CFD Short Course: Operators 1

FROM APPROXIMATION TO OPERATORS

Before: given u, approximate: ||u — u"|| — min
Now: given L(u) = 0 approximate: ||L(u) — L(u")|| — min

= HL(uh)H — man

Minimize error:

using WRM

Choice of N*, W* defines the method:
- N' polynomial, W' = §(z;) : FDM
N polynomial, W* =1 if xC Q,;, 0 otherwise : FVM
N polynomial, W* = N* : GFEM
N* polynomial, W* # N* : Petrov-GFEM
N* spectral, W' = 6(x;) : SEM
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LAPLACE OPERATOR

Given
Viu=0in Q , u=0 on T
WRM
‘/Iviv?deQajzo
Q
=

- NJ should have defined 2nd order derivatives
= (C'l-continuous across elements

- W* can be the d-function

Integration by parts:

=

—/vwﬁvmdﬂ@:o
Q

- Order of max(derivative) reduced = can use wider space
of trial /weight functions

- NJ should have defined 1st order derivatives
= (Y- continuous across elements

- W* can not be the J-function
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MINIMIZATION PROBLEM

I, = /Q [Ve'? d = /Q [V (u" —)]? dQ — min

=
61, = 01, / VN'- (VN?; — Vu) dQ =0
Q
but
—/VNi-VudQ:/NiV%dQ:O
Q Q
=

61, = 6t / VN"-VN? dQ d; =0
Q

= equivalent to Galerkin WRM

= choice of W* from same set as N optimal
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EXAMPLE

Regular triangular mesh - assemble element contributions
to produce the equation for a typical interior point for the
Poisson-operator

—Vu=f
Mesh:
h
® @
©
4 5 6
® ® i
@ ®
1 2 3
Example for Poisson Operator
Element Nodes (A,B,C)
1 1 5 4
2 2 5 1
3 2 6 5
4 2 3 6
5 4 8 7
6 4 5 8
7 5 9 8
8 5 6 9
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Mesh:

Matrix Entries:

i R il

el ement 4 el enent 5 el enent 6

mrH . -
SEES ﬁi

el enent 7 elenent 8 assenbled matri x




Element 1

Shape-Function Derivatives:

NA ] 0

NB| == n
2

NC =1y,

LHS contribution:

1 h? 0
K ‘0] = ——= 0 h2
' 282 | Lo o

RHS contribution

pe [21 1
1\/[1-f1:ﬂ 1 2 1
1 1 2
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NA L
NB —— 10
2
Ne| =1y
iy 1 0
Tl5 — 5 O 1
U4 1 -1

72 2f1+ fi5+ fi4
= 91 J1+2f5+ Ja
fi+ fs+ 2/
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Element 2

Shape-Function Derivatives:

NA ] —h

NB| == n
2

NC L

LHS contribution:

] h2 —]’L2
K2'112 = 2—]’),2 —£L2 2};)/22

RHS contribution

pe [21 1
1\/[1-f1:ﬂ 1 2 1
1 1 2
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NA ] 0

NB| == 1|_-n
2

Ne| L

U1 1 1 -1

a-| 2| 0 -1

h2 2f1‘|‘fj2‘|‘fj5
S Ty
fi+ fo+2fs5
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Fully assembled form of equation 5

2

A T T T
Ay — g — Uy — Ug — Ug = E(6f5—|—f1+f2—|—f6—i—f4+f8—i—f9)

Compare this with finite difference expansion for

=0

node 5

[—V2u — f]

Ay — Gy — g — Tg — g = h° f5
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SIMPLE SMOOTHER

Desired: Fast approximation to: Vh?Vu

For linear triangles:

19 2 -1 -1
e (M; —Me),, = | -1 2 -1} =
-1 -1 2
1 —1 0 0O O 0 1 0 —1
—1 1 0 + o 1 -—-1| + O 0 O
0 0O O 0 —1 1 —1 0 1

- Same can be shown for linear tetrahedra
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RECOVERY OF FIRST ORDER DERIVATIVES

Given:
Approximate:
S
=
ou  ON"*
~ U;
0s 0s
=
~ ONk
Nzﬁ; ~ D3 ﬁk
WRM:
o~ ONJ
/ WINIdQ 4. = / VVZa dS)
Q ! Q ds
Galerkin:

o ONJ
Mcu’:/NZNJdQ a’.:/NZa dS) aj
Q J Q Os
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RECOVERY OF SECOND ORDER DERIVATIVES (1)

Possibilities:

a) Repeated Evaluation of First Derivatives

b) Direct Evaluation of Second Derivatives (Faster)

o
0s2

17

WRM:

. ’ O*NJ
/WzNﬂdQ i, :/W13—2d9 i
0 0 ('95

Integration by Parts:

e ' OW?* ONJ
W'NIAQ 4, = — —dS) U
/Q uj 0 88 88 UJ
. ONJ
W'ng——dI u;
+/1“ " 0s i
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RECOVERY OF SECOND ORDER DERIVATIVES (2)

Galerkin:
17 . . 17 N'L Nj
M_.u :/NZNJdQ i = — [ N s
0 J Q) aS 35
. ONT
—I—/FN Ng 93 dl’ Uy

Higher Order Derivatives: Recursively

12



