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Introduction

Recover ground truth y ∈ Rn

from noisy observation x ∈ Rn

Task

ŷ ∈ S(K, x) := argmin
u

F(Ku) + G(u− x)

Convex Problem

via

{(x1, y1), . . . , (xm, ym)}

Training Data

learn K
from

�K ∈ argmin
K

1
m

m
∑
i=1

�(yi, ŷi)

s.t. ∀i : ŷi ∈ S(K, xi)

Bilevel Problem

via

use K̂



Introduction

�K ∈ argmin
K

1
m

m
∑
i=1

�(yi, ŷi)

s.t. ∀i : ŷi ∈ S(K, xi)

Bilevel Problem

A1(K, x), . . . , AL(K, x)

Convex Optimization Algorithm

�K ∈ argmin
K

1
m

m
∑
i=1

�(yi, AL(K, xi))

Approximate Bilevel Problem



Introduction

�K ∈ argmin
K

1
m

m
∑
i=1

�(yi, AL(K, xi))

Approximate Bilevel Problem

∇K �(y, AL(K, x))

Approximate Gradient

single
example

?behavior
for L → ∞



Gradient Computation

z[�+1]
D := ξ[�] + σKx[�] ξ[�+1] := proxσF∗ (z

[�+1]
D )

z[�+1]
P := x[�] − τK�ξ[�+1] x[�+1] := proxτG(z

[�+1]
P − x) + x

x[�+1] := x[�+1] + θ(x[�+1] − x[�])

Chambolle-Pock iteration

δ
[�]
P = prox�τG(z

[�]
P − x)� (δ

[�+1]
P + σK�δ

[�+1]
D )

δ
[�]
D = prox�σF∗ (z

[�]
D )� (δ

[�+1]
D − τKδ

[�]
P )

δ
[�]
D = δ

[�]
D + θ(δ

[�]
D − δ

[�+1]
D )

Backpropagated gradients

∇K �(y, AL(K, x)) =
L

∑
�=1

σδ
[�]
D x[�−1]� − τξ[�]δ

[�]�
P

Parameter gradient

δ
[�]
P/D := ∇z[�]P/D

�(y, x[L])



Asymptotics of Backpropagated Gradients

prox�τG(z
[�]
P − x) = prox�τG(z

[�0]
P − x) ∈ {0, 1}n

prox�σF∗ (z
[�]
D ) = prox�σF∗ (z

[�0]
D ) ∈ {0, 1}k





for some �0 ∈ N

and all � ≥ �0

Assumption

lim
L→∞

δ
[�]
P ∈ ker(K) and lim

L→∞
δ
[�]
D ∈ ker(K�)

Result



Asymptotics of Parameter Gradient

ΔP := lim
L→∞

L
∑
�=1

δ
[�]
P < ∞ ΔD := lim

L→∞

L
∑
�=1

δ
[�]
D < ∞

lim
L→∞

L
∑
�=1

|δ[�]
P | < ∞ lim

L→∞

L
∑
�=1

|δ[�]
D | < ∞

Assumptions

lim
L→∞

∇K �(y, x[L]) = σΔDx∗� − τξ∗Δ�
P

Result



Algorithmic Approach

ΔP ≈ δ∗
P := prox�τG(x∗ − τK�ξ∗ − x)� (y− x∗)

ΔD ≈ δ∗
D := prox�σF∗ (ξ

∗ + σKx∗)� (−τKδ∗
P )

Approximate Series

lim
L→∞

∇K �(y, x[L]) ≈ σδ∗
Dx∗� − τξ∗δ∗�

P

Approximate Gradient

ξ̃ = proxσF∗ (ξ
∗ + σKx∗)

x̃ = proxτG(x∗ − τK� ξ̃)

Fixed-Point Iteration

∇K �(y, x̃)

Fixed-Point Gradient



Numerical Example

ŷ ∈ argmin
u

�Ku�1 s.t. �u− x�2 ≤ σ
�

#pixels
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Summary

Asymptotic analysis of gradients in parameterized energy minimization models
Gradient limit depends only on optimal solutions and not on intermediate iterates
Approximating backpropagated gradients yields tractable gradient computation
Interpretation in terms of fixed-point equation
Application to image denoising

Thank you!


