=ri+ ) Bixdwy, Bik=— , P>k
; d(Z)Ad(k)

|
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|
Conjugate gradient method

one may take the inner product of
Mit1) = 1) — o) Adg)
and r(;) such that
T T T
0+ = 1)) + e g Ada)
holds. This then leads to

1
&

T T T
rAd() = ) fo')f(i)*fmf(/ﬂ)}

The right hand side will be different from zero only when / = j or i +1 = j (due to
orthogonality of residuals).

|
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|
Conjugate gradient method

This simplifies the coefficients

rl Ad,
(HN9(k) .
Biic1=——F—7—> 1>k

d(I)Ad(k)

because their number drastically reduces to
Bi = I’(z-—)Ad(,-,l) _ 1 r(,T)r(,-)
’ d(T—nAd(i—l) Q(i-1) d(,T—1)Ad(i—1)

In addition, from d(f)r(j) = r(,T)r(j) and rj) = rj_1) — a(i—1)Ad(;_1) one obtains

Fin i
By = Biji-1= ——— )
Mi-1yMi-1)

|
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Conjugate gradient method

Finally, the CG algorithm looks like this
dio) = 10y = b = Ax)
gy = 0O
dlAdq
X(i+1) = X(i) T aid()
Mit1) = 1) — ) Ad()
M i+
hro)

[3i+1 =

div1) = i+ + Bty di
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|
Conjugate gradient method

The number of iterations neccessary to obtain the error € is given as

1 1
k < —klin(-

< Swin(5)
where £ is condition number of matrix A (associated with the linear equation Ax = b
the condition number gives a bound on how inaccurate the solution x will be after
approximation).

-1
K(A) = [[A7H] - 1Al

Hence, the larger condition number the slower algorithm is.

|
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Preconditioned conjugate gradient method

To speed up convergence, one may try to altrenate the condition number of a matrix
A by premultiplying the system of equations

Ax=0>b

by preconditioner M: a positive-definite matrix that approximates A but is easier
to invert. Then,

M~Y(Ax —b) =0

in which tx(M~*A) << k(A). This may lead us to faster convergence, but the
problem is that M~1A is not neccessarily symmeteric an positive definite.

|
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Preconditioned conjugate gradient method

To overcome this issue, one may perform the Cholesky decomposition of a matrix
M

M= QQT

such that one solves the problem
Q'AQ Tk =Q 'b=h, %=Q"x
This system is characterised by a matrix
A=Q'AQT

which is symmetric and positive definite.

|
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Preconditioned conjugate gradient method

Some of possible choices of perconditioner are
o diagonal : M = diag A (also known as Jacobi preconditioner)

@ incomplete Cholesky preconditioner (The Cholesky factorization of a positive
definite matrix A is A = LL* where L is a lower triangular matrix. An
incomplete Cholesky factorization is given by a sparse lower triangular matrix
K that is in some sense close to L. The corresponding preconditioner is KK*.)

|
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Exercise

Let us solve by CG method Ax = b where

A= 5 b= 5 X(0) = 0
-1 2 0 (0)
Hence, we start with -jL ﬁ

1
d(o) = r(o) =b-— AX(O) =b= (0>

Then we compute

FTF
_ oo 1 _ _ [0\  1/1\_ (05
a0y = d(E)Ad(o) =5 X1 =X0 + aod(o) = (0 + >lo) =10

|
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Exercise

Let us check if x(1) is the solution? Compute

0
1) = o) — @Ad(o) = <0.5>

which is the same as

o =p = (o)~ (o) = (53)

Check if rg) and r(;) are orthogonal: r(q)r(o) = 0. Also check if r; and d(o) are

~3|»-1C
i i 53

orthogonal d(g)rl = 0. Since both hold for now we are fine.

|
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Exercise

Let us now compute the other seacrh direction

d) = ra) + By do)

where .
r, r(l) 1
B =D —

I’(g) r(o) 4

= (a5) *4 (o) = (5)

Check if d(1) si A-orthogonal to d(q):

|-
i 53

T

|
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Exercise

Now compute

rhr 2
o e 2

O qAdy 3

and new solution

== (9)34) - ()

and residual

0 0
o) = My — M Adw) = (0.5> - (0.5>) =0

Hence, we got correct solution.

|-
ki 3

|
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Exercise

Let us solve by PCG method Ax = b where

() o) e

Hence, we may assume the diagonal preconditioner:

- (23

The transformed system of equations becomes Ax = M1 Ax

—%EE
- ey

Il
§
L
o
Il
o

|
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Exercise

The new system Ax = b has matrix
- 1.0000 0.2500
~\0.3333 1.0000

Its condition number is x, = 1.82, whereas the condi-
tion number of A is ka4 = 1.94. Hence, we get slight
imporvement. This shows that we can suggest another
preconditioner (but about this some other time).

|-
i 3

In this particular case the matrix Ais positive-definite, and one does not need to
do Cholesky decomposition.

|
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Exercise

The process of solving then follows the previous example.
Hence, we start with

o= =6~ ©
_ (15)\ (1.0000 0.2500 —0.7500 i
\2.33 0.3333 1.0000 0.6667
it
0= —2——
d(E)Ad()

and so on.

In this particular case the matrix Ais positive-definite, and one does not need to
do Cholesky decomposition.

|
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Solving finite element system

If we do linear elastic analysis of o .
an iron piece of hardware (fixed '
at two holes and pulled at the

third hole in z direction) we end w .

up with the solving the following . N

system of equations " .
Ax=b <

in which A is the stiffness matrix
and b is the force vector (external
and internal forces).

@©Carstensen
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Solving finite element system

The system has 6894 degrees of freedom
(size of matrix A). The total number 0
of elements in A is 47527236, but only
233863 of them are non-zero. Hence, the
matrix is sparse. Without knowing this we
may solve the system directly by inverting
the matrix A w000

2000

3000

5000

x=A"th=inv (A)b

3
6000

The time neccessary to do that is ¥ o
179214366 Seconds_ 0 1000 2000 3?‘20: 2335;3 5000 6000

|
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Solving finite element system

In case that you know that the matrix is
sparse then you may use the command

x=A"b=A\b
which is multifrontal method for solving e
the sparse system of equations. The com- w000
putation time is 0.584555 seconds. How-
ever, what to do if the matrix is not s000
sparse? In that case one may use the
CG and PCG method (also Jacobi, Gauss- g
Seidel etc.). o T o a0 o

nz = 233863

3
6000

5000 6000

|
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Solving finite element system

To use CG or PCG method the matrix A
has to be positive definite and symmet-
ric . To check if matrix is symmetric it is
enough to check if A= AT holds. On the
other side, the positive definitness can be
checked by cheking the Cholesky decom-
position of a matrix.

[, p] = chol (A)

if p = 0 then the matrix is positive defi-
nite.

1000

2000

3000

4000

5000f'§

6000

K3

2000

3000

4000

nz = 233863

5000 6000
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Solving finite element system

In case that the matrix is not positive def-
inite, then one may solve the system

ATAx=ATbh

because the matrix AT A will be positive
definite.

1000

2000}

4000 1

5000

6000

TR

0 1000

2000 3000 4000 5000 6000

nz = 233863
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This lecture is based on the following two scripts
@ Jonathan Richard Shewchuk, http://www.cs.cmu.edu/~quake-papers/
painless-conjugate-gradient.pdf
@ Lieven Vandenberghe,
http://www.seas.ucla.edu/~vandenbe/103/lectures/chol.pdf
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