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1 Introduction

The main purpose of this diploma thesis is to show that the solutions of a system of stochastic
differential equations (SDE) with reflection term, also called SKOROHOD SDEs, are pathwise
differentiable with respect to the initial value. For a finite set of indices I, we consider the
following system of such autonomous SKOROHOD SDEs:

Xi(x —m+/bl ))dr 4 1i(2) + / o' (Xi(z))dwt, t>0,i€l,
(1.1)
Xi(z) >0, dli(x / X/(x)dli(x) =0, diel,

for all x € RL, where the coefficient functions b® : Ri — Rand o : Ry — R, i € I, are
continuously differentiable and LIPSCHITZ continuous, and (w');c; is a family of independent
BROwNian motions on a probability space (2, F,P).

For any i € I, the local time [*(z) is nondecreasing and, since Xj(z) > 0, the condition
Jo© Xi(z) dlj(x) = 0 means that I'(z) only increases when X/ (z) = 0, i.e. I'(z) is there to “push
X'(x) upward”, so that it remains nonnegative, and this pushing is minimal in the sense that
there is no pushing when X} (x) > 0.

Since the coefficient functions are assumed to be LIPSCHITZ continuous and Rfr is a convex
region, the main result in [15] guarantees the existence and uniqueness of the solution of (1.1).
It is aimed to prove, that the first partial derivatives of X;(z), ¢ > 0, w.r.t. the initial value z
exist a.s., and to find a probabilistic representation for them. Notice that the differentiability
is not trivial because of the presence of the non-smooth reflection term [%(x).

This problem was discussed for the case o’ = 1, i € I, by DEUSCHEL and ZAMBOTTI in [3].
There it is shown that the derivatives evolve according to an ordinary differential equation,
when the process is away from the boundary, and that they have a discontinuity and become
zero, when the process is at the boundary. This evolution is quite non-trivial, caused by the
rather complicated structure of the set at times where the process hits the boundary, which is
known to be a set with zero LEBESGUE measure and without isolated points. Nevertheless, the
derivatives admit a simple representation in terms of an auxiliary random walk £, taking values
in the set I of indices.

In this thesis we try to generalize this result to the system in (1.1) under some stronger as-
sumptions on the coefficient functions. We shall apply LAMPERTI’S method to transform the
system in (1.1) into a system with constant diffusion coefficients and then proceed as in [3].
As a further remarkable addition to the results of [3], we investigate the pathwise differentiability
of a BROWNian motion in a wedge with oblique reflection, established by VARADHAN and
WILLIAMS in [16]. We shall show, that this process, which can be represented by a two-
dimensional system of SKOROHOD SDEs, is pathwise differentiable w.r.t. the initial value up
to the time when the process reaches the corner of the wedge. The obtained derivatives are
constant on every time interval, when the process is in the interior of the wedge, and they have
a discontinuity, when the process hits one side of the wedge and the last hit of the boundary
was at the other side. Moreover, the derivatives depend on the number of crossings through
the wedge from one side to the other one.

The thesis is organized as follows: In Section 2 we recall at first a differentiability result for
SDEs without reflection. Afterwards we summarize the results of [3] and provide some further
preparations. In Section 3 we prove that the solutions of (1.1) depend continuously on the
initial value x, even when the diffusion coefficients o, i € I, depend on all components of X.
Then, in Section 4 we investigate the derivatives of X.
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Section 6 contains an alternative approach to the proof of the random walk representation in [3].
So we consider the case o' =1, i € I, and moreover we assume that the drift coefficients have
nonnegative derivatives. We shall use the penalization method to approximate the solution
of the SDE with reflection and then the FEYNMAN-KAC formula to obtain a random walk
representation of the derivatives for the penalized SDE. Since the auxiliary random walk & is
a MARKOV process with finite state space I and time-dependent infinitesimal generator, we
need to develop FEYNMAN-KAC representations for such MARKOV processes. This is done in
Section 5.

In Section 7 we compute the derivatives of the transition semigroup of X:

Pf(x) =E[f(Xi(2))], t20,z€R],

for all f : ]Rfr — R bounded and continuously differentiable, while we use GIRSANOV’s Theorem
to decouple the the components of X.
Finally, Section 8 deals with the pathwise differentiability of a BROWNian motion in a wedge.

2 Preliminaries

We summarize some known facts about the pathwise differentiability of solutions for SDEs w.r.t.
the initial value. First we consider the “classical” type of SDEs without reflection. Afterwards
we state the main results of [3], which deals with SDEs with reflection term. Some basic notation
and definitions are given, too. Moreover, we provide some general preparations.

2.1 Pathwise Differentiability for SDEs without Reflection

Let I be a finite set of indices and (w');c; a family of independent BROWNian motions on a
filtered probability space (2, F, (Ft)t>0,P). It is assumed that the filtration (F;) satisfies the
usual conditions, i.e. it is complete and right-continuous, and that w is adapted to (F). We
consider the system

X! (x) ::ci+/ V(X dr+2/ ydw,  t>0,i€l, (2.1)
0

for all z € R!, where the coefficients b?, ¥ : Rl — R, i,k € I, are supposed to be continuously
differentiable and LIPSCHITZ continuous, such that the pathwise existence and uniqueness of
the solution of the system (2.1) is ensured by the PICARD-LINDELOF Theorem.

Theorem 2.1. For allt > 0 the mapping  — X;(x) is a.s. continuously differentiable and the

partial derivatives (bij = 8§igx), i,7 € I, are the unique pathwise strong solutions of the SDE

system

abl Oo’k ik
5U+Z/ (X dr—i—Z/ o (X () & duf.

k,ilel

Proof. See Theorem 4.6.5, pp. 173-174 in [8]. O
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2.2 Pathwise Differentiability for SDEs with Reflection and Constant Diffu-
sion Coefficients

This subsection contains the main results of [3] and some basic definitions and notation.
Let I and w be as above in Section 2.1. We consider the following system of SKOROHOD SDEs:

Xi(z) = o +/ V(X (z)) dr + li(z) +wi, t>0,i¢l,
0

(2.2)
[e.9]
Xi@ 20, di)=0, [ Xi@di@ =0 el

0
for all x € RL := [0,00)7, where b’ : Rl — R is continuously differentiable and LIPSCHITZ
continuous. Then, the result in [15] guarantees the existence and uniqueness of a solution of

(2.2).
Before we can state the main result of [3], which deals with the derivatives of the solution of
the system (2.2), we need to introduce some necessary notation:

C':={s>0:X(x) =0} and 7*(t) := sup{s < t : X!(z) = 0}, iel,

with the convention sup () := 0.

Let E := D([0,00),I) be the space of I-valued cadlag functions, where I is endowed with the
discrete topology, and & : E — I, t € [0,00), the coordinate process. For any continuous
function ¢ : [0,00) x I x I — R and for all s € [0,00) and i € I, P; denotes the probability
measure on F, under which

o & =i foralltel0s],

® (&t)te[s,0) has the law of a time continuous MARKOV chain with values in I, starting at
t = s from ¢ and with time-dependent generator (L§);>0:

LRI RY LEf() =) e k)| (f(R) — £(0).

kel

MARKOV processes with finite state space and time-dependent generator are investigated in
detail later in Section 5.
We denote by (7;); the sequence of jump moments of £ € E:

m: E— [07 00)7 Mo ‘= 07 N+1 = inf{s > m: §S 7& §m}-

For all s,t € [0,00) such that s < ¢, we define the real bounded measurable function p¢, on E
by

t t
Pz,t = exp / Z ler (&, k)| dr "’/ cr (&, &) dr H Sign(cnk (é-nk—ﬂgnk))?

k#Er s<np<t

where the sign function is defined by

-1 ifz <0,
sign(z) = 0 ifz=0,
1 ifx>0.
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Finally we define the stopping time 7 on 2 x E by
=inf{s >0: X$(z) =0} = inf inf{s > 0 XFx)=0,& =k}
€

with the convention inf() := +oo. In the following we shall often work with the derivatives
of functions defined on R = [0,00)!. Therefore we give the precise definition: A function
f:RL — R is differentiable at € RL, if there exists a vector (9;f(z), i € I) € Rl such that

fla+h)=f(z)+ > dif(x)h' +o(|n]),  Vh:a+hecR
el

Note that when z lies in the boundary of R , the requirement z+h € ]Rfr becomes essential. The
differentiability for functions on a wedge, which occur in Section 8, can be defined analogously.
The main result of [3] is the following

Theorem 2.2. Let

ob’ .
ali,f) = 5o (K@), 20,0 el

Then, for allt > 0 and all x € R Y, a.s. the map x — Xy(x) is continuously differentiable in Rfr

and the partial derivatives ntj = a)(;xg ), 1,7 € I, a.s. admit the random walk representation
= Eg; (U =iy Lr>06] - (2.3)

Moreover, the right hand side of (2.3) defines a right-continuous modification of n such that we
have a.s. for allt > 0:

bz 4 .
=i + Z/ 0 nk dr, t € [0,inf CY),
kGI
BbZ . i
n —Z 8:10’“ x))nk dr, t € [inf C*, 00).
kel 10
Proof. See Theorem 1 in [3]. O

2.3 Skorohod’s Lemma about Local Times
In the sequel we shall often use the following lemma to compute local times.

Lemma 2.3 (SKOROHOD). Let y be a real-valued continuous function on [0,00) such that
y(0) > 0. There exists a unique pair (z,a) of functions on [0,00) such that

i) z=y+a,
i1) z 1is positive,
i11) a is increasing, continuous, vanishing at zero and the corresponding measure das is carried
by {s: z(s) = 0}.

The function a is moreover given by

a(t) = igltb(—y(S) Vv 0).

Proof. See Lemma VI.2.1 in [12]. O
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2.4 Minima of perturbed Brownian Motion
For later use we recall the technical lemma the proof of Theorem 2.2 in [3] is based on:

Lemma 2.4. Let (wi)i>0 be a BROWNian motion on (2,P). For all T >0, let 0 : Q — [0,T]
be the random variable such that a.s.

wy < ws, Vs € [0,T]\{6}.
There exists a random variable v > 0, such that for any continuous process f : [0,T] — R with
f0)=0, [fO)=f)<~lt=sl, tse[0T]
a.s. 0 is the only time when w + f attains its minimum over [0,T:
wy + fo < ws + fs, Vs € [0, T]\{6}.

Proof. See Lemma 1 in [3]. O

2.5 The Burkholder Inequality
Theorem 2.5 (BURKHOLDER inequality). For every p > 1, there exists a constant C, such

that for any continuous local martingale M vanishing at zero,

E [Sup |Mt|1°] <C,E [(MV’/Q} :

00
t>0

Moreover, the constant C,, is given by

Cp= (6\/%(]3/2/\/(1 - 1>p, where ¢ :==p/(p—1).

If we consider the stopped martingale M7 for some stopping time T, it follows immediately
that

E | sup [M[?

<O,E [<M>§/2] .
0<t<T

Proof. See, for instance, Theorem IV.4.1 in [12]. The value of the constant C), has been proved
in Theorem 6.3.6 in [4] for discrete time martingales. One can easily generalize this to the
continuous time case: For each T € (0,00) and N € N apply the discrete version to the discrete
martingale M(g—%), 0 <n <2V, observe that

sup{|M(g—]€)|p: 0§n§2N}/tS[LépT]|Mt|p as N / oo
€10,
and
oN p/2
2
> (MEH - m=D) | a0y as N /' .
n=1

Finally apply the monotone convergence theorem.
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3 Continuous Dependence on the Initial Value

In this section we shall prove that the solutions of SKOROHOD SDEs with diagonal noise depend
continuously on the initial value. This result will be useful in the next section, where the
differentiability of such processes w.r.t. the initial value is investigated under some stronger
assumptions. The basic idea of the proof is the same as in Step 1 in the proof of Theorem 1 in
[3] combined with an application of the KOLMOGOROV-CHENTSOV Theorem.

Theorem 3.1 (KOLMOGOROV-CHENTSOV). If (X;)icrn,n € N is a stochastic process on a
probability space (2, F,P) with values in a complete separable metric space (S, p), and if there
exist positive constants o, C, e such that for all s,t € R"

E[p(Xs, X)) < Cls — t]"*,

then, there exists a continuous modification of X, which is HOLDER continuous of order 6 for
each 8 < ¢/a.

Proof. See, for instance, Theorem 1.25.2 in [13]. O

Clearly, the theorem is also applicable, if the parameter set of the process is restricted to [0, c0)™.
We consider for a finite set of indices I the following system of stochastic differential equations
of the SKOROHOD type:

t . .
Xi(z) = ' +/ b (X () dr + I (z) + /JZ(Xr(x))dw;, p>0iel,
(3.1)

for all z € Ri, where (w');e; are independent BROWNian motions on a probability space
(9, F, (Ft)t>0,P) as before. Furthermore, for every i € I the functions b’ and o%: RL — R are
assumed to be LIPSCHITZ continuous with constants K and K ,i:. Then, the pathwise existence
and uniqueness of solutions of equation (3.1) has been proved in [15] (note that RL is convex).
Obviously, the solutions have continuous sample paths.

Theorem 3.2. For arbitrary but fited T > 0, let (X¢(z)) and (X¢(y)), 0 <t < T, be solutions
of (3.1) for some x,y € Ri. Then,

E| sup [Xi(z) = Xe(u)[I"| < Cllz =yl (3-2)
0<t<T

for any fixed p > 4, where C' is a constant that depends only on T and p. Moreover, there
exists a continuous modification of the mapping x — (X¢(7))scjo,m (continuous with respect to
the sup-norm topology).

Proof. Fix T > 0. Since Xf dl}; =0 for all t > 0 and 7 € I, we have

(Xi(2) = Xi(v)) (dli(x) — dli(y)) = —X{(x) dly(y) = X{(y) dli(z) < 0. (3.3)



Using the CAUCHY-SCHWARZ inequality for the Euclidian norm in R! we obtain

> (Xi(e) = Xi(®) (V(Xe(x)) — V' (Xe(y))

iel

1/2
<[|Xy(x ol ( 3 (' (X(x) - bi<xt<y>>)2>
=y (3.4)

1/2
<|| Xe(z Yl (ZKE [ X () — Xu(y )IIQ)

el
=Ky || X (2) = Xe()[1%,

where Kp := (3¢, Kgi)1/2 denotes the LIPSCHITZ norm of b.
Since for all i € [ and z € Ri the mapping ¢ +— [i(z) is non-decreasing and thus of bounded

variation, we have
d(X(z) — X)) = (0 (Xu(@)) — o' (X)) dt. (3.5)

Using ITO’s integration by parts formula, (3.5), (3.3), (3.4) and the LIPSCHITZ continuity of
the functions o, i € I, we obtain

A Xi(z) — Xi(y)|* = Zfd Xi(z) - Xi(y))’
= Z Xi() d(Xi(x) — Xi(y)) +d(X'(x) - X' ()]
—;EZ] Xi(x) - Xi()) (0 (Xu(x)) = V' (Xi(w))) dt
+2Z (Xi(2) = X} () (0" (Xe(x)) = 0" (X)) duo]
+2§; (Xi (@) = X{(y) (dli(x) - dij(y))
+ i(o%xt(m)) — o' (Xi(y)))* dt

< (2K + K3) | Xe(2) — Xe(y) | dt
+2)  (Xi(2) - X[(y) (0" (Xe(2)) = ' (Xu(y))) duw},

el
where K, := (3, K2 )1/2. We write this as
2 2 o [ 2
[Xe(2) = X" < llz = yl” + (2K + Kg)/ X () = X (9) |7 dr

2% / (Xi(2) - Xi(y)) (0(X,(2)) — (X, (y))) dui

el

(3.6)

In the following C;, i = 1,..., 8, denote positive constants only depending on 7" and p.
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We fix any p > 2 and apply the HOLDER inequality twice to the right hand side of (3.6) to
obtain for ¢ € [0, T7:

t p

1Xe(2) — X)IP? < Ca [lz — o] + o ( / 1 () — X, ()] dr)
P
(Z / (Xi(2) - Xiw)) (0*(Xo(@)) — o' (X, (1)) dwi)

el

<Oy llz -y + Cy / 1, (2) — X, ()| dr

(Z/ (Xi(2) = X3() (o' (Xr (@) = o' (X:(9))) dwi) - (37

Note that the last term of the right hand side of (3.6) is a continuous local martingale vanishing
at zero. Its quadratic variation can be estimated as follows:

i,5€l
(XJ( ) = X3(y)) (07 (X (2)) — 07 (X, (y))) d(w’,wi), (3.8)
13 / (Xi(2) — Xi())? (" (Xo(2)) — (X, (y))? dr
el
e / 1X, () — X, (9)[|* dr,

where we used again the LIPSCHITZ continuity of the coefficients o?, i € I. From (3.7), the
BURKHOLDER inequality (see Theorem 2.5) and (3.8) we obtain

E | sup || X¢(2) — X¢(y)||*P

0<t<T
sup / 1X, (@ >||2pdr]
0<t<T

sup (Z/ (X;( ) — Xi(y ))( Z‘(Xr(:r))—ai(X,«(y))) dwi) ]
ier 70

0<t<T
</0T 1%, (2) = X, ()] dr>”/ ] |

Using the HOLDER inequality and FUBINI'S Theorem, this involves

<Ci|lz —y||** + C4,E

+ C3E

T
<Ci o — Y[ + C4E [ /0 X, () —Xr<y>|12pdr] R

E | sup || Xe(z) - Xe(y)[*

0<t<T

T
<Cille =y + CoE [ | i) —Xr<y>r\2pdr]

T
<G ||~”C—y|2p+07/0 E[Sup IIXs(:E)—Xs(y)IIQ’J} dr. (3.9)

0<s<r



Now we can apply GRONWALL’s Lemma to (3.9) to obtain

E| sup [[Xe(z) = Xe()|*| < Cslla -yl p>2,
0<t<T
and this is equivalent to the desired estimate (3.2). By the KOLMOGOROV-CHENTSOV Theorem
(see Theorem 3.1), choosing the Polish space C([0,T]) equipped with the supremum-norm and
p > max(|I[,4), we conclude that x — (X¢(¥));e[o,7] has a continuous modification. O

Note that the result of Theorem 3.2 is still valid, if we replace the term [i(x) in SDE (3.1) by
cli(x) for any constant ¢ > 0.

4 The Derivatives for Skorohod SDEs with Diagonal Noise

In this section we study the differentiability of solutions of SKOROHOD SDEs with diagonal
noise. Compared to the last section we need some stronger assumptions on the coefficients b
and o. For instance their components are required to be differentiable, which is also necessary
in the case without reflection (cf. Theorem 2.1); moreover, for technical reasons the diffusion
coefficients are supposed to be strictly positive and decoupled. In the proof we shall proceed as
follows: By LAMPERTI’S method (cf. Section 3.4 in [9]) we transform the system with diagonal
noise into a system very similar to that in [3]. Then we use nearly the same arguments as in the
proof of Theorem 2.2 in [3] to show, that the solution of the transformed system is continuously
differentiable, and that the derivatives satisfy pathwise a system of ordinary differential equa-
tions like that in Theorem 2.2. Finally we reconvert the received derivatives into derivatives for
the original system.

We consider for a finite set of indices I a system of SKOROHOD SDEs with decoupled diffusion
term:

t t
Xj@) =+ [ )+ lie) + [ (X)) dul, 1200l
0 0 (4.1)
Xi@ 20, di)z0, [ X@diw =0 el
0

for all x € Rfr := [0,00)!. As in the previous sections (w);cs is a family of independent
BrowNian motions on a probability space (€2, F, (F¢)e>0,P). For every i € I we assume that
the coefficients b’ : Rfr — R and o' : R, — R satisfy the following conditions:

i) b e CHRY), o' € C*(Ry),

ii) Je > 0 such that |b(x) — bi(y)| < cllz — v, Vz,y € RL,
iii) 3¢ > 0 such that |o(z) — o'(y)| < ¢l — vy, Vr,y € Ry,
iv) oi(x) > 0, Vo € Ry,

bi(z) 1

— L") (2"), x € RL, is LIPSCHITZ continuous.

v) the function z +— si(z) 2

Then, existence and uniqueness of the solution are ensured as before.
In the following we shall use again the notations c, &, Py, ps, and 7 introduced in Section 2.
We recall that

C':={s>0:X"x) =0} and r*(t) := sup{s < t : X'(x) = 0}, t>0,i€el, (4.2)

with the convention sup ) := 0.
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Theorem 4.1. Forallt >0 and x € ]Ri a.s. the map x — X(x) is continuously differentiable.
ij . 0Xi(x)

Setting 7],; =57, 4,7 €1, and
o' (Xi(x) ol e
= { Gt ) it
o (Xu(w) — o' (X{ (@) ¢'(Xe(2)) if i =,
where
7o) = T @) 4 oy @) el

the deriatives a.s. admit the representation

nij _ Ui(XZ(x))

L gi(ad) Egj (M= Wrsy £6e] » (4.3)

which defines a right-continuous modification of n such that we have a.s. for all t > 0:

W = o' (Xi )){Ujigj)+ / ([ S S ’fﬂ] —gi(Xr(w))ﬁﬁj> dr} (1)

keI

if t € [0,inf C?) and

m! =o' (Xi(x)) {/i(t) ([Ui()('li(x)) 2 883(6); (Xr(x))nffj] - gi(XT(anij) dr} )

T

if t € [inf C*, c0).
Note that, if we set o' = 1 for all i € I, we obtain the result of Theorem 2.2.

Proof. We divide the proof into several parts.

Lamperti-Transformation

For all i € I we define the functions a’ on R by

i . s i/ (Ui),
a' := — with the first derivative (a')" := — 5. (4.6)
ot ot)

—

Note that a’, i € I, is well-defined on R, since ¢* is required to be strictly positive in condi-
tion iv). We set

Al(z) = /0 a(z)dz, reR,iel,

so that A%, i € I, is that function on Ry satisfying (A%) = a' and A*(0) = 0. Hence we
have (A%) = % > 0, i.e. A’ is strictly increasing and there exists the inverse function (A%)~!
[0, A*(c0)) — Ry

Note that, since t + [%, i € I, is a process of bounded variation, we have

d(X}(z)) = o' (X} (x))?dt, i€l
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Then, by IT0’s formula and (4.6) we obtain for A*(X}(z)):

r)) dXj(2) + 5(a") (X{(2)) d{X" (x))¢
) AV (Xe(2)) dt + diy(z) + o' (X{(x)) dwi } + 5(a') (X (x)) o' (X{(x))” dt

dA'(X{(2)) = a'(X}
— ai(X]
= [a'(X{(2)) V' (Xe(2)) = 5(0") (Xi(2))] dt + o' (X{(x)) dli(x) + duwy.

Since dli(x) > 0 only if X}(z) = 0 for every i € I, we have
a' (X} (x))dli(x) = ahdli(z), t>0, witha}:=a’(0)>0.
Now we define the change of variables:
y=Alw) = (A'(2"))ier € M CRL,

where we denote by M the cartesian product of the sets [0, A'(00)), i € I, i.e. M is the
domain of the inverse function z = A~ (y) := ((A*)~!(y*))ics. In the following we consider the
transformed process

Yi(y) = AUXi(z)),  t=0,i€l
Furthermore, we define the functions
MR yed (A7) V(AT (W) - 5 (@) (A7), iel

Note that by our assumptions on the coefficients, in particular by v), b’ is LIPSCHITZ continuous
for every ¢ € I.

By our choice of A%, i € I, in particular since A’ is strictly increasing, we have Y} (y) = 0 if
and only if X{(x) = 0, i.e. both processes have the same local time in zero. Thus we obtain the
transformed system

t
Yi(y) = +/b@< ) dr 4 abliG) fwl, t>0,iel,

Yi(y) >0, di(y / Y () dli(y iel.

The Derivative of YV

Fix any time T > 0. We set C* := {s € [0,T] : Xi(z) = 0} = {s € [0,T] : Yi(y) = 0} and
ri(t) := sup(C* N [0,t]), t € [0,T], i € I. Recall that C, i € I, is known to be a.s. a closed set
with zero LEBESGUE measure without isolated points and that a.s. C* is equal to the support
of the measure dl}(x) on [0,T] (see Proposition VI.2.5 in [12]). Let C' := |J;c; C". Then, the
sets C?, i € I, satisfy the conditions of Proposition 1 in [3].

We set

t
Wit = [ B0 dr+ul, tel0T)iel

By GIRSANOV’s Theorem there exists a probability measure I@(y), which is equivalent to P and
under which (W{(y))ics is a BROWNian motion in R? (cf. Section 7.2 for details). Hence:

Vi) =y + Wily) +ajli(y), tel0,T],iel. (4.7)
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Let (Ap), be the countable collection of the connected components of the set [0,7]\C and
an = inf A,,. Since A, is open, there exists a ¢, € A, N Q. We denote by A? the connected
component of [0, 7]\C? that contains g,,. Then, A, C A‘.
In the following we use the abbreviation y. = y + ce’/ for all ¢ > 0, where (e);c; is the
canonical basis of R, i.e. /(i) = §;;. Fix now i € I. First we consider the case t < inf C?,
i.e. in particular I{(y) = 0. From Theorem 3.2 we know that the map y (Yi(y))tepo,m has a
continuous modification w.r.t. the sup-norm topology. Working with this modification, we can
find a random A’ > 0 such that a.s.

sup |YJ(ye) = Yi(y)| < § inf Yi(y),  Vee(0,A)

0<s<t 0<s<t
(the right hand side is strictly positive a.s. since t < inf C* and Y*(y) has continuous sample
paths). For such e we have a.s. Y(y.) > 0 for all s € [0,¢] and thus li(y.) = 0 a.s.
Hence we obtain a.s.

Vi (ye) = Y (y) =yt —yi+/0 (5i(ﬁ(y5)) —if'(Yr(y))) dr, t<infC! icl.

Now we consider the case ¢ > inf C*: Let n € N such that t € A%, ie. l{(y) =1, (y) = lfni(qn)(y),

since by construction Y (y) is strictly positive on A%. By SKOROHOD’s Lemma (see Lemma 2.3)
we have for all ¢ € [0, T7:

ajli(y) = sup [y’ - Wﬁ(y)} = [—yi — inf Wﬁ(y)] "

s<t s<t

Since in(qn)(y) =0, ay > 0 and s +— [%(y) is non-decreasing, we see that

Wiy @) = =y —aj Ui, () < =" —abli(y) = =Y (y) + Wily) <WI Vs € [0,7%(gn)].
Hence, using lfh (y) = lfﬂ-(qn)(y), we conclude that inf,<g, W; (y) = infsgri(qn) Wg(y) =W (qn)(y)
and

o o 4 NP N + 4
) =0 = [ = o 0] = [ W] e

On the other hand, we have by SKOROHOD’s Lemma for all € > 0:

abli(ye) = sup [y + Wi(y:) | =sup [yl + Wiy) + (Wiw) - Wi)]

s<t s<t
- [—yz —inf (WiGw) + (Wiwe) - W;@)))r, telo1)iel.

Since Wi(y) is a BROWNian motion under P(y), i.e. the law of W(y) is absolutely continuous
w.r.t. the law of a BROWNian motion, applying Lemma 2.4 a.s. for every ¢ € [0,7] N Q, there
exists a random variable 9; such that Wl(y) attains its minimum over [0, ¢] only at Hé. Moreover,
we can find a random variable 'yé > 0 such that every vé—LIPSCHITZ perturbation of Wl(y)
attains its minimum over [0,q] only at 6;. Fix now g,. From Theorem 3.2 we know that

Y = (Yr(Y))refo,q,) 18 continuous w.r.t. the sup-norm topology. We choose A’;L > () such that a.s.

L xi
sup [[Yr(ye) =YVl < 5., Ve € (0,A),

7<gn Ki,i
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where Kj; denotes the LIPSCHITZ norm of bi. For such e we have

sup [1(3500)) = B O] < K sup V2 0e) = Yo ) < 9,
TSqn

7<qn

and we obtain for f(s) := Wi(y.) — Wi(y)

10 - 5601 =| [ (020 ~#0h0) ar

<A It —s|

b (Y (ye) = b (Ye(w))| [t — s

< sup
r<gn

for all s,t € [0, gy], i.e. f has LIPSCHITZ continuous sample paths if € € (0, A?). By Lemma 2.4,
since W*(y) attains its minimum over [0, g,] only at 0, = r(qn), we get for such e:

. N ri(an) . N i
agly, (ye) = [—yé ~ Wi @) —/0 (bZ(Yr(ya)) —bZ(Yr(y))) d?“] :

Then, for € € (0, AL) with A% := min(A?, A?), we have I (ye) =1 (y) =0if g, <infC". In

the other case g, > inf C? we have a, lf]n (y) = —y* — Wfi(qn)(y) and, possibly after choosing a

smaller Al yt + Wﬁi(qn)(yg) < 0 resp. ajl} (y=) > 0, so that
o ram) . .
bl 02) = =i = W) = [ (F0(0) = B On(0) i
Obviously we have for all ¢ € [0,T]:
Y (ye) = Yi(y) = by + /Ot (B0 () = (W) ) dr + ab Li(e) - ai ().
We set for alli € I, t € [0,7] and € > 0

7735(5) — Y; (yé) 8_ Y;t (y), An — rznel}l Az
Vo i=aY(ye) + (1-a)Yi(y), ac[01].

Since by chain rule

' ldéiyafd
o= | e do

1 d A‘a:
:/ 0 (@Yo (ye) + (1= @)Y (y)) da
0
"
8 B (v - i) o

we obtain a.s. for all n € N, ¢ € (0,A%) and ¢t € A%:

0 =0+ % [ (F00) - B 07 w))

o [
0

[/ ol = (Y,7F) da] k(e) dr, t € [0, inf C?)

kel
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and
: 1t e .
e =1 [ (0 - H i) @
ri(t)
‘ L ob’ A
= / > F (%) da qf(e)dr,  te (infC"T].
v ey [Jo 9

Thus we have a.s. for all e € (0,A,,), i€ I and t € Ay,:

e =i, + [ 3

1 ai)z
[ ) (Yﬂ’g)da] iy (e) dr.
n ke[

oyk

Now we are exactly in the same situation as before Step 5 in the proof of Theorem 1 in [3].
Therefore, by the same reasoning as in Step 5 and 6 of that proof we can conclude that y — Y;(y)
is continuously differentiable a.s. for all ¢ > 0 and, setting

N .
ct(i,j) = 5>Yely), t>0,4,j€l, (4.8)
dy

we obtain that the derivatives of Y;(y) a.s. admit the following random walk representation:

Y/ (y)
oyl

= Egj [Me—iyUr>e106,4] - (4.9)

Moreover, the partial derivatives satisfy a.s.:

O} (y) / ! ob' OV (y) . o i
=0 + Y, . dr, if ¢t € [0,inf C*), 4.10
o =00 [ (S o0 0.nfCY), (410
OYiy) _ / ! ob' oY (y) O
a0 E oy (Yr(y)) oy dr, if ¢ € [inf C*, 00), (4.11)
®) \ker

where C* and 7%, i € I, are defined as in (4.2).
Notice that the derivatives do not depend on the constants ag, 7 € I.
Reconversion

From the definition of A and o it is obvious that for every k € I the k-th component of A(z),
T € ]Rfr, does only depend on the k-th component of z, i.e. A¥(z) = A¥(2*), so that
0AF ()
OxJ

=0 ifj#k (4.12)

The inverse function A~! has this property, too. Using the formula for the derivative of inverse
functions we obtain
. . 1 1 o
AHY Y (yh) = — : = — (), icl. 4.13
= Gy o ~ @ye) 7 (449

By construction we have

Xi(@) = (AT (Y (A@), t=0i€l,
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and by chain rule, (4.12) and (4.13) we get

X} (x) i) Y/ (y ()
OxI = (49~ kzel k 8;1:3

_ o'(X{(x)) 9Y{(y) ,
=56 oy t>0,i€l (4.14)

If we replace the partial derivative of Y in (4.14) by the right hand side of (4.10) resp. (4.11),
we still have to reconvert the integrands: First we obtain by chain rule and (4.13)

Vi) 0 B 0Xf(z) 0(A™H(y)
T =g AEAT )] = (X 2Dy ) 5

1 oXb@) A ()

T oF(Xf) 0ad oy

_ @) aXf@, t>0,kjel. (4.15)

ok (XF(z)) Ol
We recall that
bi(y) = a'((A) M) b'(A7 (W) — 3(0") (AN '), iel
Using chain rule, (4.6) and (4.13), we obtain for the partial derivatives of b’, i € I

b’ 1
o CORTDY

lel

o (AN~ 1 obt
ST W) (ayl ) = 7

(z) ok (zF), if k #1,

and differentiating w.r.t. the i-th variable yields by product rule, chain rule, (4.6) and (4.13):

T — (A ) (49 ) A )
1 abi L0 NI A AU
S @) 0 @)~ ) () ()

_ O'Z(l’l) (_ (01)/(x2) b’L('T) + O-l(lxz) gg;(x) _ %(01)//(111))

where N
g'(x) = (((;()x(;;) bi(x) + %(Ui)”(xi), 1€ 1.

Thus, we have for all t > 0 and i €

o (X¢(x)), if k #£ 1, (4.16)
and

@(n(y)) = 551 Ke(@) = o' (X{(2)) " (X (). (4.17)
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Hence, we obtain by (4.15), (4.16) and (4.17) for all ¢ > 0 and i € I:

b’ Y}k
> i) S

oIi(ad)  9XE(x) ol(x?) 0X|(x)

_ Uk(th(f’«")) o’ " (X (1) ¢ T
= ki) 3 N ity ) o N T
ol(z?) o OXf(x G 0X}(x
> s ) FEE - i o e (4.18)
Setting nj? i= 252 1 > 0,4, j € I, we use (4.14), (4.10), (4.11) and (4.18) to obtain a.s. for
t € [0, inf C?)
i 2Xi@) 9vi()
o) oy
_Ui(Xti(f)) TR, youy ! 1 % N ki — g 2)) i .
= 7Uj(l’j) {5zj +o’( J)/O (g |:0.1(X724(x)) axk(XT( ) Urj] g (X ( ))777‘]> d }
= o' (X{(2) {0(1)6 + (; i) | - @) n:;j> dr} ,

and for t € [inf C?, 0)

ij:aiXZx t
w = o (”/ﬂ@(

i.e. we obtain (4.4) and (4.5). Finally, inserting (4.9) into (4.14) leads to

44 UZ(XE(QZ)) c ¢
W= e Pos Me=lmnrhd s

S i e K@) ] - X, ) 7737> dr.

kel

where ¢, defined in (4.8), is equal to that in the statement by (4.16) and (4.17), which proves
the representation in (4.3). O

5 Excursus: Feynman-Kac Formula for inhomogeneous Markov
Processes

This excursus deals with time-inhomogeneous MARKOV processes. At first we define the transi-
tion functions for such processes and the corresponding time-dependent infinitesimal generators.
Then we prove the analogues to the forward and backward equation in the time-inhomogeneous
case, where we often use the relationship between generators and solutions of martingale prob-
lems. To keep things simple we assume the state space of the process to be finite. The main
purpose of this section is to deduce FEYNMAN-KAC formulae for solutions of CAUCHY problems,
whose PDEs contain time-dependent generators. We investigate two types of CAUCHY problems
differing in the time variable, whose derivative appears in the PDE. Thus two FEYNMAN-KAC
representation are given, called forward and backward FEYNMAN-KAC formula. The back-
ward FEYNMAN-KAC formula is a generalization of the backward equation like in the time-
homogeneous case. Unfortunately, the forward version cannot be transfered directly from the
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homogeneous case, which is certainly due to the time-dependence of the generator. Therefore,
we have to change the underlying MARKOV process by a time-transformation in the generator.
In this section we denote by X the considered MARKOV process, because this is the most
conventional notation, and not the solution of a SKOROHOD SDE as in the other sections. Since
this section doesn’t deal with SDEs at all, there should be no danger of confusion.

Some of the results in the first subsection can be transfered directly from the homogeneous
case. Therefore, the proofs of the homogeneous analogues are simply adapted to the time-
inhomogeneous case (cf. the references).

5.1 Basic Definitions and first Properties

We consider a time-inhomogeneous MARKOV process (X;);>o with finite state space I: Let
Q= D([0,00),I) be the space of I-valued cadlag functions, where I is endowed with the
discrete topology. For w € Q, set X;(w) = w(t), i.e. X is the coordinate process, and define
F)i=0(Xs; s <t)and FO:= 0(X,; s < o). Furthermore, for each s > 0 and i € I we denote
by Ps; that probability measure on (2, 7°), under which X; =i for all ¢ € [0, s] and (X;)¢>s has
the law of a time continuous MARKOV process, that starts in 7 at time ¢ = s and is associated
with a given transition function P(s,t,.,.) on (I,P(I)) in the sense of

Definition 5.1. A transition function on (I, P(I)) is a family P(s,t,.,.), 0 < s <t, of functions
P(s,t,.,.): I xP(I) — [0,1] such that

i) P(s,t,.,.) is a stochastic kernel, i.e. P(s,t,i,.) is a probability measure on (I, P(I)) for
each i € I and P(s,t,., A) is P(I) measurable for each A € P(I),

”) P(8757i7{j}):5ij7 iquI;SZOJ

i11) the CHAPMAN-KOLMOGOROV equation is satisfied:

> P(s,t,i {k}) P(t,u, k, {j}) = P(s,u,i,{j}), 0<s<t<u, ijel (51)
kel

Of course, (P(s,t,.,.))>s>0 can be interpreted as a family of stochastic matrices, since the state
space [ is finite. To simplify the notation, we set

p(s,t,4,j) == P(s,t,4,{j}),  4,jel,0<s<t.
Moreover, we shall assume that X is a regular jump MARKOV process, i.e.

e for arbitrary (s,4,j) € [0,00) x I x I the limit

. p(87t7z7j)_52] L
ltlgl P =:qi;(s) (5.2)

exists and

e the convergence in (5.2) is uniform in (s,4,j) € [0,¢] x I x I and the function g;;(s) for
fixed i, € I is continuous in s € [0, t] where ¢ € [0, 00) is arbitrary.

These conditions are necessary to ensure the differentiability of the transition probabilities:

Remark 5.2. The transition probabilities p(s, t, 1, j) of a regular jump process are differentiable
w.r.t. t for t > s and they are differentiable w.r.t. s, s < t.
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Proof. See Theorem 2 and 3 in Chapter 1 in [6]. O

The differentiability w.r.t. ¢ will also be pointed out later in Proposition 5.4.
Now we consider the family of bounded operators (Ps¢), 0 < s < ¢, on the real-valued functions
on I, generated by the transition functions:

Poif (i) = Ei[f(X0)] = > p(s,t,4,5) F(5)- (5.3)
JelI
Then the CHAPMAN-KOLMOGOROV equation implies the following analogue to the semigroup
property:
Py y(Piuf) = Psuf, 0<s<t<u, (5.4)

which can easily be checked as follows: For 0 < s <t <w and 7 € I we have

Ps,t(Pt,uf)(i) = Zp(s,t,i, k) Pt,uf<k) = Zp(37tv iv k) Zp(t7u7 ku]) f(])

kel kel jeI
- (Srtetitpttnn) 50 = Tntni 16
jeI \kel jeI
- s,uf(i)-
Definition 5.3. The time-dependent operator (L¢)i>0 on the real-valued functions on I, defined

by
. l h s +h I

is called (time-dependent) infinitesimal generator of the process X .

Note that by our assumptions, in particular by (5.2), L;f is well-defined for all real-valued
functions f on I and all ¢ > 0.

From now on, f always denotes a real-valued function on I. Since we have assumed the state
space I to be finite, in this context the generator can be interpreted as time-dependent Q-
matrix Q(s) := {qgi;(s); i,j € I}, s > 0, where g¢;;(s) is defined as above in (5.2), i.e. g;;(s) is
the right-hand derivative of ¢ — p(s,t,4,7), t € [s,00), at t = s. The following properties of the
(-matrix are obvious by definition:

G (s) =0 ifi#j, > qr(s)=0, i,jel, s>0.
k

Finally, the generator is given by
Lif() = Q)N =D am(®) (k) =D an(®) (f(k) = f(i),  t>0,iel,
kel kel

since for all7€ I and ¢t > 0

(Pt f Q) = F0)) = 3 (Puacnf ) = Paf()) = X 1 (blt, 0+ i ) = plt, 1,0, ) F(8)
kel
T Sl 00

Next we state the analogue to the forward equation (cf. Proposition VII.1.2 in [12]).
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Proposition 5.4. For any fixed s > 0,

i) the function t — Psf on [s,00) is differentiable with derivative %P&tf = Ps (Lt f),

i) Poyf — f= [! Poy(Lof)dr.

Proof. Fix s > 0. From the definition of P, for t > s in (5.3) it is obvious that this operator
is linear and continuous in f. Thus we obtain using (5.4)

1 o1 ) Biiynf—f

lim — [P, — P, f] =lim = [P,4(P, — Py f) =lim Py | ————

lim h[ s+t tf] im h[ t(Prirnf) tf] im ,t< N
- S,t(Ltf)7

i.e. the right-hand derivative of ¢ — P;;f exists and is equal to Ps(L;f). On the other hand,
the function ¢t — fst P, (L, f)dr,t > s, is differentiable and its derivative is equal to Ps (L f).
Since two functions, which have the same right-hand derivative, only differ by a constant, it
follows that

t
Ps,tf:/ Ps,r(er)dT+C

for some ¢ not depending on ¢. This proves i) and, choosing t = s, it follows that ¢ = f, which
proves ii).

O

The following proposition describes the probabilistic significance of generators. It points out the
relationship between generators and solutions of martingale problems (cf. Proposition VII.1.6
in [12]).

Proposition 5.5. For any fized s > 0 and i € I, the process (M?f)tZS, defined by
t
M= F00) - £06) - [ Lef)
S
is a ((FP)t>s, Psi)-martingale.

Proof. Fix any s > 0 and 7 € I. Obviously the process M*7 is adapted to the natural filtration
of X and MtS /s integrable for each t > s, since f and L;f are bounded for all ¢ > s. Hence,
it is sufficient to show that the martingale property holds: For s < u < t we obtain by the
MARKOV property:

Es; [Mtsf‘ 7:3} = M3 + B, |:f(Xt) - f(Xu) - /t L, f(X;)dr

}'3}
— M+ B, [ 100 - 5000 - [ L) .

But for any k € I we have by FUBINI’S Theorem and Proposition 5.4

Bt | 1060 - 105 - | L) ir| = Puaf )~ 0 - | Py (Lo ) (K) dr = 0,

which completes the proof. O
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We extend the last result to the time-space process (¢, X;) (cf. Lemma IV.20.12 in [14]).

Lemma 5.6. For any fized s > 0 and i € I, let g be a real-valued function on [s,00) x I :
(t,j) — g(t,j) such that %g(t,j) exists and is continuous for every j € I. Then, the process
(M%)i>s defined by

N7 = (00 g6, X0) — [ (gl X+ Lug(r ) (6 dr

is a local ((FY)i>s, Ps,i)-martingale.

Proof. Fix any s > 0 and 7 € I. Since

g(t, X¢) = Zg(t,j) Lix,—j

jel

and the martingale property is preserved under linear transformations, it is sufficient to prove
the lemma when ¢ has the form

g(t,3) = h(t) (7)),

where h is a continuously differentiable function on [s,00). From the definition of the process
M*7 in the statement of Proposition 5.5 we have

df (Xy) = dM;T + Ly f(Xy) dt.

Using the integration by parts formula for finite variation processes (see e.g. Section IV.18, p. 27
in [14]), we obtain

dg(t, Xe) = W(D)F(X0) dt + h(t) df (Xe) = [I())F(X2) + h(t)Lof(X0)] dt + h(t) dM

0
= [ 19000 + Lugle. (X0 + ) g

Since M*7 is a martingale by Proposition 5.5, (fst h(r) dMTS’f) N is a local martingale and the
t>s

result follows.
O

5.2 The Backward Equation and a Backward Feynman-Kac Representation

Now we are going to prove the analogue to the backward equation in the time-inhomogeneous
case. For that purpose we need the following

Lemma 5.7. For any fizedt > 0 and i € I, the process (Ps;f(Xs))o<s<t is a (Fo<s<t, Poi)-
martingale.

Proof. Since the process is obviously adapted and integrable, we have only to check the martin-
gale property: Using the MARKOV property and the projectivity of conditional expectations,
we obtain for 0 < u < s <t

Eo,i [P f (Xs) | Fi] = Eoi [Bo x,[f (Xl | Fo] = Bo [Boalf (Xe) | FI Fo] = Eou [f(X0) | 7]
= L, Xy, [f(Xt)] = Pu,tf(XU)-

O
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For the next result we need the additional assumption that the transition probabilities p(s, ¢, 1, j)
are even continuously differentiable w.r.t. s, s < ¢ (cf. Remark 5.2).

Proposition 5.8 (Backward Equation). For any fized t > 0 we define the function u on [0,t]x I

by (s,i) — u(s,i) := Psyf(i). Then, u(.,i) is continuously differentiable for every i € I, and
satisfies the CAUCHY problem:
0

——u(s,i) = —Lsu(s,.)(i),  Vse[0,t],iel, (5.5)

Proof. Clearly, the function u defined as in the statement satisfies u(¢,.) = f and u is continu-
ously differentiable in s by the regularity assumptions to the transition probabilities. We recall
that by Lemma 5.6

MO = u(s, X,) — u(0, Xo) — / [gu(r, Xy) + Lyu(r, ) (Xy)| dr
0 T
=:u(s, Xs) — u(0, Xo) — As, s €1]0,¢],

is a local martingale relative to Py ; for any i € I. Since by Lemma 5.7 (u(s, Xs))o<s<t is a Pp -
martingale, we conclude that (Ag)o<s<¢ is a continuous local martingale of bounded variation.
We recall that such martingales are constant a.s. (cf. Proposition IV.1.12 in [12]), i.e. we obtain
A =0 a.s. and thus

gu(s, Xs)+ Lsu(s,.)(Xs) =0 ds® dPy,; a.e.
s

Since Zu(s,j) + Lsu(s,.)(j) is continuous in s for every j € I, it follows that u solves (5.5). O

Next we shall show that u, defined as in Proposition 5.8, is the unique solution of the CAUCHY
problem in (5.5). To this aim we shall transfer the uniqueness theorem of TYCHONOV (cf.
Section 4.3.A in [7]) into our setting. This requires some preparations:

For fixed s > 0 and ¢t > s, we denote by ]5()8: the probability measure on D(][0,s], ), under
which the coordinate process (X, )o<r<s is a MARKOV process with state space I, that starts at
time r = 0 in ¢ and is associated with the time-dependent generator (Li—sr)o<r<s-

Remark 5.9. Analogously to Lemma 5.6 one can show that for arbitrary ¢ > s >0, ¢ € I and
g as in Lemma 5.6 the process (M;"9)o<,<, defined by

MBI =g(t — s+ 7, X,) — g(t — 5, Xo)

_ / (;ﬂg(t — S+ leXr’) + Ltferr’g(t — s+ T’,, )(XT’>> dr’
0

is a local martingale relative to ]5(‘)9 f

Theorem 5.10 (TYCHONOV). For an arbitrary but fized t > 0, let u be a function on [0,t] x I
such that u(.,1) is continuously differentiable for all i € I, and suppose that u satisfies

O u(si) = ~Lou(s, )i).,  Viel s

—u(s,i) = —Lgu(s,.) (i), i , S Lt

0s # (5.6)
u(t,.) = 0.

Then uw=0 on [0,t] x I.
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Proof. Since u satisfies the boundary condition, it suffices to show u(s,.) = 0 for all s € [0, 1).
Let s € [0,t) be arbitrary. By Remark 5.9 we know that

Mfth - U(t — s+, XT) - U(t -5, XO)

,
- / (;ﬂlu(t — s+, X))+ Li_grpu(t — s +1/, .)(Xr/)) dr’, r € [0,s],
0

(5.7)

is a local martingale relative to ]S(i’f for some i € I. Let (7,)nen be a localizing sequence. Then
the stopped process is a martingale with zero mean. Since u satisfies the CAUCHY problem in
(5.6), the integral in the right hand side of (5.7) is equal to zero. Thus, taking expectations in
(5.7) w.r.t. P(ff leads to

u(t — s,1) = Eé’f [u(t — s+ (r Amn), Xear,)] neN, relo0,s].
We let n tend to infinity and obtain by the dominated convergence theorem
u(t — s,4) = ng [u(t —s+r, X,)], r €0, s].
In particular, choosing r = s:
ult = s,4) = Egj [u(t, X,)] = 0,
since u(t,.) = 0 from (5.6), and the proof is complete. O

Corollary 5.11. In the situation of Proposition 5.8, u(s,i) := Ps;f(i) is the unique solution

of (5.5).

Proof. Let u; and ug be two solutions of the CAUCHY problem in (5.5). Then u; — ug satisfies
(5.6) and from Theorem 5.10 it follows that u; — ug = 0.
L]

Now we are able to state a backward FEYNMAN-KAC representation for time-inhomogeneous
MARKOV chains, which is a generalization of the backward equation, since we only modify the
CAUCHY problem by adding a linear inhomogenity «:

Theorem 5.12. For an arbitrary but fived T > 0, let v be a real-valued function on [0,T] x I
such that v(.,1) is continuously differentiable for every i € I and suppose that v satisfies the
CAUCHY problem

—%v(s,z‘) = Lsv(s,.)(i) — K(s,1) v(s, 1), Vs e [0,T),i€l,

U(Tr) =/

(5.8)

where k denotes a real-valued function on [0,T] x I such that k(.,1) is continuous for every
i € I. Then, v admits the stochastic representation on [0,T] x I:

o(s,1) = Eys [ F(X7) exp (- / LX) dr)} . (5.9)
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Proof. In the case s = T the representation in (5.9) is obvious. For any s € [0,7) and ¢ € I,
the process

N tr7 9
M) =o(t, Xt) —v(s, Xs) — / (av(r, X))+ Lyv(r, )(XT)> dr, t e [s,T],
T
S
is a local martingale relative to Ps; by Lemma 5.6. We write this as
0 -
d’l)(t, Xt) = <8t1}(t, Xt) + Lt’l)(t, )(Xt>> dt + thSw.

Using the integration by parts formula and the fact that v is a solution of (5.8) we obtain

d [v(t,Xt) exp< /t w(r, X, dr >]

:exp< > [dv(t, X¢) — K(t, X¢) v(t, X;) di]

= exp <_ ) [dM” + < 0t X0) + Lo(t, ) (X0) - ﬁ(t,Xt)v(t,Xt)> dt}

=exp <— >dMS”

so that

v(t, X;) exp <— /:n(r, Xr)dr> = v(s, X,) + /: exp (- /u k(r, X, dr) MY, tels,T).

(5.10)

Notice that the integral in the right hand side of (5.10) is a local martingale relative to P ;.
Let (75)nen be a localizing sequence. Since the stopped process is a martingale with zero mean,
taking expectation w.r.t. Py; in (5.10) yields:

tATh
v(s,i) = Es; [v(t A T, Xinr, ) €Xp <—/ k(r, X;) d’r)] , n € N.

We let n tend to infinity and obtain by the dominated convergence theorem:

o(s,1) = Eis |:U(t,Xt) exp <— /: K(r, XT)drﬂ C tels Tl (5.11)

In particular, choosing ¢t = T" in (5.11), we obtain

o(s,i) = By, [ F(X7) exp <— / L X)) dr>] ,

which completes the proof. O

5.3 A Forward Feynman-Kac Representation

For the forward version of the FEYNMAN-KAC formula it is required to consider a transformation
of the underlying MARKOV process in the following manner: For arbitrary but fixed s > 0 and
T > s, we define the time-reversion

p(t) :==s+T —t, te[s,TY,
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to simplify the notation in the sequel. Furthermore, for ¢ € I let Pst be the probability measure
on D([0,T],I), under which the coordinate process (X, )o<,<7 is constant equal to ¢ up to time
r = s and (X, )s<r<7 is @ MARKOV process with state space I, that starts at time r = s in
i and is associated with the time-dependent generator (L,,))s<r<7. Note that under sz we
have simply (X, )o<r<s = i.

Remark 5.13. Analogously to Lemma 5.6 one can show that for arbitrary s > 0, ¢ € I and

T > s and g as in Lemma 5.6 the process (M%), <p defined by

M9 =g (u(t), Xi) — g(u(s), Xs) — / (—;,g(u(r%Xr) + Ly g(p(r), -)<XT)) dr

is a local martingale relative to PA’STZ
This can be generalized as follows:

Lemma 5.14. For arbitrary s > 0, i € I and T > s, we consider the process (Hy)s<i<r defined
by

¢
Hy = (u(t), Xy, Zy) with Z; = / Kk(p(r), Xp) dr,

where Kk : [0,00) x I — R is a function such that k(., ) is continuous for every j € I. Moreover,
let ¢ : [0,00) x I x R — R be a function such that %(j)(t,j, z) and %(b(t,j, z) exist and are
continuous for every j € I. Then, the process (MS’T’¢)5§t§T defined by

M = ¢(Hy) — ¢(H,)

[ (000 4 B 00001 2000+ ), X0) ) )

t
= o(H) ~ 6(H) ~ [ Luo(H,)dr (5.12)

s a local martingale relative to ]58T i

Proof. 1t is sufficient to prove the lemma when ¢ has the form
Ot ,2) = h(z) g(t, )

with & € C'(R) and g as above in Lemma 5.6 (for general ¢ we can use a monotone-class
argument). By definition of M%7 in Remark 5.13 we have

. 0
dal0):X0) = a4 (= a0, X0 + Lyya(u(0). ) (X)) .
Applying the integration by parts formula yields:
d(Hy;) =g(u(t), Xo) dh(Zi) + h(Zy) dg(u(t), X1)

=r(u(t), Xo) B (Zy) g(u(t), Xy) dt

+h(z) K_gtg('u(t)’ Xe) + Ly g(u(t), ‘)(Xt)> dt + ths’T’g]

- [*”"W(t)v Xi) §Z¢(Ht> + Ly d(ult), - Z0)(Xi) — gtqﬁ(Ht)] dt + h(Zy) dM;™.

By Remark 5.13 the last term is a local martingale and the result follows.
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Now we are able to prove a forward version of the FEYNMAN-KAC formula, following the idea
of Theorem 8.2.1 in [11]:

Theorem 5.15. For an arbitrary but fized s € [0,00), let v =v(s,.,.) be a real-valued function
on [s,00) X I such that v(s,.,1) is continuously differentiable for every i € I and suppose that
v satisfies the CAUCHY problem

av(s,t,i) = Lyw(s,t,.)(i) — k(t, 1) v(s,t, i), Vt € [s,00), 1 € 1,
v(s,s,.)=f,

where k denotes a real-valued function on [0,00) X I such that k(.,1) is continuous for every
i € I. Then, v admits the stochastic representation on [s,00) X I:

(5.13)

o(s i) = B, [f(Xt) exp <_ /:fg(s o, X,n)drﬂ . (5.14)

Proof. Clearly, the representation in (5.14) holds for t = s. We use the same notation as in
Lemma 5.14. Let (7,)nen be a localizing sequence of M#T:% je. for every n € N the stopped
process (M $T:¢)™ is a martingale relative to PSTZ with zero mean. Thus, taking expectations
in (5.12) yields:

tATh
EL ottt = o(Ti0) + B | [ Loty ar| el
Choosing a special ¢ by
o(t,j,z) = exp(—2) v(s, 1, j),
we obtain for all t € [s, T:
0
Lu¢(Hy) = exp(—Zy) <_8tv(suu(t),Xt) + Lyyv(s, p(t), ) (Xe) — w(u(t), Xi) v(s, M(t)aXt))
=0,

since v satisfies (5.13). Thus we have for all ¢ € [s,T] by our choice of ¢, using the dominated
convergence theorem

U(S’ T, 7’) = ¢(T’ i, 0) = Esj:z [¢(HtATn)]
tATh
= BT, Jexp (= [ R0 ) ) ol lt A ) X )
t
— BT e (- [ wulr), X dr) s X0 wsnt
In particular, choosing ¢t = T', we obtain
A T
v(s, T,1) = E?l [exp (—/ k(s+T—r,X;) dr) f(XT)} .

Since T' > s is arbitrary, the result follows.
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6 Random Walk Reprensentation

In this section we discuss an alternative approach to prove the random walk representation given
in Theorem 2.2, while we assume that the drift coefficients have nonnegative derivatives. The
idea is based on the penalization method and an application of the FEYNMAN-KAC formula,
established in the preceding section. This approach seems to be the most convenient method
to prove random walk representations, but, unfortunately, it does not lead to a complete proof
here.

We consider the following system of SKOROHOD SDEs for a finite set of indices I, introduced
in Section 2.2:

t
X/ (x) :xz—i-/ b (X, (x)) dr + 1 (x) + wy, t>0,i€el,
0
- (6.1)
X{(z) 20, dij(z)>0, / X{(x)dlj(z) =0, i€l
0

for x € ]Rfr and a BROWNian motion w as before. In this section we number the elements
of I, i.e. without loss of generality we set I = {1,..., N} for some N € N. Recall that the
coefficients V', ¢ € I, are supposed to be continuously differentiable and LIPSCHITZ continuous.

For all i € I we extend the domain of b* to R! by setting b*(z', ..., zF "1 o* 2F+1 2N =
bi(xl, ... 2kt 0,28 2N for 2F < 0, k = 1,..., N. Moreover, we assume the partial
derivatives of b* to be nonnegative:
b’
_(z) >0, veeR!, ijel. 6.2
)2 j (62)

First we shall apply the penalization method to approximate the solution of (6.1). To this aim
we shall use some of the techniques in [5] and [10].

6.1 Penalized SDEs

We replace the local times dli(z), i € I, appearing in the SDE (6.1) by the penalization term
% (X{(z)) dt, e >0, ie. the penalized SDE is given by

X =at+ [ (V) + LG @) ) arkul, tzoien (69

Notice that the solution of the penalized SDE can take negative values (for this reason the
domain of the coefficients b’, i € I, was extended to RY ). Setting

1

hi(z) == b'(z) + - ('), i€l e>0, (6.4)
the SDE (6.3) reads
X (z) :x’—i-/ hi(X:(x))dr 4+ wy, t>0,iel. (6.5)
0

We observe that for all i € I the LIPSCHITZ continuity of the functions b° and z +— (z)~, = € R,
implies that hl is also LIPSCHITZ continuous for all ¢ > 0. Thus, existence and uniqueness of
solutions of the penalized SDE are ensured for every € > 0. As we have mentioned above, we
shall prove that the solutions of the SDE (6.1) can be approximated by those of the penalized
SDE in (6.3). First we state a comparison theorem for the penalized SDEs.

In the sequel the argument = of the process X resp. X°¢ is suppressed.
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Proposition 6.1. Assume that 0 < e < &€ < 1. Then, Xf’i < Xf’i holds a.s. for all t > 0 and
;€ 1.

Observe that for 0 < e <& <1
hi(z) < hi(x), VeeRl icl. (6.6)

Unfortunately, we cannot apply the comparison theorem in Proposition 5.2.18 in [7] to prove
Proposition 6.1, because this is only applicable in the one-dimensional case. So we prove
Proposition 6.1 in a similar manner to Proposition 4.2 in [5]:

Proof. We have to show that for fixed 0 <e <& <1
Al= X0 - X' <0, Vt>0,iel.
Recall that we have set I = {1,..., N}. We introduce the following notation:

Xta,e‘,k;:: (thl XaanlH—l --aXt&N)a k=1,...,N,

for all ¢ > 0. Note that Xf’g’k and Xf’g’k_l, k=1,...,N, differ only in the k-th component
and the k-th component of their difference is equal to AF.
We apply the mean value theorem of differential calculus to obtain for all ¢ € I and t > 0:

N

} _ bz
bZ(XtE> _ bl Z bl X€€ k) _ bz X€ & k— 1 Z 88$k (67)
k=1

with &8 =X 19, <Xf’k - Xf’k> for some Oy € (0,1), k=1,...,N.

By our assumptions we have

ob’

w(:p) €0,Ky], VreRlikel,

where Kj; denotes again the LIPSCHITZ constant of b, i € I. Hence, we can estimate (6.7) as
follows:

(Afg)+ . (6.8)

WE

(Af)+ — Ky
k=1 k=1

Mz

Note that A% = fg (RL(XE) — hL(XE)) dr, t > 0, is a continuous process of bounded variation
for every ¢ € I. Thus, using the integration by parts formula, (6.5) and (6.6) we obtain:

5d {Z [(Ai)*r} SO [(a@)*ﬁ =3 ()T dAy = 37 (AT (h(XT) — K(XD))

icl il iel icl
= > (AD T [(AL(XF) — hi(XF)) + (RL(XT) — hE(XF))] dt
icl

<ZN hL(X5) — hL(XF)) dt.
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From (6.4), (6.8) and the fact that z — (z)~ is LIPSCHITZ continuous, we obtain

(00} = {3 e v sy L () - () ] fa

el el el
g{Z(A;’)*KbiZ( !;) +C1 > (A) \N}
el kel i€l
<SG > (a) +012[N b,
el el

and by the CAUCHY-SCHWARZ inequality we get
1 412 n+]2
SIS [@) ] p=ad (@] a (6.9)
el iel

where Cj, i € {1,2,3}, are positive constants not depending on t. We integrate both sides of
(6.9) in t and, since A} = 0 for every i € I, this involves

1 A
5 > [(A; < 03/ Z N dr. (6.10)
el i€l
Now we can apply GRONWALL’s Lemma to (6.10) to obtain
412 ,
Z[(A;) } —0, t>0,iel,
el
in particular (Aé)Jr =0 for all 7 € I and ¢ > 0, which completes the proof. O

Next we shall prove the existence of supg.. .1 X;. To this aim we need the following proposition,
which shows that the solution of the SDE with reflection term in (6.1) is an upper bound of
the solutions of the penalized SDE (6.3) (cf. again Proposition 4.2 in [5]).

Proposition 6.2. For all 0 < e < 1, Xf’i < X} holds a.s. for allt >0 andi € I.

Proof. Proceeding as in the proof of Proposition 6.1, we have to show that for any fixed 0 < ¢ < 1
Pii=X'— X <0, Vt>0,iel.

Analogously to (6.7) and (6.8) we can conclude that

<¢f)+. (6.11)

M=

V(XF) — b (X;) < Ky
k=1

Furthermore, if ¥ > 0, we have Xf’i > 0 and therefore (Xf”)i = 0 for every ¢ € I. Since on
the other hand dlf; >0 forall t >0, i€ I, it follows that

()" E (xi9) ar- dlf;] <0, WVt>0ji€l (6.12)
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Since ¢, i € I, is a continuous process of bounded variation, we obtain by the integration by
parts formula, (6.1), (6.3), (6.11) and (6.12)

id{Z [(wz‘)*f} =3 ()" v

el
=> o) T P(XE) — b (X)) )] dt + > (v}) E (X}a)_dt—dz;']

i€l i€l

<) K Y (vF)

icl kel

) (¢i)+] th’

el

<C;

and finally by the CAUCHY-SCHWARZ inequality
1 it 2 Nt 2
24 Sl p= e (@) a (6.13)
iel icl

where C] and (s are positive constants independent of ¢. Clearly, 6 =0 for all 7 € I and we
can apply GRONWALL’s Lemma to (6.13) to obtain

) Wﬁ)ﬂz =0, Vt>0,i€l,

el

in particular, (¢§)+ =0 for all t > 0 and ¢ € I, and the proof is complete.

O
Remark 6.3. From Proposition 6.1 and Proposition 6.2 we can conclude that a.s.
X :=lim X{ = sup X7 (6.14)
el0 0<e<1

exists for all ¢ > 0.

Now we are able to show that even X; = supy...q X}, respectively X; = lim, o X}, a.s. for all
t > 0. We shall proceed in a similar manner to [10] pp. 84-85.

Theorem 6.4. X; = supg...q X; holds a.s. for all t > 0.

Proof. Defining X; := supg..; X§ for t > 0 as above in (6.14), it is sufficient to show that a.s.
i) Xi>0, Vt>0,iel,
i) dX] = b'(X;)dt+ 1i +wj for every i € I, where dIf > 0 and [;° X! dli =0,

since the solution of that SDE is unique. X*¢ satisfies by definition

dX5 = {bZ(Xf) + - (Xf”) }dt + dw}, ic€le>0. (6.15)
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We multiply both sides of (6.15) by € and let € tend to zero. Since Proposition 6.2 ensures the
existence of lim.|g X; a.s. for all ¢ > 0, this leads to

t _
/(X) ds=0, t>0,iel,
0

and therefore X} > 0 for all t > 0 and i € I, which proves i). We define for all € € (0,1) and
i € I the random measure [ on [0, 00) by
(Xf”) dt.

Then, equation (6.15) combined with Remark 6.3 ensures that a.s. for every i € I, [*% converges
weakly to some positive measure I' on [0,00) as € | 0. By letting ¢ tend to zero in (6.15), it
becomes clear that X satisfies the SDE in ii).

Thus, it only remains to check that the limiting measure l? is in fact the local time of X in zero:
Obviously ¢ + [¢ is non-decreasing for all i € I, since dl;" > 0 for all e. On the other hand, by
definition of 7 it is clear that

diy’ =

™ | =

suppls’ig{t:Xf’iSO}, Ve € (0,1),3 € I.
Note that the set {t : X ot < 0} decreases, when ¢ decreases. Hence, we can conclude that
supplig{t:Xf’iSO}, Vee (0,1),iel
and therefore, since dl} > 0 for all i € I
t . .
/Xif”dl;gO, Vt>0,e€(0,1),i€l.
0
We apply the monotone convergence theorem to obtain
t ~ . .
/X;dl;go, Vt>0,1€ 1,
0
and, since X'Z >0 forall t >0 and i € I, it follows that
t ~ . .
/X;dl;:O, Vt>0,1€ 1,
0
and therefore
0 ~ . .
/ Xidll =0, 1€l
0

which completes the proof. O
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In this subsection we shall establish a random walk representation for the derivatives of the
solution of the penalized SDE. To this aim we shall use the forward FEYNMAN-KAC formula
developed in Section 5. First we need to modify and extend the notation introduced in Section 2:
Recall that E := D(]0,00), ) denotes the space of I-valued cadlag functions and & : E — I,
t € [0,00), the coordinate process. In contrast to Section 2 the continuous function ¢ : [0, 00) x
I x I — R is supposed to be nonnegative, so that some other definitions become a bit simpler.
Namely, for all s € [0,00) and i € I, Psfi denotes the probability measure on E, under which

o & =i foralltel0s]

® (&t)ie[s,0) has the law of the time continuous MARKOV chain with values in I starting at

t = s from ¢ and with time-dependent generator (L§)¢>o:

Li:RE =R Lif(i) =) ali k) (f(k) = f(),

kel

and the function pg,, 0 < s <, becomes

t
pg,t = exp </ Zcr(gryk) d?“) .

kel

Fix now any arbitrary 1" > 0. In the following we shall need a time-reverse argument. We set

forall0 < s<tandijel:

Ci(i,j) = cr—(j,i) it <T, ¢(i,j) == co(4,1)

e . pé N
Foj = Fo Psit = Ps,t

Let Er := D([0,T],I). If e : [0,T7] — I has right limit at any ¢ € [0,7], we set e*(¢t) :=

lim,; e(s). Then, for all e € Ep, [ep_|* € Er.

Lemma 6.5. For all bounded BOREL measurable ® : Ep — R and i,5 € I:

E(C),i [‘I’(f) ﬂ{gT:j} PS,T] = E(C),j [‘I’(ET—.]*) ﬂ{fT:i} ﬁS,T] .

Proof. See Lemma 4 in [3].

Now we consider again for € > 0 the solution X*(x) of the penalized SDE

) ) t ) 1 ) _ )
X (z)=12"+ / (bZ(Xf(:c)) + - (Xf’z(x)) > dr + w;, t>0,i€l,
0

and define

E(11,) 1= 5 (X ()

Notice that we have assumed ¢© to be nonnegative in (6.2). Set
66(t’ i’ ]) = Cs(t7j7 Z)’

in particular:

éa(taiaj):éa(T_taiaj)a t<T.

(6.16)

(6.17)
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Theorem 6.6. For any ¢ > 0 the partial derivatives of the mapping x — X7 (x) exist a.s. for
all t > 0 and admit a.s. the following random walk representation:

3X€’i X o€ ]. t € o€ R
593]-() = Eg; []l{gtzz'} exp <—€/ | P (X5 (2)) dr) Po,t] ; i,j € 1.
0

Proof. From Theorem 2.1 we know that for all ¢ > 0 a.s. the mapping = — X[ (x) is continuously
differentiable and for all ¢, j € I the derivatives satisfy a.s.:

o abz BXa’k(a:) 1 L OXEN(2)
9 xei(z) = r W2 X5 (z)) ——=—=L % dr.
O (#) = 3 +/ {kze; 8xk Ol 5 oo, (Xr (@) Oz ar
Therefore, we have for all 4,5 € I and t > 0:
92 Gb’ 8Xf’k(a:) 1 ci, o OXD (@)
o @ =25 oo e Meea(X @) =5
ke[
_y 8b2 ax;‘v’f(x) X' ()
8.%'k O’ OxJ
kel
abz 1 OX' ()
(Z — ooy (X (@)) “ow (6.18)
kel
For fixed j € I we set
L OXD'(x) b’ .
v°(t,14) :W Z@xk ]l( ooO]( ( ) t>0,i€el,
kel
in particular
v°(0,7) = &;5.

It follows from equation (6.18) that v° satisfies the CAUCHY problem

gtvf(t,z‘) = LS u(t,.)(3) + K5 (t, 1) v°(t, 1), on [0,00) x I,

ve(O,z’) :57;]', Viel.

We apply the forward FEYNMAN-KAC formula, established in Theorem 5.15, for ¢ = T and

obtain using (6.17):
A e T
v (T,i) = £, [Il{gTj} exp (/ KT —r, &) dr)] .
0

In particular, we have:

X5 () 1T ki
T o Em [ﬂ{gT =5} €Xp <—€/0 11( 00,0] (X’ ( )) d7“> Po,T]

1 [T P
= EO,i {]l{g;p:j} exp <_5/0 11( ooO]( ST ( )) dr) Po,T] .
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Since the set of jump moments of £ is countable and has therefore zero LEBESGUE measure,
this is equivalent to

8X€77;($) e 1 T 1 (r ACE
# = Ef; []l{gTj} exp <—€/0 | P (Xj»[fT J7( )(x)) dr) PO,T] )
Now we can apply Lemma 6.5 and obtain

8X;’i(m) 1

T
g~ P |:]1{§T=i} exp (—5 /0 1o, (Xf’&(éﬁ))dV’) PS,T} ~

Since T > 0 is arbitrary, the result follows.
O

We have proved so far that the derivatives of the solutions X¢(z) admit a.s. the random walk
representation established in Theorem 6.6, which seems to be nearly the same as the represen-
tation in Theorem 2.2. The problem is to show that the derivatives of X¢(z) are convergent if
€ | 0 and that the limit is equal to the random walk representation given in Theorem 2.2; but
it seems to be quite difficult even to show that the derivatives are really convergent.

7 The Derivative of the Semigroup by Girsanov Transformation
In this section we study the derivatives of the transition semigroup of X, defined by
Pf(z) =E[f(Xi(x))], >0,z eR],

for all f : Ri — R bounded and continuously differentiable, where X is again the unique
solution of a SKOROHOD SDE. At first we prove a preparing technical proposition, before we
investigate the case, where X is the solution of a SKOROHOD SDE with constant diffusion
coefficients. After that we discuss the SDE type with diagonal noise established in Section 4.
First of all, let us recall the GIRSANOV Theorem, which will be crucial in the sequel:

Theorem 7.1 (GIRSANOV). Let (2, Foo, (Ft)t>0, P) be a filtered probability space such that
Foo i =0 (Utzo ,7-}) and the filtration (F;) satisfies the usual conditions, i.e. it’s right-continuous

and complete. Suppose that the probability measure Q on (Q, Fso) is locally absolutely continuous
to P, i.e. for each t > 0, the restriction of Q to F; is absolutely continuous w.r.t. the restriction
of P to F;. Let (Z)i>o be the corresponding density process. If M is a continuous local P-
martingale, then

t
Mtth—/ Z;7Yd(M, Z),, t >0,
0

18 a continuous local Q-martingale.

Proof. See, for instance, Theorem VIII.1.4 in [12]. O
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7.1 Interchanging of Differentiation and Stochastic Integration

Proposition 7.2. Let (wt)i>0 be a BROWNian motion on (2, F,(Ft)i>0,P) such that (F;)
satisfies the usual conditions and w is adapted to (Fi), and let (z(x))i>0 be a continuous,
progressively measurable process depending on x € R. Suppose that for all t > 0 a.s. the
mapping x — z¢(x) is continuously differentiable and that t — a%zt(x) is right-continuous and
locally bounded. Then, setting

¢
Zi(x) = / zr(x) dwy, t>0,
0

we have for p > 2 and allt >0

Zy(x+h) — Zy in [P
a. 7' T ]P)v
A =" / zr(x) dw in LP(P)

% / zr(x) dw, = / —zr x) dw, in LP(P).

Proof. We have to show that for p > 2 and ¢t > 0
P
E [ ] € o(|h|P).
Using the linearity of stochastic integrals, the BURKHOLDER inequality (see Theorem 2.5) and
finally the HOLDER inequality, we get
t o p
Zi(x+ h) — Zy(x) — h/ —zp(x) dw, ]
o Oz

e|
=E { /Ot <zr(m’ +h) — z.(z) — hgzzr(x)> dw, p}
<C/E (/Ot <zr(m +h) = 2 () — haaxzr(a:)>2 dr)

t p
<CyE |:/ 4 d7‘:| ,
0

zr(x +h) — 2z (x) — h%zr(x)
where C7 and Cy are constants only depending on p and . We apply the mean value theorem
of differential calculus to z,, r € [0,¢], and obtain
t p
<Oy E |: / d?“:|
0

<Zt(x +h) / 927 dw?») :
_|hyPEUOt pdr}

for some Z, between = and = + h, r € [0,t]. Since a%z is locally bounded and continuous in x,
we obtain by the dominated convergence theorem

E[/Ota 0

%Zr(in) - %Zr(x)

i.e.

Zi(x+h) — Zy(x) — h/o aazzr(:c) dw,

p/2

0

_ 0
E h%zr(xr) - ha—xzr(ac)
0

gz(r, Zy) —

ox

z(r, )

dx

p
dr] — 0,
h—0

and the claim follows.
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7.2 Derivative of the Semigroup for Skorohod SDEs with Constant Diffusion
Coefficients

We compute the derivatives of the transition semigroup P, f(x), t >0, x € Ri, for the solution
X of the system

t
Xz<x>=x2+/bl< (@) dr 4 l(2) ful, > 0,i€l,
(7.1)
Xi(x) >0, dli(z / X/ (x)dli(x) =0, e,

introduced in Section 2.2. We shall proceed as follows: We decouple the system (7.1) by the
GIRSANOV transformation and obtain a system of reflected BROWNian motions. Then, the
derivatives of that decoupled processes have a quite simple form by Theorem 2.2.

Let P(az) be that probability measure, which is locally equivalent to P, with the density process

Z(z) given by
t
= exp (—/ b(X,(x)) dw, — / 1|b(X. \2d7’> t>0,
0

i.e. Z(z) is the DOLEANS-DADE exponential of — J5 (X (2)) dw,, while we use the usual short
hand notation for the integrals. Applying ITO’s formula we get:

Zi(x) == dlz](;)

Fi

424(2) = (o) (bt s = 5 W )P ) + 5 Z(a) DX (o) P
= —Zt($) b(Xt(l')) dwt.

We use the associativity of stochastic integrals to obtain:

t 1 _ ¢
A ZS([L‘) dZs(fL') = _/0 b(XS<;L‘)) dws7 t>0.

Since w is a P-martingale, from the GIRSANOV Theorem we know that

w- | ol Z(e), = - (= [ oxon )

= wy —|—/0 b(Xs(x)) ds
= Wt(l‘), t> O,

is a local martingale relative to P(z). Clearly, its quadratic variation holds (W (x), W (x)); =
dijt a.s. forallt > 0, 4,7 € I. Thus, we can apply LEVY’s characterization theorem (cf. Theorem
IV.3.6 in [12]) and conclude that W (z) is a P(x)-BROWNian motion in R, so that under P(x)
the process X has the law of an i.i.d. family of reflected BROWNian motions on [0, 00) starting
at the initial value x:

Xj(x) = 2"+ Wi(x) +li(x), t>0,icl.
We can apply Theorem 2.2 and obtain that under P(z) the first partial derivatives of X w.r.t.
the initial value have the following form:

0X}(x)
oz

= 6ijllr5yy  with 7 :=inf{s > 0: X](z) =0}, t>0,4,5€l. (7.2)
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We set

dp

4= G5

F:exp(/otw Diw+ 3 [ OGP dr) =sesplbi(e). e0

In the following we shall use again the notation z. := x +ce’, j € I, where (e’);es is the
canonical basis of R! and ¢ € R such that z. € Rfr.

Proposition 7.3. Let j € I be arbitrary but fived and x. := x +ce’. Then, for anyt >0

1 l:l(IP(:Jc 1 [t o 5
L) - 2 22 2o ([ e du + 5 [ bl ar)
Proof. At first, we observe that

Zi(we) — Zi(w) = exp(Ai(2)) — exp(Ai(2)) = exp(As(2)) [exp(Ai(e) — As(x)) — 1]

= Z(x) !At(ﬁfg) — A(z) + Z (A¢(xe) — At(x))p] |

p=2 P!

Thus, we have
B[ M) - 20 - 20 ( /Ot;’xij aar+3 [ b )

<E [Zt(x) é(At(mE) Ao(@)) + 2 (At(f"'e — /bX )] dw,
p=2

ozt
5 [ o i ]

: /O<b<X< ) — b(X(2))) duor / 21X )]

et

#5200 I = I @n1?) dr = [ T b ol an
. [ 155 (o) - )Y ] |
€= p!

For every i € I and all 7 € [0,#] a.s. b'(X,(x)) is continuously differentiable w.r.t. 27, there
exists a right-continuous modification of r — %[bi(){r (x))] and the derivatives are uniformly
bounded in r € [0,t] (see Theorem 2.2 and recall that b* is LIPSCHITZ continuous). Thus, we can
apply Proposition 7.2 and obtain that the first term in (7.3) tends to zero as ¢ — 0. Moreover,

we get that a.s.
9 ! 2 2
2 [ b= [ Zpon e

(dominated convergence resp. see e.g. Korollar 16.3 in [1]), so we can conclude that also the
second term in (7.3) tends to zero. Thus, it remains to show that the last term tends to zero,

|

]

} (7.3)
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too. By the BEPPO LEVI Theorem and the HOLDER inequality, we get

|

/O (0 (X (1)) — V(X () duc?

[ e - o |1,

where C (and Co below) are positive constants independent of p. We apply the BURKHOLDER
inequality (see Theorem 2.5) and again the HOLDER inequality to obtain:

2 ig(At(xe>;At(x))p Z ar{on [/ 03,2 =6 e o]

el

B

where the BURKHOLDER constant is given by C),, = (6\/%q3/2/\/q — 1)p with ¢ := p/(p — 1),

ie.

B || 130 (il ~ @)Y

p!

IN

H (B(2) — Ag(2))?

e

' el

=2

‘Q ’B‘l—l

IN

ot

1

+E |
el

= (ov2e)" (1 - 11)/ (-1, (7.4)

Since for every i € I, b'(X,(x)) resp. b*(X,(x))?, r € [0,t], are differentiable a.s. w.r.t. 2/ and
their derivatives are bounded, we get for p > 2 by the dominated convergence theorem:

E[l / 15 (X (22)) — B (X, ()] dr] 0

|€| e—0

resp.

E Li /Ot B (X, (2))? — B (X, (2))?]" dr] S

Thus, the proof is complete by dominated convergence, if we can show that

(o.¢] Mp

Y = Cp<x (7.5)
> P

p:

for some positive constant M independent of p and with C), as in (7.4). Setting a, = % Cp,
p > 2, we obtain:

1 3(p+1)/2 1 —3p/2 1 p/2
dptl :6\/%M<1+> <1+> <1+ > VP 0,
ap P -1 p—1 p+1 pooo
since
3(p+1)/2 —3p/2 p/2
1—}—1 —>e3/2, 1—1—L —>€73/2, 1—|—L — e, vP — 0
P -1 —1 p+1

as p — oo. Hence, (7.5) holds by the quotient criterion.
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Theorem 7.4. For all f : Ri — R bounded and continuously differentiable, t > 0, x € Ri and
any j € 1:

S P @) = | S5 ) Uy + ) ([ 5 () U+ ) ) |

where 7; == inf{s > 0 : XI(x) = 0}.

Proof. By a density argument we may assume that f has bounded derivatives. For any j € I,
we set again z. = x + ce’, so that

0

2 Bl (a)
= D BIF(X(@)) Z4(a)] = i L BIF(X,(a) Zu(e) — F(X0(a)) Zule)
~ lim {E F (F(Xie2)) — F(Xe(2)) Zt<w>] B [ (Zu(az) — Zi(x)) f(Xt(xa))] } -

Since f and X;(x) are continuous, bounded and have bounded derivatives a.s., we can apply
the dominated convergence theorem to the first term, and Proposition 7.3 to the second term
to obtain

o - [ 0
D Bl (xi(e)) B [m, F(Xe(@))] Zila)

X
|
2[00 20 ([ bt + 5 [ el )]

Using chain rule we get

5 o of 0Xf ()
5P K =E |20 3 5 5(Xilw) ax]
E A& 2& r ) dT]
;/ 81,‘] ]
YR | f(Xi(2) Zo(a [b'(X, () dwi]
;/ 895] ]
~ k x
) Zt(x)zgg;i(Xt(x)) f’ﬁ;ﬁ- )]
kel
abz BX,’f T
E A& Z& zz:jﬁ z{: 8x§ )dT]
el kel
(%Z 8Xf )
}E )(t 2% jg:(/g j{: 8J§ ) du%] ’

el kGI
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We insert the representation of the derivatives of X under P(z) in (7.2) and get

0 of
A B = B | 525050) U0 2100
ab’
+E | f(Xi(2) Zelz) D / W 2)) Uiz ory dr]
i€l
ab’ i
+E | f(Xi(2) Zelz) ) aﬂ 2)) Uip sy dwl| .
i€l
Finally, using short hand notation, we change again the measure to obtain:
0 af £ ob
SN = B | L0600 1| 4B | 1000 [ 55000 1y ]

FE 1000 [ 800 1o ]

and the result follows.

7.3 Derivative of the Semigroup for Skorohod SDEs with Diagonal Noise

We shall generalize the preceding result: Now we investigate the transition semigroup of X,
where X is the solution of the system

Xg(x):xi+/bi( (@) dr 4+ 1(z) + / ol(Xi(x))dwl, t>0,iel
Xi(xz) >0, dli(z /X’ r)dli(z) =0, icl,

established in Section 4. The coefficients b* and o*, i € I, are supposed to satisfy the conditions
i)-v) stated at the beginning of Section 4. We shall compute the derivatives of the semigroup by
combining the techniques of the last subsection with the LAMPERTI transformation introduced
in the proof of Theorem 4.1.

Theorem 7.5. For all f : Rfr — R bounded and continuously differentiable, t > 0, x € Rfr and
any j € I:

ol (X] () Of
(%J P f(x)= [(MW(Xt(@)ﬂ{rpt}

+f(Xe(x {Z/ i?; ?) bzz (Xo (@) Tz, 5ry (dr + duwy)

7":17 J

_/ot o (X3 () ¢ (X, (@) Ly (dr + d“’”H |
where

J .:(Uj)/(wj)' L¢3\ (d e C X () — ;
g’ (x) : o7 (2)? V(xz)+ 5(07)"(2?) and 7j := inf{s > 0: X](x) = 0}, jel.



40 7 THE DERIVATIVE OF THE SEMIGROUP BY GIRSANOV TRANSFORMATION

Proof. We shall use the same notation as in the proof of Theorem 4.1. Recall that Y, which
denotes the LAMPERTI transform of X, satisfies

t
Yily) = + / B (Yo () dr+ abli(y) +wi,  t20,i€T,
0

where l;i, 1 € 1, is defined by
b(y) := a' ((A) () b'(A7'(y) — 3 (¢ ((A) () -

Furthermore, we recall that

ol _ oF(Xp() o Y
and
S (1) = G (X)) = o (X)) (X, (2) )

with ¢*, i € I, defined as in the statement (cf. equation (4.16) and (4.17)). We define the
probability measure P(y), which is locally equivalent to PP, by the density process

. dP
Zi(y) == M

t 1 t
= ([B0n) w5 [meEar). ez
0 0
Fi
Analogously to the preceding subsection, (W{(y))icr, defined by
t
Wi) = [ Fhw)drvul,  teT) el
0

is a BROWNian motion in R’ under ]f”(y) by GIRSANOV’s Theorem. In particular, under I@’(y)
Y/(y) =y +W(y) +aplily), t=0,iel,

is an i.i.d. family of reflected BROWNian motions. From the equation for the derivatives of ¥’
in (4.10) and (4.11) we obtain that under P(y) a.s.

Y/ (y)
oyl

= 6ij 07,13 with 7; :=inf{s > 0: Y7 (y) = 0}, t>0,i,5€l. (7.8)

Notice that by construction of Y
7j =inf{s > 0: XI(x) = 0}, jel.
Finally, we recall that

0Xi(z) _ o'(X{(x)) OY/(y)
oxI od(xd) oyl

t>0,i,j€l (7.9)

(cf. equation (4.14)).
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Now we compute the partial derivatives of the semigroup of X. At first, proceeding analogously
to the proof of Theorem 7.4, we have for any j € [ and t > 0:
Bl (X.(a)
oxJ ¢

= DRI (X)) Ze0)] = BT (X)) Ze(A())]

| 2 1 te)] Zut)]

8| 1000 2i0) ([ sl o, + 5 [ b @l ar) |

=T+ 1L (7.10)

Using chain rule, (7.9) and (7.8) we obtain

o k T R G'k k T k
=K Z a);ZUE )] =E | Z(y) aajk(Xt(SC)) (E]X(EUE))) 81gy§y)
kel kel
—& |20 >§’f] (Xia >>Wn{Tj>t}]
0 o’ th x
=E af] (Xt( )) U(J(JZS))) ]1{7']->t}] . (7'11)

On the other hand, by construction of the change of variables, chain rule and (7.8), we have
a.s. under P(y) for all » > 0 and ¢ € I:

O T O T OAF (x 1 0
2 P awn)] = Za—yk v, )] axﬂ. D i s [P w)]
8bz BYTk(y) 1o
RZEI 8yj - aj(xj) 8yj (Y;’(y» ]1{7']‘>T}7
so that a.s. under P(y)
t o
b v+ [ A @
Lo ; 7a_1 Lo o dr
-3 | 5o a@)) (ot dr) = e S | 55 050 o i+ ),
Hence, we obtain using (7.6) and (7.7):
. Bb’
IT =B | f(X,(z) Yo () Uz, sy (dwl + dr)
zEI
= E f(Xt(a?)) {Z/ i: z 8%2 (Xr(x)) ]l{Tj>r} (dwi —|—d7")
iel T
- [ e 06 ) Uy (a0 + ) . (7.12)

Finally, we insert (7.11) and (7.12) into (7.10) and this yields the claim.
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8 Reflected Brownian Motion in a Wedge

In this section we investigate the pathwise differentiability of a BROWNian motion in a wedge
with oblique reflection, i.e. we consider a MARKOV process that has continuous sample paths
and the following three properties:

a) The state space S is an infinite two-dimensional wedge, and the process behaves in the
interior like a BROWNian motion.

b) The process reflects instantaneously at the boundary of the wedge, the direction of reflec-
tion being constant along each side.

¢) The amount of time that the process spends at the corner of the wedge has zero LEBESGUE
measure.

Without loss of generality, we may suppose that the corner of the wedge is at the origin, and one
side is along the x!-axis. Let & € (0,7) be the angle of the wedge. The two sides of the wedge
will be denoted by 951 and 052, and the direction of reflection on these sides will be denoted by
constant vectors v; and ve. Associated with these directions of reflection are angles 61 and 6,
taking values in (-3, 5), where 0;, j = 1,2, is defined as the angle between v; and the inward
normal n; to the side 0S;. The sign convention for the angles is that they are positive if the
associated direction of reflection points towards the corner. See Figure 8.1 for an example of
an acute wedge, where 6; and 02 shown there are both positive. Define a := (61 + 02) /€.

In [16] the process was characterized in law as the solution of a submartingale problem. There
it was proved that the solution of the associated submartingale problem exists and is unique if
a < 2, ie. in this case there is a unique continuous strong MARKOV process satisfying a)-c).
If o > 2, there is no solution for the submartingale problem. Nevertheless, in this case there
exists a unique continuous strong MARKOV process satisfying a) and b), which almost surely
reaches the corner and remains there. As a further result it was shown in [16] that the process
starting away from the corner does not reach the corner with probability one if a < 0, and that
it does reach the corner almost surely if a > 0.

Unlike [16], we shall describe the process pathwise by a system of SKOROHOD SDEs and apply
some of the techniques used in [3] resp. in Section 4. The aim is to compute the pathwise
derivatives w.r.t. the starting point up to time 7y, when the process hits the corner of the wedge
for the first time (if & < 0 we might have 7y = 0o a.s.).

8.1 Model and Notation
Let £ € (0,m)\{5}, m :=tan{ (the case { = § will be discussed later in Section 8.6) and
S = {(zl,xQ) € R?: 22 >0, sign(m) (ma! — z?) > 0}.
The boundary 0S of the wedge S consists of the two sides
051 = {(azl,xQ) €S: %= 0} and 9S5;:= {(azl,xQ) € S : sign(m) (ma! — 2?) = 0}.

If £ € (0, %), it can easily be verified, that the cartesian coordinates of v; and vy are given by

(1> _tan(% - 5 +92)) if 92 € (_gag)v
U1 :(—tan91,1), Vg = (0,—1) if B9 = &,
(—1,tan(§ —&+02)) if 02 € (€, 3),
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)
n2
V2

085>

ny
U1

: X ‘

0 051 xt

Figure 8.1: Acute Wegde with #; > 0 and 63 > 0

resp. if £ € (5, 7):

(=1, tan(§ — &+ 02)) if O € (=5, —(m —&)),
v = (* tan 01, 1), Vg = (O, 1) if 6y = _(77 - g))
(1~ tan(E — €+ 62)) it € (—(r—£),5).

Let us assume that

<2 (8.1)

Then, we have
vy = (—a,1) and vy = (1,-b) with a:=tanf;, b:=tan(§ —&+0).
Moreover, for later use we set

b(ma+1)
m+b

Then, it can easily be verified that
cos(§ — 01) cos(& — 69)

¢ = (cos{ +singtany)(cos§ + sin{ tan ;) = cos 0 cos ¢
1 2

(8.2)
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Since o < 2 by assumption, the existence and uniqueness in law is ensured by the main result
in [16]. Now, for any starting point = € S\{0}, the process is equivalent in law to a continuous
process X obtained by the following pathwise construction in terms of a SKOROHOD SDE:

Xi(z) = 2+ we + (v],v3) I (2) t>0

f ) gy ) 20
where w = (w!, w?) is a two-dimensional BROWNian motion on (2, F,P) and I‘(z), i € {1,2},
denotes the local time of X (z) in 8S; (not the local time of X*(x) in zero in contrast to the
previous sections) (cf. example in Section 8.4, p. 170 in [2]). The matrix (v{,v) is called the

reflection matrix. Setting
Zy(x) := sign(m) (thl (x) — Xf(x)) , t>0,

this leads to the following system of SKOROHOD SDEs: For x € S\{0},

) X (2) =2+l —ali(x) + 7 (2), (8.3)
Xi() =a® +wi + 1l (x) =bl(z), >0,
i) X2(z) >0, Zy(z) >0, t>0,
i) dli(z) >0 for t > 0and i€ {1,2}, / X2(z) di}(z) = 0, / Zu(x) di2(z) = 0.
0 0

1

In the sequel we shall often use the abbreviation 7 := m ! — 22 and @; := mw;} — w?, t > 0,

so that Z(x) becomes
Zy(z) = sign(m) (& + w; — (ma+ 1) I} (z) + (m +b) [}(z)) t>0.

Note that w is again a BROWNian motion rescaled with the constant factor vm? + 1.
We define the stopping time 7y by

70 = inf{t > 0: Xi(x) =0}, x € S\{0}, (8.6)
to be the first hitting time of the corner. From Theorem 2.2 in [16] we know that

0 ifa<o,
1 if0o<a<?2.

IP[T() < OO] = {

Moreover, 7y has infinite expectation (see Corollary 2.3 in [16]).
Now we introduce some notation corresponding to that in Section 4:

Cl:={5>0: X,(2) €381} ={s>0: X2(z) =0}, r1(t) := sup(C* N[0, 1]),

C?:={s>0: X,(z) €089} = {s>0: Zy(x) =0}, ro(t) := sup(C? N [0,1]),
with sup ) := 0, and

C:.=ctuc?, r(t) := max(ri(t), ra2(t)).

Furthermore, for t € [0,79)\C we set

0 ift<infC,
s(t) =<1 ifr(t) =r(t),
2 if r(t) = ro(t),
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i.e. s(t) =i, if the last hit of the boundary before time ¢ was in 05;, ¢ € {1,2}, and s(¢) = 0, if
at time ¢ the process hasn’t hit the boundary yet.

Since the process stays away from the corner on [0,7p), the number of reflections before any
time ¢ € [0,79) is finite a.s. Let (A4,), be the family of connected components of [0, 79)\C. A,
is open, so that there exists ¢, € A,NQ, n € N. Then, we may assume that the g, are arranged
such that ¢ < g2 < ..., i.e. (gn)n is strictly increasing. Notice that on every interval [¢,—1, ¢»]
the process hits only one side of the wedge, since otherwise it would hit the corner.

We extract a subsequence (g, ) defined by

Gny = min{q, : 8(qn) # 0, 5(qn) # 5(qn+1)},

. (8.8)
Any = mln{Qn 2 Gn > Gng_q> S(Qn) 7’é S(Qn+1)}7 k>2,

i.e. in every time interval A, , k > 1, the process crosses the wedge S from one side to the other
one. Finally we set

Niz2(qn) = Hax < @n : s(qe—1) = 1, s(ar) = 2}/,
NQl(qn) = ’{Qk < gn: S(Qkfl) =2, S(Qk> = 1}‘

and
Nia(t) := Ni2(gqn), Noi(t) := Nai(gn) fort e Ay,

i.e. Nia(t) denotes the number of crossings from 957 to 9S2 before time ¢, and Nap(t) the
number of crossings from 0S5 to 051. For later use we observe that

0 if inf C! < inf C?, o
Nai(t) — Nio(t) = {1 {f inf C2 < inf O, for ¢ satisfying s(t) = 1, (8.9)
and
0 ifinfC? < infC!
Nia(t) — Noy(t) = ' for t satisfyi t) = 2. 8.10
12(t) 21(t) {1 if inf C < inf C2, r isfying s(t) ( )

Now we are able to state the main result of this section:

Theorem 8.1. The mapping x — X (x), © € S\{0}, is differentiable a.s. for all t € [0,79)\C,
and the derivatives are given by:

if s(t) =0,
Xl
9 o (11’) _ ] e if s(t) =1,
b ) if s(t) =2,
0 if s(t) =0,
1
a);t gx) ={ L ((ma+1) eNi2(t) CNQl(t)) if s(t) =1,
¢ L (et - b @) ps(r) =2,
and
0 if s(t) =0, f s(t) =0,
0xX2x) _ ), AN R b AN
o Fs)=1, 53 A
b Nan(t) - if () = 2, eMelt) — g MO i s(t) = 2.
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Remark 8.2. We can easily drop the assumption a < 2: If o > 2, we can consider the unique
continuous strong MARKOV process satisfying a) and b) with absorption at the corner. Of
course, for that process we obtain the same pathwise derivatives as in Theorem 8.1 up to the
hitting time of the corner.

As before, the first step to prove Theorem 8.1 is to check the continuity w.r.t. the sup-norm
topology.

8.2 Continuity in z
Lemma 8.3. Let x € S\{0}. For all ¢,, n € N, we have that for all random h > 0 there ezists

a random A, > 0 such that a.s.

sup [Xi(z) = Xi(y)| < h, sup |[{(x) = L(y)| < h, sup |Zy(x) - Zs(y)| < h, (8.11)
5<qn 5<qn s<qn

i€{1,2}, for all y € S\{0} satisfying ||z — y|| < A,.

Proof. We prove the lemma by induction over n. For n = 1 note first that by construction
either q; < infC! or q; < inf C%2. Let us assume that ¢; < inf C? (the other case can be
treated analogously), so that X(x) € 052, i.e. Zs(z) > 0 and [2(z) = 0, for all s € [0,q1]. Let
d:= }inf,<q Zs(z) > 0.

We claim that there exists a A} > 0 such that

sup | Zs(x) — Zs(y)| < d, ie. Zs(y) >0 and ?(y) =0 on [0,q], for all ||z —y|| < A]. (8.12)
s<q1

For 2 € S\{0} we define the process X (z) by

X/ (z) = 2" +w! —al(x), (8.13)

X2(z) = 22+ w? + I} (z), (8.14)

X2(z) > 0, di(z) > 0, / X2(2)dil(z) =0, t>0. (8.15)
0

and set Z;(x) := sign(m) (mf(tl () — Xf(m)), t > 0. Note that Xs(z) (resp. Zs(z)) coincides

with X,(z) (resp. with Z,(x) ) for all s € [0, ¢1]. Moreover, if (8.12) holds, then this is also true
for any starting point y in place of x with ||z — y| < A].
Using (8.15), we get for all t > 0

d(X7(2) = X} ()" = 2(XP (@) — X2 (y))(dl} () — dI} (y)) < 0

and we can conclude that

X7 (z) = X () < [a® =%, V=0, 2,y € S\{0}.
Hence,
sup | X7 () — X2(y)| < |2® — 7). (8.16)
s<q1

By (8.13) and (8.14) we have:

sup [IL(z) — IL(y)| < |2% — y?| + sup | X2(z) — X2(y)| < 22® —y?| (8.17)

s<q1 5<q1
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and

sup | X1 (z) — X1 ()] < o' — y'| + |a] sup |I}(z) — (y)| < |2' = y'| + 2/alla® — y*|.  (8.18)
s<q1 s<q1

Since

sup | Zs(x) — Zs(y)| < |m| sup |X; () — X (y)| + sup | X (2) — XZ(v)], (8.19)
s<q1 s<q1 s<qi

it becomes obvious that there exists a A} > 0 such that

sup | Zs(x) — Zs(y)| < d for all y € S\{0} such that ||z — y| < A].

Since Z(z) = Z(x) on [0,q1], it follows for such y by our choice of d that Z(y) > 0 for all
s € [0,q1], which implies 12 (y) = 0 and Z(y) = Z(y) on [0,q1], i.e. (8.12) holds. Hence,
X(y) = X(y) and Z(y) = Z(y) on [0,q1] if ||z — y|| < A}, and by combining (8.16) - (8.19) it
obviously follows that (8.11) holds for n = 1.

Now assume that (8.11) holds for any n > 1. We consider again only the case s(gn+1) = 1,
i.e. Zs(x) > 0 for all s € [gn,gnt+1]- By a similar argument as above for n = 1, we can find a
random A! > 0 such that Zs(y) > 0 on [gn, gnt1] for all ||z — y|| < Al,. Hence, for such y and
t € [gn, gns+1] we have di?(x) = di?(y) = 0, so that

X} (z) = X;n (z) + w} — w;n —a(l}(x) — l;n (x)), (8.20)
XP(x) = X2 (x) + wi —wl +1{(x) =1, (), (8.21)

and X;(y) can be written in the same manner. Then, by (8.21)
d(X{(x) — X7 (y)* = 2(X7 () — X7 () (dly (2) — dly (y)) <0, V€ [gn, dn1],
and we obtain that

sup | X7P(x) — X7 (y)| < X7 (z) — X7 (y)]- (8.22)
t€[gn ,gn+1]

From (8.21) and (8.22) we conclude that
1 (2) = 1 (y)] < |XP(2) = XP ()| + X7, (2) = X, ()| < 2|X3 (2) = X2 ()| (8.23)
and from (8.20), (8.22) and (8.23) that

X (2) = X (y)] < |Xg, (2) = Xg, )] + lal |1} () — 1 (3)]
< [Xg, (@) = X5, )] + 2]al [XZ, () — X7 ()] (8.24)

for all ¢ € [gn, gn+1]- By induction assumption, it is obvious from (8.22), (8.23) and (8.24) that
(8.11) holds for n + 1 in place of n. O



48 8 REFLECTED BROWNIAN MOTION IN A WEDGE

8.3 Computation of the Local Times

The local time I!(z) can be computed directly by applying SKOROHOD’s Lemma (see Lemma 2.3)
to equation (8.4). This yields

_l’_

1 2 2 20,01~ 2 2
> 0.
l; (x) s;g) [z + w; — bl ()] —x ;rég (w biZ(z)| t>0

Fix any g,. Since Xfl(qn)(az) =0 and t — [} (z) is increasing, we have for all s < r1(g,):
W () ~ () (8) = =2 =y, (@) < —2” = [i(@) = —X{ (@) + w] - bli(2)
<w? —bl2(z). (8.25)

Therefore, for all t € A,:

I} (x) = lil(qn)(x) = [—x2 — w?l(q )+ blh(q (@) +. (8.26)
Note that by our restrictions to 62 in (8.1) one can easily check that
sign(m)(m +b) > 0. (8.27)
Recall that
Zi(x) = sign(m) & + sign(m) @; — sign(m) (1 + ma) I} (z) + sign(m) (m + b) [2(x), t >0,

and by SKOROHOD’s Lemma we obtain

n
sign(m) (m + b) 1?(x) = [— sign(m) & — }fg (sign(m) ws — sign(m) (1 + ma) 1! ()| , t=0.

Using Z,., (g, (z) = 0, (8.27) and the fact that ¢ — [7(z) is increasing, we get for all s < ra(gn):

sign(m) (ﬂ)m(qn) — (14 ma) liQ(qn)(x)> = —sign(m) & — sign(m) (m + b) lfz(qn)(:v)
— sign(m) & — sign(m) (m + b) 2(z)
Zs(x) + sig ( ) (0s — (1+ ma) I} (z))
(@s

< sign(m) 1+ma)li(z)),

so that
+
sign(m) (m + b) lfQ () (@) = [— sign(m) T — sign(m) Wy, (g, + sign(m) (1 + ma) liz(qn)(x)] .

Using again (8.27), we obtain for all ¢t € A,,:

B B +
B(a) = 2, (x) = [m%b (—3: — Byy(q) + (1+ ma) 152(%)(3;))} . (8.28)

Next we compute the local times of the process with perturbed starting point. In the sequel we
shall use the abbreviation z. := z + ee/, resp. . := 7 +ce’, ¢ € R, j € {1,2}, where (e/);=1
denotes again the canonical basis of R? and |¢| is always supposed to be sufficiently small, so
that x. resp. Z. lies in S\{0}.
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Lemma 8.4. For all q,, n € N, there exists a random A, > 0 such that for all || < A, a.s.:
+
i) 1L, (@) = [—a2 —wd )+, ()]

+
ii) 12 (w2) = [ﬁb (—:fg — Wy (g + (1 4+ ma) 1;2(%)(%))} .

Proof. We prove only i) (the proof of ii) is completely analogous). Using again SKOROHOD’s
Lemma, we obtain for all € and g,:

s5<qn s<gn

+ +
l;n (xe) = [—x? — inf (w?—bl2(x.)) [—xz — inf (w?—bl2(z) +b(2(x) —12(2.)))

- [_g;g — inf (f(8)+gs(5)):|+a

s<qn

where

f(s) = wi = bli(2),  ge(s) = b (1Z(x) — B(xe)) -

From the calculation of I'(x) above we know that

inf f(s) = f(ri(qn)),

s<qn

and we have to show that for sufficiently small |e|:

inf (f(s) + ge(s)) = f(r1(qn)) + ge(ri(an))- (8.29)

s<qn

This is clear, if g, < inf C? or ¢, < inf C'. Namely, in the first case we have Zs(x) > 0 for
all s € [0,¢g,] and by Lemma 8.3 we can find a A,, > 0 such that Z(z.) > 0 on [0, ¢y] for
all e| < A,, which implies 12(z) = I2(z.) = 0 and thus g.(s) = 0 for all s € [0,q,]. In the
second case we can conclude analogously that there exists a A, > 0 such that X?(x.) > 0 and
11(x) = I(z:) = 0 for all s € [0, gy, if || < A, i.e. i) holds.

Moreover, we may assume that s(g,) = 1. Otherwise, setting ¢/, = max{q < g : s(q) = 1},
we have X2(z) > 0 on [¢),, ¢,] and, applying again Lemma 8.3, X2(z.) > 0 for all s € [¢}, qn]
and for |e| small enough, so that léé (ze) =13 ().

Therefore it is enough to consider the case g, > max{inf C! inf C?} and s(g,) = 1, which
implies I, () > 0. Then, we know that Z(z) > 0 for all 5 € [g,—1, gn]. We apply again Lemma
8.3 and find a A/, > 0 such that Zs(z.) > 0 for all s € [¢g,—1,¢n] and |e| < A]. Hence, for such
¢ it follows that g. is constant on [g,—1, gy, so that

inf  (f(s) +g:(s)) = _inf  f(s) + g:(r1(qn)) = f(r1(gn)) + gc(r1(gn))- (8.30)

$€[gn—1,qn] $€[gn—1,qn]
Since g, > infC', s(g,) = 1 and C! is the support of I!(x), we have I}(z) < lén(:n) for all
s € [0, gn—1], which implies d := I} () — I} _ () > 0, and, proceeding as in (8.25), we get for
all s € [0, gnp—1]:
wfl(qn) - blfl(qn)(:n) = % — lil(qn)(:v) =2 — l;n (z) = —2? — l;n_l(x) —d< -2 —1lz)—d

= —X2(z)+w? —bl%(z) —d < w? —bl%(z) —d.
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Hence,

inf  f(s) — f(ri(gn)) = d. (8.31)

$<qn-1

By Lemma 8.3 there exists a random A! > 0 such that a.s.

d
sup |g=(s)| < 2 Vel < AL (8.32)
s<qn

Now using (8.31) and (8.32) we obtain for such &:

inf (f(s) +ge(s)) = inf f(s) = sup |ge(s)| > d+ f(ri(an)) —

s<qn—1 5<@n—1 s<@n-1 2
= Fralan)) + § > F(r1an) + (1 (00) (5.33)

Combining (8.30) and (8.33) shows that (8.29) holds for all |¢| < A, := min(A], A), and the
claim follows.
O

The following lemma will be useful in the next subsection, when we compute the difference
quotients of X. Recall the definition of (g¢y,, ) in (8.8) and that ¢ := b(ma +1)/(m + b).

Lemma 8.5. For all g, there exists a random A, > 0 such that for all |e| < A, a.s.:

Ni2(qn) N21(gqn) '
) lauled —l @) =@ =ad) 3 @G 3 O if s(an) =2
j=1
Ni2(qn) Na1(qn) ‘
i) 12 (vc) — 12 (x) = (a® — 2) matd Z (@ -F) Ty Y I ifs(g) =1
j=1

Proof. i) Let ¢, be such that s(g,) = 2 and k := N12(qn) + N21(¢n) be the number of crossings
through the wedge before time ¢,. If k = 0, i.e. ¢, < inf C!, by Lemma 8.3 we have lén (zo) =
Ii (x) = 0 for sufficiently small |, i.e. i) holds trivially. Therefore, we can assume k > 1. Then,
note that g,, = max{q,, : ¢n, < gn}. Now applying Lemma 8.3 and Lemma 8.4, we can choose
A, > 0 such that for all |g| < Ap:

° lél (x) = lfn (rc) = 0, if ¢ < inf C?, and both of them are strictly positive, if ¢ > inf C?,
foralll <n,i=1,2,

the formulae i) and ii) in Lemma 8.4 hold with ¢, in place of g, for all [ < k,
l2
l2

xe) is constant on [gn,_,,qn,] for all ¢, 2 < 1 < k, satisfying s(g,,) = 1, (note that
x) is constant on [gy, ,,qn,] by definition of (gy,)),

e [Y(z.) is constant on [gn, ,,qn,] for all g,,, 2 <1 < k, satisfying s(g,,) = 2,

(
(
(
(

e [}(z) and I!(z.) are constant on [gy, , gn]-



8.3 Computation of the Local Times 51

The last requirement ensures that it suffices to prove formula i) with ¢,, in place of g, in the
left hand side. Now we prove this by induction over k.

Since s(gn) = 2, for k = 1 we have N12(gn) = 1, No1(q,) = 0 and ¢, < inf C? so that by (8.26)
and Lemma 8.4 i):

(e~ 1, (@) =a® —a?+b (zm(q J(2) zfl(qnl)(x)> .

For k = 2, i.e. Nia(gn) = Nai(gn) = 1 and g, < infC!, we can use again (8.26) and
Lemma 8.4 i) and afterwards (8.28) and Lemma 8.4 ii) to obtain:
1, () — 1 (2) =2 — a2 +b (mq (@) = B (@) =a® a2+ (12, (2) — 2, (2)
2 1 1
=xz° — x + m+b < — T+ (ma+1) (lrl(qnl)(xs) — lrl(qnl)(m))>
2

=" — 1’ —|—m+b( — Te).

Now assume that we have exactly k& + 2 crossings through the wedge before time g, and that
the induction assumption

-1 Na1(gn)—1

Ni2(gn)
L () =1y, (@) = (@® —a2) > T+ (E-F) i Z o
=1

holds a.s. (note that before time g, we have exactly two crossings less than before time g, _,).
Then, proceeding as for £ = 2 and using the induction assumption, it follows that

L (@) -1 (@) ::c2—x§—|—b(l2n ) =12 (x))

ng o Anp 4o Anyq
=22 —2? + m+b ( —Ze+ (ma+1) (l;nk (xe) — l;nk (m)))
Niz(gn)-1
=z? — 22 + 7’3%0:21) (2% — 22) Z ¢t
i=1
Na1(gn)—1
booa =~ b(matl) (~  ~\ b -1
g (T — Te) + (T,Zib)( — %) s Z d
j=1
Ni2(gn) Na1(qn)
=@@*—a2) Y I+ @E-i) Dy Y I
i=1 j=1

since ¢ = b(ma + 1)/(m + b) by definition, which completes the proof of i).

ii) We shall proceed exactly as in i). Let ¢, be such that s(¢,) = 1 and set again k :=
Ni2(gn) + N21(gn). Analogously to i), the case k = 0 is trivial, so we can suppose k > 1 and
choose A,, > 0 as in i), where in the last requirement /! should be replaced by /2. Hence, we can
prove ii) with ¢,, in place of g, in the left hand side of ii) by induction over k: Let |e| < A,,.
For k = 1 we have N12(g,) = 0, N21(gn) = 1 and g,, < inf C'. We use (8.28) and Lemma 8.4
ii) to obtain:

lgnl (me) — ljnl () = 7 (& — 3.) + 2at] (11 (an) () = liz(qnl)($)> = (7 7).



52 8 REFLECTED BROWNIAN MOTION IN A WEDGE

For k = 2, which implies N12(¢n) = No1(gn) = 1 and ¢,, < inf C?, applying again (8.28) and
Lemma 8.4 ii) and afterwards (8.26) and Lemma 8.4 i), we get

‘H

B ()~ 12 () = oy (6 — ) + e (1] (o)~ 1}, (@)

m+
~ ~ b +1
= by (3 - ) + 2L (0% — o) 4 ML (12 ) — 2, (o)
:mL%(i:—:EE)—F%(xz—xg).

Now assume that we have exactly k4 2 crossings before time g, and that the induction assump-

tion
Ni2(qn)—1 4 N21(gn)—1 4
L, () =l ()= (2" —a2)mefl " T4 (F-E) G !
=1 j—l
holds a.s.

Arguing as for k£ = 2 and using the induction assumption, we obtain:

gy, (xe) =15, (2)

Ang 4o dnpyo

—ky (@) e (1 (@), (@)

~ ~ ma b ma
=k B el (a2 ) M) (2 () 2 ()
)

=L (& — &) + metl (22— o?)

+b m-+b
Niz2(gn)—1 N21(gn)—1
b (ma+1 2 2 1 i—1 o 1 i—1
el | (o2 —aymetl N T G- E) Gy Y
i=1 j=1
Nl?(qn) NZl(qn)

2 2 1 i—1 S = 1 i—1

=(x* — z2) %ajb Z (T - Te) Z A,
i1 j=1
and the claim follows. O

8.4 Computation of the Derivatives

Let t € [0,79)\C be fixed and n such that t € 4,,. We choose A,, > 0 such that for all |g| < A,:

) lfn (x) = lfh (z.) = 0, if ¢ < inf C?, and both of them are strictly positive, if ¢ > inf C?,
foralll <n,i=1,2,

e the formulae i) and ii) in Lemma 8.5 and in Lemma 8.4 hold,
o 1%(x.) is constant on [r1(qn), ¢n] if s(gn) = 1,

o [1(z.) is constant on [r2(qn), ¢n] if s(gn) = 2,

o lj(xe) =1, (xe),i=1,2.

Now let 0 < |e] < A,,.
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Derivatives of X!

From (8.3) we get immediately
X}Hxe) = XM z) =2l —2' —a (l;n (xe) — l;n () + lgn (ze) = I, (2). (8.34)

Case 1: s(t) = 0. Then, X} (x.) — X}(z) = 2l — 2!, so that obviously

6Xt1(513) -1 8th(ac) —0
oxt 7 ox2

Case 2: s(t) = 1. We insert formula (8.26), Lemma 8.4 i) and afterwards Lemma 8.5 ii) into

(8.34) to obtain:

Xi(ze) — Xi (2) =, n
=zl — ' —a(2® —a2?) + (1 —ab) (13, (2=) — 2 (x))
=zl — 2! —a(2? — 2?)
Nia(t) A N1 (t)
TA-a) | @ -2 5EE D T E-d) gy ) O
i=1 Jj=1

i) Let z. = x + ce!, which implies 22 — 22 = 0 and #. — & = me. Recall that ¢ :=

b(ma+ 1)/(m + b). Then, we get

1 Ngl(t) ‘ Ngl(t) ‘
S (X )~ X @) =1 - YT I =1 (1) Y I =M,
£ j=1 j=1
and, since the right hand side does not depend on &,
39{;} (1@;) = Nl
x
i) If 2. = x4+ c€?, i.e. mg — 2?2 =¢ and &, — & = —¢, we obtain
1 N12(t) ' Nzl(t) .
- (X@e) - Xi(@) =a— g (ma+ ) 3 T+ Tg 3 T
i=1 j=1
ng(t) N21(t)
a—metl (1 ¢) e Ll1-o¢ 1
=1 7j=1
— g — matl (1 N2 () + %(1 CN21(t)) _ m?vj—l N2() %CNm(t)‘
Hence,
OX{i(x) 1 N N
= — _|_ ]_) C 12(t) —C 21(t)>
0x2 m ((ma
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Case 3: s(t) = 2. We insert formula (8.28), Lemma 8.4 ii) and finally Lemma 8.5 i) into (8.34).
This yields:

Xt (we) = X} (x) =2l =o' = a (I, (x2) = Iy, (x))
+ [“3 = Te + (ma +1) (I, (ze) lvlv(%)(x)ﬂ
S +me(fE Te) + (Tt —a) (lg, (z2) — I, (2))
_gjl — ! + m (i' 538)
Ni2(t) Na1(®)
@ —a?) Y I @) ey S I
i=1 j=1
i) Let . = x +eel. Then,
1 Noa(t Na1(t)
m (1—ab)m -
- (X (ee) — X} (@) =1 - 7y — O Z = a1 )
- sk

which implies

0X}(z) _ b Na(t),

oxrl — m+b
ii) If z. = = + £ €2, we obtain
1 Niz(t) N2y (t)
1 1 _ 1 1—ab i~1 4 1-ab 1
g (Xt (:EE) - Xt (x)) — m+4b m-iC-Lb Z ¢ m—&c-bb m+b Z CJ
i=1
ng(t) N21(t)
- L(1-¢ Z A+ erb)(l c) Z 1
=1 7j=1
_ 1 1 Nia(t b N.
=11 (1 c 12(>) + s (1_C 21()>
= % Ni2(t) _ mLerchl(t) 7
so that

Derivatives of X2

From (8.4) we deduce directly

X2 (x.) — XP(x) =22 — 2 + l;n (ze) =1L (x)—b (lgn (z2) — 12 (z)). (8.35)

dn qn

Case 1: s(t) = 0. Clearly,

oX2()
oxl

=0,
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Case 2: s(t) = 1. We insert formula (8.26) and Lemma 8.4 i) into (8.35) to obtain:

X2(z.) — X2(a) = a2 — 2%+ a2 — 22+ b (lzl(qn)(xs) - zfl(qn)(x)) —b (2 (2.) — 2 ()
=0,

and it follows that

0X}(x) B 0XE(x)

orl Oz =0

Case 3: s(t) = 2. We use again formula (8.28), Lemma 8.4 ii) and Lemma 8.5 i) in (8.35).
This yields:

X7 (o) — X (z) =a? — 2 + 1} (x:) — 1} (2)

i (7 et (ma+ 1) (1 (2 — (@)

=a? —2” — by (& — &)
NlQ(qn) ) NQI(Qn) ]
t@—ad)(l-c) Y T+ @E-d)ts1-c) > I
i=1 j=1

£

=g -2 — mLer (i — &) + (a2 —2?) (1 — M2y 4 (7 — 7.) % (1 —Nal)

=—(2® - x?) cNi2(®) _ (T — ) mL-i-b Nar(t),

If . = x + €', we obtain

and, if z. = x + ¢ €2, we get

8X?($) — N2t _ b Na(?)
o2 m+b

The proof of Theorem 8.1 is now complete.

8.5 Orthogonale Reflection

We consider the case of orthogonale reflection to illustrate the results of Theorem 8.1:

Example 8.6 (Orthogonale Reflection). For £ € (0,m)\{5} we set 6; = 6 = 0, which implies
a =0 and from (8.2) we get

m L:sin2§.

2
ey e 7:1_
c=costl, T m+b

2
c=cos”&, ——

Then, for any ¢ € [0, 79)\C satisfying s(¢) = 1 we obtain, using (8.9):

1-c¢ N
m

0z? m
_ sin? ¢
 tané

1
8Xt ($) . 1 (CN12(t) . CN21(t)> ]1{N21(t)=N12(t)+1}

(cos €)M gy oo i 1y = sin € (cos €)2N12(0F1

Linf o2 <int €1}
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and if s(t) = 2 we get by (8.10):

oXHx) 1/ y N 1 l—c n
61;2 =— (c 12() _ No1(D)+ ) = N2 DNy (1) =Nas (1)}
= sin ¢ (cos £)2M2(0+1 Wing c2<inf c1}-

Hence, the results in Theorem 8.1 become

1 if s(t) =0,
0X}
2D (cos g2 it s(t) = 1,
(cos &)2Na1(1)+2 if s(t) =2,
0 if s(t) =0,
0X}
8;296) = ¢ sing (cos )2 M p oo e ony  if s(1) =1,
sin{ (COS 5)2N12(t)+1 ﬂ{infC’2<inf c1} if S(t) =2,
and
0 if s(t) =0,
IX? () e
T =140 if s(t) =1,
ox
sin & (cos £)2V21(B)+1 if s(t) =2,
1 if s(t) =0,
OX2(x) i o)
2 0 if s(t) =1,
Sil’l2 5 (COS €)2N12(t) ]l{inf02<inf01} if S(t) = 2.

8.6 The Case £ =71

The case £ = § can be treated very similarly. The only reason, why we consider this case
seperately, is that the model has to be modified slightly, since the boundary of the wedge has
to be represented in a different manner. We shall use the same notation as before:

For { = § We have the wedge S = R2 with the two sides 057 := { (x!,2%) € Ri s 2t = 0} and
08y := { rl 2?) € Rz sl = O} Furthermore

vy = (—tanby,1) =: (—a,1), wvy=(1,—tanby) =: (1,-b), 01,05 € (—g, %),

and we assume again « := (01 +03) /£ < 2 to ensure existence and uniqueness in law. Let 79 be
as above in (8.6) so that (8.7) holds.
We need to consider the following system of SKOROHOD SDEs:

i) XMz)=2'+w —all(z)+ 1),
X2 (z) = 2 +w? + 1} () — biZ(2), t>0,

i) Xi(z)>0,dli(z)>0,t>0,ic{1,2}, /Xt z)dl} (z /Xt YdiZ(z) =0

for all x € S\{0} and a BROwWNian motion w as before.
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0 051 x!

U1

Figure 8.2: Wegde with { = 5, 61 > 0 and 62 > 0

Theorem 8.7. The mapping x — X (z), x € S\{0}, is differentiable a.s. for all t € [0,79)\C,
and the derivatives are given by:

L if s(t) =0, 1 0 if s(t) =0,
8);;(11') _ (ab>N21(t) if s(t) =1, 8);;21') _ a(ab)Nn(t) if s(t) = 1, (8.36)
0 if s(t) =2, 0 if s(t) =2,
and
, 0 if s(t) =0, , 1 if s(t) = 0,
8)8(;(1@ =0 if s(t) =1, a);tx(f) =0 if s(t) =1, (8.37)
blab)N21 (V) if s(t) = 2, (ab)N2()  if 5(t) = 2.

Remark 8.8. If we consider the case of orthogonale reflection at the boundary, i.e. 1 = 65 = 0,
which implies a = b = 0, this result corresponds to that of Theorem 2.2.

Sketch of proof. Let A, and g, be as before. For fixed ¢,, using again SKOROHOD’s Lemma as
at the beginning of Section 8.3, it easily follows that for all ¢t € A,,:

+ +
IH(z) = lil(qn)(:v) = [—xQ — inf (w?-— bl?(:v))] = [—:Ez - w?l(qn) + blgl(qn)(x)} (8.38)

5<r1(qn)
and
2 2 1 1 1 - 1 1 1 +
I (@) =1, (g () = [—x - s<i]2(fq : (wg —al, (:1:))} = [—x — Wy, gy T alm(qn)(x)} . (8.39)

Analogously to Lemma 8.4 and Lemma 8.5 one can show that for suffiently small ||

+ +
l;n(:cg) = [—x? — inf (w?- blz(:cg))] = [—azg - w?l(qn) +b1? (azg)} (8.40)

5<r1(gn) r1(an)
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and

+ +
lgn(:re) = [—3:; — inf (w)— al;(xa))] = [—xi — wig(qn) + alig(qn)(%) , (8.41)

s<ra(qn)

and furthermore that

Ni2(gn) ' Na21(gqn)
L (2) =13 (z) = (&® —a2) ) (ab)" '+ (a' —al)b Z (ab)’ if 5(g,) =2, (8.42)
i=1
as well as
Ni2(qn) ' N21(gn) 4
lgn (xe) — lgn () = (> —2%)a Z (ab)™ + (2! — zl) Z (b1, if s(g,) = 1. (8.43)
i=1 j=1

For small |¢] > 0 we can now compute the derivatives of X by a similar proceeding as in
Section 8.4. We consider a fixed ¢, and t € A,,. Then,

X}Hz.) — XHz) = l‘; —zt—a (lén (zc) — l;n (93)) + lgn (xe) — lgn (x),

which is equal to 2! — 2! if s(t) = 0. Otherwise, if s(t) = 1, we use (8.38), (8.40) and (8.43) to
obtain

Xi(@e) = Xj () = w2 — 2’ —a(a® — 22) + (1 = ab) (I (x2) = I ()
= 2! —2' —a(2? — 2?) + a(2® — 22)(1 — (ab)V2®0)) 4 (2! — 21)(1 — (ab)V2®)
1

= a(ab)M2® (22 — 22) 4 (ab)V2 O (2] —

I

)
and if s(t) = 2, inserting (8.39), (8.41) yields X} (x.) — X}(z) = 0. Hence, it becomes obvious
that (8.36) holds.
Analogously, we obtain the derivatives of X2 in (8.37), where we simply apply (8.39), (8.41)
and (8.42) in the case s(t) = 2. O

Finally, comparing the results of Theorem 8.1 and Theorem 8.7, we observe that the derivatives

are continuous in &, since m T oo as § T 5 (resp. m | —ooas { | §) and ¢ — abas { — 3.

8.7 The Neumann Condition

Corollary 8.9. Suppose a < 0. Then, for all bounded continuous f and t > 0, the transition
semigroup P f(x) := E[f(Xi(x))], € S\{0}, satisfies the NEUMANN condition at 0S:

x € 0S; = D,,P,f(z) =0, 1=1,2,

where Dy, := v;-V is the directional derivative operator associated with the direction of reflection
v; on the side 0S;, i =1,2.

Sketch of proof. Let i = 1 (the case i = 2 can be treated analogously). By a density argument
it is sufficient to consider bounded functions f, which are continuously differentiable and have
bounded derivatives. Recall that we have 79 = oo a.s., since @ < 0. Let ¢ > 0 and x € 057,
which implies immediately inf C! < inf C2, so that by (8.9) and (8.10)

Ngl(t) = le(t), if S(t) =1 and ng(t) == Ngl(t) + 1, if S(t) = 2. (844)
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Since v; = (—a, 1), we have

DuPf(z) = ~a 5 HEIF(X()] + 5 5B (X(@))]

Using the properties of reflected BROWNian motions, a.s. the set C has zero LEBESGUE measure
and t ¢ C a.s. Hence

0 0
Dy, Pif(x) = —a @E[f(Xt(@) ﬂ{tE[O,oo)\C}] + @E[f(Xt(ﬂf)) ll{tG[O,oo)\C}]'

By the results in Theorem 8.1 resp. in Theorem 8.7 the partial derivatives of Xy(z) depend
only on constants and the number of crossings before time ¢. Using the fact that the paths are
continuous w.r.t. the sup-norm by Lemma 8.3, we conclude that the derivatives of z — X;(z)
are at least locally bounded. Since the derivatives of f are also bounded, we may write the
differentials in the expectation by dominated convergence (see e.g. Korollar 16.3 in [1]) and
obtain by chain rule:

1 T 2
D Pif0) =& | -a (5 o) 5+ 2 0a) S ) Bcinoncy

0 OX}(x 0 0Xf (x
+ (S xten B + 2L o) BED ) o]

of oX}(x) 0X}(x)
=E {6 T (Xe(z)) (-a 8;1 + 83:2 Le(0,00)\C

0 0X OXE(x
3f2 (Xi(x)) (— a’;(l ) Efxg )> ﬂ{te[O,OO)\C}]'

By inserting the formulae for the derivatives of X, established in Theorem 8.1 resp. in Theo-
rem 8.7, and using (8.44), one can easily check that for each ¢ € [0,00)\C' a.s.

OX/(x)  9X/(x) OXi(z) | O0XP(x)
—a 9l + 972 =0 and —a 97l + 972 =0.

Remark 8.10. For an arbitrary «, it follows by the same reasoning that
x € 0S; = Dy,E [f(Xe(2))Ljicryy] =0, i=1,2,

i.e. the transition semigroup associated with the process, which is absorbed at the corner,
satisfies the NEUMANN condition.
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List of Frequently Used Notation

6
(Q,F, (Ft)i>0,P)
E

E[X]A]

Pt P, Bt PT.

S,19 0,67 ~ s,

Eis
L?? Lt
Pt7 Ps,t
nRv
o(X)

S,t T
Es,i7 Eoﬂa E

S’L

0(Xs;0<s<1)

equal to by definition

identification of two functions

finite set of indices

the cardinality of I, i.e. the number of elements contained in [
the |I|-dimensional Euclidian space; R = R!

the nonnegative real numbers

= [0,00)!, the set of |I|-tuples of nonnegative real numbers
:={1,2,...}, the natural numbers
the set of rational numbers

the Euclidian norm on R'; ||z[|? = >, (2%)?

the transposed of the vector v

:= min{a, b}, the minimum of a,b € R

:= max{a, b}, the maximum of a,b € R

:=max{a,0} if a € R

:=max{—a,0} ifa e R

the continuous functions from U into R

the functions in C'(U) with continuous derivatives up to order k

the space of functions from U into V which are right continuous

and have left limits (i.e. cadlag functions)

the support of the measure p

the restriction of the function f to the set K

the gradient: Vf = (811 by 83:") for f = f(a! ,x™)

=0v-V:=3" vz a -, the directional derlvatlve operator associated with
the direction v = (v1,...,vp)

:=exp(1), the EULER number

the KRONECKER delta; §;; = 1if i =7, 0;; =0if ¢ £ 5

the indicator function of the set A; Iy(z) =1if x € A, Ty(z) =0ifx ¢ A
the boundary of the set A

the power set of the set A

-1 ifz<O
= 0 ifz=0
1 ifz>0

(¢')ier denotes the canonical basis of RY, i.e. e'(j) = ;;

the underlying filtered probability space

the expectation operator w.r.t. P

the conditional expectation of the random variable X w.r.t. the o-algebra A
probability measures on the space of the I-valued cadlag functions such that
the coordinate process is MARKOVian with time-dependent generator

the expectation operators w.r.t. P, Ps, P‘S? and PT
time-dependent generator of the coordlnate process under ; and Py
transition semigroup of homogeneous and inhomegeneous MARKOV processes
the product measure of u and v

the smallest o-algebra with respect to which the random variable X

is measurable

the smallest o-algebra with respect to which the random variable X

is measurable for all s € [0, ]
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(X) the quadratic variation process of X

(X,Y) the quadratic covariation process of X and YV

M™ the stopped martingale process M for any stopping time 7
0 the LANDAU symbol

w.r.t. with respect to

a.s., a.e. almost surely, almost everywhere

O end of proof

“increasing” is used with the same meaning as “non-decreasing” and “decreasing” with the same
meaning as “non-increasing”. In strict cases “strictly increasing” resp. “strictly decreasing” are
used.
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Zusammenfassung

Das Hauptziel dieser Diplomarbeit ist zu zeigen, dass die Losungen von Systemen stochastis-
cher Differentialgleichungen (SDE) mit Reflektionsterm, sog. SKOROHOD SDEs, beziiglich ihres
deterministischen Anfangswertes pfadweise differenzierbar sind.

Vorgelegt sei also fiir eine endliche Indexmenge I das folgende System solcher SKOROHOD SDEs:

XZ(a:):x’—l—/O b’(Xr(x))dr+l,§(m)—|—/0 o (Xi(z))dwi, t>0,i€l, s

Xi(e) >0, dii(z) >0, / Xi(@)dli(z) =0, i€l
0

fir alle z € RL, wobei die Koeffizientenfunktionen b’ : Rfr — Rund ¢’ : R, — R, i € I, stetig
differenzierbar und LIPSCHITZ stetig seien. (w?);c; bezeichne dabei eine Familie unabhingiger
BrowNscher Bewegungen auf einem Wahrscheinlichkeitsraum (2, F, P).

Das Ziel ist nun zu zeigen, dass die Losungen X;(z), t > 0, fast sicher bzgl. 27, j € I, partiell
differenzierbar sind, und probabilistische Darstellungen fiir die Ableitungen zu finden.

Dieses Problem ist bereits fiir den Fall ¢ = 1, i € I, in [3] gelost worden: Das Hauptresul-
tat besagt, dass sich die Ableitungen durch eine gewOhnliche Differentialgleichung beschreiben
lassen, wenn der Prozess sich im Innern des Rfr befindet, und dass sie Null werden, wenn der
Prozess den Rand trifft. Aufgrund der komplexen Struktur der Menge von Zeitpunkten, wo
der Prozess den Rand trifft, wird diese Darstellunng ziemlich kompliziert. Jedoch ergibt sich
flir die Ableitungen eine einfache Darstellung mit Hilfe eines Random Walks mit Werten in der
Indexmenge 1.

In dieser Diplomarbeit wird nun versucht, dieses Resultat auf das System (A.1) zu verallge-
meinern unter starkeren Voraussetzungen an die Koeffizientenfunktionen. Mit Hilfe einer Vari-
ablensubstitution, der sog. LAMPERTI Methode, wird dazu das System (A.1) in ein System mit
konstanten Diffusionskoeffizienten tiberfiihrt und dann die Differenzierbarkeit wie in [3] gezeigt.
Als weitere wesentliche Ergénzung der Resultate in [3] wird der Prozess einer BROWNschen
Bewegung in einem Keil (engl. “wedge”) mit schiefer Reflektion, welcher sich auch mit Hilfe
eines zweidimensionalen Systems von SKOROHOD Gleichungen beschreiben lasst, auf pfadweise
Differenzierbarkeit nach dem Anfangswert untersucht. Die erhaltenen Ableitungen sind kon-
stant auf jedem Zeitintervall, wo sich der Prozess im Inneren des Keils befindet, und hangen
von der Anzahl der bisherigen Uberquerungen des Keils ab.

Die Arbeit ist wie folgt gegliedert: In Abschnitt 3 wird gezeigt, dass die Losungen von (A.1)
stetig vom Anfangswert abhéngen, sogar in dem Fall, wenn die Diffusionskoeffizienten von allen
Komponenten von X abhéngen, bevor dann in Abschnitt 4 die Losungen auf Differenzierbarkeit
untersucht werden.

In Abschnitt 6 wird eine alternative Beweismoglichkeit der Random Walk Darstellung im Fall
ot =1, i € I, diskutiert, wobei vorausgesetzt wird, dass die Drift-Koeffizienten nicht negativ
sind. Dabei wird ein “Penalizations”-Ansatz benutzt, um Approximationen der Losungen zu
konstruieren, und eine Random Walk Darstellung fiir diese Approximationen hergeleitet. Als
Vorbereitung werden in einem Exkurs in Abschnitt 5 FEYNMAN-KAC Formeln fiir MARKOV
Prozesse mit zeitabhdngigem Generator behandelt.

In Abschnitt 7 werden dann die partiellen Ableitungen der Ubergangshalbgruppe von X berech-
net, wobei mittels Maiwechsel und GIRSANOV-Transformation die Komponenten von X entkop-
pelt werden.

Abschlielend behandelt Abschnitt 8 die pfadweise Differenzierbarkeit einer BROWNschen Be-
wegung in einem Keil.



