CFD Short Course: Upwinding

UPWINDING (1)

1-D Advection, constant mesh:

’Lb,t —I-f,x =0

Allz'

A
N

+ [Fz'—|—1/2 — Fz’—l/Q] =0
Central Differencing:

1
Fit1/2 = 5 (fi + fix1)
= Simple Average = No Account of Physics

Physics: = Information Only one-Sided

a>0: Fi—|—1/2 = Fz’—|—1/2(uz’7uz’—17uz’—27 ..)

a<0: Fi+1/2 = Fi—|—1/2("-7ui—|—37ui—|—2>ui—|—1)

General Euler Case:

M>1: Fiii2 = Fiii2(uiui1,ui-2,...)

0<M<1: Fiyro0=Fii1/o(e, Uig1, Ui, Ui—1, ..

)
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CFD Short Course: Upwinding

UPWINDING (2)

Simplest Example: Advection

us+auy, =0

at

CL>OZA11¢—|—A—:E(U@'—U@'_1):O
alt
CL<OZAUZ'—|—A—$(’LLZ'_|_1—UZ'):O

Stable for ﬂit <1 (Homework)
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CFD Short Course: Upwinding

UPWINDING (3)

Can be Re-Written As:

aT At a~ At
Aui -+ N (UZ — ui_l) + Ar (ui+1 - uz) =0
Where:
1 1
+_ - T
= (atla) . a” = (a|a)
= ()
At o + - +
Au; + — [(@” w1 +a - uy) — (@7 - up+at - uig)]
Ax
Or:
At
Au; + A (Fi+1/2 — Fi—1/2) =0
With:

Fi+1/2 =atu; + a Uit1

So-Called Flux Vector Splitting Form
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CFD Short Course: Upwinding

UPWINDING (4)

May be Re-Written as:

a a
Fit1/2= 5 (w; + wipr) — % (Wig1 — us)
1 al
Fit1/0 = 5 Lf(ug) + fuir1)] — o5 (Wip1 — u)

So-Called Flux Difference Splitting Form

Assembled:

_ At
2Ax

1 |a|At
2 Ax
= The Equivalent Modified Equation Is:

Au; = f(wig1) — fui—1)]

(U1 — 2u; + ui—1]

1
Uyt au, = §\a\Aa:*u7m
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CFD Short Course: Upwinding

UPWINDING (5)

System of Linear Equations

u;+Au, =0

Diagonalize:

vit+Av, =0, v=T"1u , T!AT=A

Use Explicit Upwinding for Each Characteristic:

At At | _
Av = _A—:EA+ (Vz' — Vz'—l) — A—$A (Vi_|_1 — Vz’)
At At
Av = —EA [VZ'_|_1 — Vi—l] -+ E|A| [VZ'_|_1 —2v; + Vz’—l]
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CFD Short Course: Upwinding 6

UPWINDING (6)

Transforming Back To Original Variables:

Au = _A—$A+ (11@ — 111'_1) — A—xA_ (ui+1 — ui)
At 1oy - + - +
Au = _A—x [(A W41 + A uz) — (A u; + A uz_l)]
At At
Au = —EA [ui_|_1 — ui_l] —+ E‘A| [uH_l — 211@' + ui_l]

Where:
AT =TA T, |A|=TAIT

Stable for:  max,(Atlag|/Az) <1



CFD Short Course: Upwinding 7

UPWINDING (7)

This Shows How Much Smoothing/Diffusion is Required for
FEach Mode

Simple 2nd Difference Smoothing:

At At
Au = _A—xA [uz'_+_1 — ui_1] —+ Emax(‘ak‘)

[Wit1 — 2u; + w1

Compared to Upwinding via Characteristic Variables:

If |ax| Vary Greatly = Excessive Damping

Typical Case: Transonic Flows



CFD Short Course: Upwinding 8

UPWINDING (8)

Non-Linear Systems:

117t ‘I‘f,a: =0

At
Au = T Ax [Fi—|—1/2 — Fi—1/2]

Flux Vector Splitting:

Fit12=F7(w) +F (wis1)

Steger and Warming: JCP 40, 263-293

vanLeer: Lecture Notes in Physics 170, 507, Springer
(1982)

Liou-Steffen: JCP 107 (1993)

Flux Difference Splitting:

1
Firi2 = 5 [F(w) + Fwi)] = 5 |A] i —

DO | —

Roe: Ann. Rev. Fluid Mech. 86, 337; JCP 43 (1981)
Osher and Solomon: Math. & Comp. 38, 158, 339-374
(1982)



CFD Short Course: Upwinding

VAN LEER FVS (1)

Fit12=F"(w) +F (wis1)
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2

Mass-Flux f:
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CFD Short Course: Upwinding 10

VAN LEER FVS (2)

Properties:

- FT(u) + F (u) = F(u)
- Eigenvalues of F¥, > 0,F <0
- FJ—r Are Continuous
- F(u) =F(u) for M > 1
+
- F 4 Are Continuous

+
- F 4 Have One Zero Eigenvalue for |M| < 1
- Stable Provided That

At 1
— < —02 M|(3 — M| <1
Ag MHo) s == Ry +IMIB=9)] , [M]<

At
B +c) <1 M 1

Ref: vanLeer, Anderson, Thomas - AIAA-85-0122,
ATA A-85-1680
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