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ABSTRACT: The Cartesian Tensor Transfer Method (CTTM) was proposed as an efficient way to calculate infrared, Raman, and
Raman Optical Activity (ROA) spectra for large molecules from the Hessian matrix and property tensor derivatives calculated for
smaller molecular fragments. Although this approach has been widely used, its reliability has not been analyzed in depth yet.
Especially for ROA spectra, such an analysis became only recently possible because of methodological advances that allow for the
calculation of full ROA spectra of fairly large molecules with large basis sets. In this work, we investigate an R-helical polypeptide of
20 alanine amino acids, for which we reported the full ROA spectra earlier, in order to study the CTTM for protein subunits. By
comparing the full first-principles calculation of the vibrational spectra with spectra reconstructed with the CTTM from different
fragment sizes, we find that infrared and Raman spectra are mostly well reproduced. However, this is not the case for the ROA
spectrum. This might have implications for peptide and protein CTTM ROA spectra that have already been published in the
literature.

1. INTRODUCTION

Vibrational spectra are a widely used tool to study biomole-
cules, in particular, polypeptides and proteins. Conventional
infrared (IR) and Raman spectroscopy,1�4 their chiral variants,
vibrational circular dichroism (VCD)5�8 and Raman optical
activity (ROA),9�14 as well as other specialized techniques such
as resonance Raman spectroscopy15�18 or multidimensional IR
spectroscopy19�21 can provide detailed insight into the structure
and dynamics of biomolecules in solution. Biomolecules in the
gas phase can be investigated using infrared multiple-photon
dissociation (IR-MPD) spectroscopy22�24 and IR-UV double
resonance spectroscopy.25,26

However, the interpretation of experimental vibrational spec-
tra is hampered by the difficulty of establishing a direct relation-
ship between observed spectra and the molecular structure.
Therefore, first-principles calculations of the vibrational spectra
(for a review, see ref 27) are often necessary to unambiguously
assign vibrational spectra. Such calculations can provide informa-
tion that is not available from experimental results alone, such as
the precise atomic displacements corresponding to each of the
observed vibrational transitions. In combination with appropri-
ate analysis tools,28�30 this can be utilized to understand the
relationship between molecular structure and vibrational spectra
in detail.31�34

The computational cost for such first-principles calculations is
very high because of the higher derivatives of the total electronic
energy and of molecular property tensors that are required for
the vibrational frequencies and intensities, respectively. Hence,
more efficient approaches for the calculation of vibrational
spectra have been developed. For instance, the mode-tracking35�37

and intensity-tracking38�41 methods allow for the direct calcula-
tion of particular normal modes or of only the intensemodes. For

the targeted modes, these approaches give results identical to
those of a full calculation.

In addition, methods that introduce further approximations
have been investigated.42,43 An interesting and popular approx-
imation is the so-called Cartesian Tensor Transfer Method
(CTTM) proposed by Bou�r et al. in 1997.44 The CTTM
constructs the second derivatives of the electronic energy (i.e.,
the Hessian matrix) and the intensities of a large molecule from
the Hessian matrices and molecular property tensor derivatives
calculated for smaller molecular fragments. Obviously, depend-
ing on the size of these fragments, this approximation neglects
long-range interactions between atoms in the large molecule,
which are further apart from one another so that they do not
belong to the same fragment. Since information about these long-
range interactions is not contained in the properties of the smaller
fragments, it cannot be accounted for. In terms of the underlying
Hessian matrix, this means that the far-off diagonal elements are
set to zero. Similarly, the use of small fragments might significantly
alter the electronic structure and in turn the property tensor
derivatives determining the vibrational intensities.

The CTTM has been applied in numerous studies to calculate
IR45�49 and Raman45,50 spectra of biomolecules. Also for the
corresponding chiral analogues VCD7,8,51�66 and ROA,50,67�74

the CTTMhas been applied extensively. An example is a study by
Kapitan et al., who employed the CTTM for β-peptides,70 where
both the force field (i.e., the Hessian matrix) and the polariz-
ability tensors’ derivatives were constructed with the CTTM. In
that work, the β-peptide under study was decomposed into
fragments separately representing the backbone and the side
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chain, and the backbone was further decomposed into two
fragments. In another study,67 Kapitan et al. calculated Raman
and ROA spectra of poly-L-proline with the CTTM from
HCO-(L-Pro)3-NH2 fragments.

Despite its wide use, the CTTM has never been analyzed in
detail for such large biomolecules by performing a comparison to
full calculations. Mostly, this is because full calculations for such
large systems have only become possible in recent years. In
particular, for ROA spectroscopy, full calculations are now
possible for rather large polypeptides31,75,76 and even for small
proteins77 by using efficient density-fitting techniques for the
calculation of the required polarizability tensors.78 In the future,
analytical derivative methods developed for Raman79,80 and
ROA spectroscopy81�84 will push the limits even further.

In this work, we intend to close this gap by investigating the
accuracy and reliability of the CTTM in detail. As a test system,
we chose an R-helical polypeptide consisting of 20 alanine
residues. To allow for a direct comparison, all calculations for
the large molecules and the corresponding smaller fragments are
carried out with the same basis set and exchange-correlation
functional. Only the fragment size was varied in order to assess its
influence. As a consequence, we should be able to determine the
limits of this method and the reliability of the spectra of
polypeptides calculated with the CTTM.

This work is organized as follows. In section 2, we review the
theory of calculating vibrational spectra as well as the CTTM and
outline our CTTM implementation, before explaining the com-
putational details in section 3. This is followed in section 4 by two
tests on small molecules in order to validate our implementation
of the CTTM before we proceed to a detailed analysis of the
CTTM for an R-helical polypeptide in section 5. Finally, con-
clusions are presented in section 6.

2. METHODOLOGY

Within the harmonic approximation, the vibrational frequencies
νp and the normal modesQp can be obtained by diagonalizing the
mass-weighted molecular Hessian matrix H(m) with the elements

HðmÞ
iR, jβ ¼ 1ffiffiffiffiffiffiffiffiffimimj

p D2E
DRiRDRjβ

 !
0

ð1Þ

where E is the total energy, RiR is the R = x,y,z Cartesian com-
ponent of the position of nucleus i,mi is the atomicmass of nucleus
i, and the subscript “0” indicates that the derivative is taken at the
molecular equilibrium structure R0. Here and in the following, we
will use Greek indices R,β,γ,δ, etc. to refer to the Cartesian com-
ponents x,y,z of a vector or tensor and indices i,j,k, etc. for nuclei.

The intensities for infrared, Raman, and ROA spectroscopy
corresponding to each vibrational transition can be expressed as

Ip � ∑
l
cl

DPðiÞl
DQ p

 !
0

DPðiÞl
DQ p

 !
0

ð2Þ

where cl are coefficients depending on the type of spectroscopy as
well as the experimental setup and Pl

(i) are components of the
appropriate property tensors. In the case of infrared spectrosco-
py, these are the components of the dipole moment μ, and for
Raman spectroscopy, those of the electric-dipole�electric-dipole
polarizability tensor R. For ROA spectroscopy, the electric-
dipole�magnetic-dipole polarizability tensor G0 and the elec-
tric-dipole�electric-quadrupole polarizability tensor A are also

required. For explicit intensity expressions of these different
types of vibrational spectroscopy, see, e.g., Appendix D in ref 29.
The derivatives with respect to normal modes in eq 2 can be
obtained from the derivatives of the property tensors with respect
to Cartesian displacements (∂Pl

(i)/∂RiR)0.
For large molecular systems, such as polypeptides, the calcula-

tion of the second energy derivatives in eq 1 and of the property
tensor derivatives becomes a very expensive step, in particular for
calculations of ROA spectra. Therefore, in the CTTM of Bou�r
et al., these derivatives are approximated by those calculated for
smaller fragments. In the following, we briefly outline the CTTM
as well as the details of our implementation.

In the simplest case, one considers a molecule constituted of
several identical monomers such as, for instance, an alanine
polypeptide. In this case, a smaller fragment of only a few
monomers is used to perform the actual calculations of the
Hessian matrix and the property tensor derivatives, and these
results are then transferred to the larger molecule. A schematic
example is illustrated in Figure 1. The large molecule is in this
case a heptamer, and as a small fragment a trimer is used. The
small fragment can then be moved along the large fragment, and
for each position, a mapping between atoms of the small
fragment and atoms of the large molecule can be defined
(following the terminology of ref 44, this mapping will be called
an overlap). As shown in the figure, the atoms in the central part
of the large molecule can be mapped to the smaller fragment in
several different ways; i.e., different overlaps are possible. Of
course, by using several different small fragments, such a proce-
dure can be generalized to polymers consisting of different
monomers and to entirely general large molecules.

The Hessian matrix is then calculated in the following way:
For each pair of atoms i and j, one finds those overlaps that map
both atoms to the same small fragment. If no such overlap is
found, the corresponding elements of the Hessian are set to zero.
If one or more overlaps are found, the corresponding elements of
the Hessian of the small fragment are transferred to the large
molecule (see below for details). This results in a band-diagonal
Hessian matrix, as is illustrated in Figure 1. Initially, Bou�r et al.
suggested to fill the gaps where the Hessian has been set to zero
with entries of a semiempirical or empirical force field.44 How-
ever, since in most of the published papers so far this possibility
was not used, we will only investigate the generic method here as
a true ab initio method without any empirical contributions.

To transfer the Hessian matrix elements from the small
fragment to the large molecule, one has to determine a rotation
matrixU(ij) that maps the relevant atoms of the small fragment to
the corresponding atoms of the large molecule. For this, one
considers the atoms i and j as well as their next neighbors (as
defined by a connectivity table). If this results in less than three
atoms, another set of next neighbors is included. Then, both
sets of atoms {Rk

(large)} and {Rk
(small)} are translated to their

Figure 1. An abstract example for defining the overlaps: A large
polymer (heptamer) is reconstructed from a fragment (trimer). The
numbers above the bar show howmany overlaps exist for one unit of the
large polymer. An approximation of the Hessian matrix of the large
molecule is then constructed with the ones of the fragments as illustrated
on the right.
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geometric centers (R large
(ij) = 1/N ∑kRk

(large) and Rsmall
(ij) = 1/N

∑kRk
(small), respectively, where the index k runs over the N

relevant atoms). Subsequently, the rotation matrix U(ij) is
determined such that the mean square error

δðUðijÞÞ ¼ ∑
k
jðRðlargeÞ

k � RðijÞ
largeÞ �UðijÞðRðsmallÞ

k � RðijÞ
smallÞj2 ð3Þ

is minimized, where the index k runs over the relevant atoms. For
this minimization, one can apply different methods. Some
methods employ a Euler angle parametrization, which can raise
different problems such as the Gimbal lock;85,86 others employ
a quaternion parametrization.85,86 The latter has the advantage
that it allows one to apply algebraic methods to solve the
minimization problem, which is then turned into an eigenvalue
problem, rather than to deal with trigonometric functions. For
these reasons, an algorithm based on quaternions, similar to the
one described in ref 87, is employed in this work.

It is important to note that a different rotation matrix U is
determined for each pair of atoms i and j, which is indicated by
the superscript index “(ij)”. Alternatively, it would also be
possible to apply a common rotation matrix for each overlap of
a small fragment with the larger molecule. However, by read-
justing the rotation such that the agreement is optimal for the
atoms i and j and their neighbors, a more accurate Hessian (and
property tensor derivatives) should be obtained. Finally, if there
are several overlaps that contain the atom pair i and j, one has to
decide which of them (i.e., which small fragment) is used. The
papers of Bou�r and co-workers mention that there are several
possibilities for handling such cases44 (e.g., always choosing the
fragment for which the geometry matches best or performing a,
possibly weighted, average). However, they are not very clear in
explaining which option has actually been used in their calcula-
tions. On the basis of our own tests, we chose to always use the
overlap for which the smallest error δ(U(ij)) is obtained.

Given the rotation matrix U, the entries of the Hessian matrix
for the atom pair i and j can be transformed with44

D2EðlargeÞ

DRiRDRjβ
¼ UðijÞ

RγU
ðijÞ
βδ

D2EðsmallÞ

DRiγDRjδ
ð4Þ

The usual sum convention is used throughout (i.e., a Greek
index occurring more than once on the right-hand side is summed
over all Cartesian components) if no explicit sum sign is used.

For the spectral intensities, one has to obtain the different
derivatives of electric property tensors (i.e., the electric-dipole
polarizability μ, the electric-dipole�electric-dipole polarizability
tensor R, the electric-quadrupole�electric-dipole polarizability
A, and the electric-dipole�magnetic-dipole polarizability G0)
with respect to Cartesian coordinates. These are also obtained by
transferring the property tensor derivatives from the small
fragments to the large molecule. However, since these derivatives
only depend on one atom i (in contrast to the elements of the
Hessian, which depend on two atoms), the rotationmatricesU(ii)

found for the diagonal elements of the Hessian can be used.
The dipole moment μ and the electric-dipole�electric-dipole

polarizability R of an uncharged molecule are not origin-depen-
dent and transform as44

D
DRiε

μðlargeÞR ¼ UðiiÞ
εη U

ðiiÞ
Rπ

D
DRiη

μðsmallÞπ ð5Þ

D
DRiε

RðlargeÞ
Rβ ¼ UðiiÞ

εη U
ðiiÞ
RπU

ðiiÞ
βF

D
DRiη

RðsmallÞ
πF ð6Þ

The electric-dipole�magnetic-dipole polarizabilityG0 and the
electric-quadrupole�electric-dipole polarizability A change un-
der a gauge transformation (i.e., a shift of the origin).9,78 There-
fore, for transferring their derivatives from the small fragments to
the large molecule, it is not sufficient to transform them with the
rotation matrix U(ii), but the translation by �Rsmall

(ii) applied
before the rotation and the translation by R large

(ii) applied after
the rotation have also to be considered. This way, it is ensured
that the property tensor derivatives for the largemolecule all refer
to the same common origin. This is only relevant for the
calculation of ROA spectra, but (as long as neutral molecules
are studied) not for IR or Raman spectra.

The first step is a translation of the small fragment to its
geometric center, i.e., by the vector�Rsmall

(ii) . This corresponds to
shifting the origin O to O þ Rsmall

(ii) . Under this transformation,
the Cartesian derivatives of G0 and A change as9,44,78

D
DRiε

G0 ðsmallÞ
Rβ ðOþ RðiiÞ

ðsmallÞÞ ¼ D
DRiε

G0 ðsmallÞ
Rβ ðOÞ

þ 1
2
ωεβγδR

ðiiÞ
small, γ

D
DRiε

RðsmallÞ
Rδ ð7Þ

D
DRiε

AðsmallÞ
R, βγ ðOþ RðiiÞ

ðsmallÞÞ ¼ D
DRiε

AðsmallÞ
R, βγ ðOÞ

� 3
2
RðiiÞ
small, β

D
DRiε

RðsmallÞ
Rγ � 3

2
RðiiÞ
small, γ

D
DRiε

RðsmallÞ
Rβ

þ δβγR
ðiiÞ
small, δ

D
DRiε

RðsmallÞ
Rδ ð8Þ

where ω is the angular frequency of the incident light, δβγ is the
Kronecker delta, and εβγδ is the Levi�Civita symbol. After this
transformation, the rotation U(ii) has to be applied:

D
DRiε

G0 ðlargeÞ
Rβ ðOþ RðiiÞ

ðlargeÞÞ ¼ UðiiÞ
εη U

ðiiÞ
RπU

ðiiÞ
βF

D
DRiη

G0 ðsmallÞ
πF ðOþ RðiiÞ

ðsmallÞÞ

ð9Þ
D

DRiε
AðlargeÞ
R,βγ ðOþ RðiiÞ

ðlargeÞÞ ¼ UðiiÞ
εη U

ðiiÞ
RπU

ðiiÞ
βF U

ðiiÞ
γσ

D
DRiη

AðsmallÞ
π, Fσ ðOþ RðiiÞ

ðsmallÞÞ

ð10Þ
Following this rotation around the origin, the polarizability
tensor derivatives refer to the large fragment that has been
shifted such that its geometric center is at the origin, i.e., by
�R large

(ii) . Thus, the G0 tensor and the A tensor have to be
translated back to the original position of the large molecule.
This corresponds to shifting the origin from O þ R(large)

(ii) to O
and therefore,

D
DRiε

G0 ðlargeÞ
Rβ ðOÞ ¼ D

DRiε
G0 ðlargeÞ
Rβ ðOþ RðiiÞ

ðlargeÞÞ

� 1
2
ωεβγδR
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D
DRiε

RðlargeÞ
Rδ ð11Þ

D
DRiε

AðlargeÞ
R, βγ ðOÞ ¼ D

DRiε
AðlargeÞ
R, βγ ðOþ RðiiÞ

ðlargeÞÞ

þ 3
2
RðiiÞ
large, β

D
DRiε
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2
RðiiÞ
large, γ

D
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RðsmallÞ
Rβ

� δβγR
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large, δ

D
DRiε

RðlargeÞ
Rδ ð12Þ
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Once all (pairs of) atoms of the large molecule have been
considered, the IR, Raman, and ROA spectra can be computed
from the final Hessian matrix and property tensor derivatives
using the usual procedure.

3. COMPUTATIONAL DETAILS

All calculations of Hessians and property tensor derivatives
have been performed using the SNF program.88,89 The Hessian
matrix is calculated by numerical differentiation of analytical
gradients calculated with density-functional theory in the
Turbomole program package.90 For the calculation of the property
tensor derivatives, the dipole moment as well as the electric-
dipole�electric-dipole, electric-dipole�magnetic-dipole, and
the electric-dipole�electric-quadrupole polarizability tensors
calculated with Turbomole are differentiated numerically. The
polarizability tensors are obtained with time-dependent density-
functional theory from a modified version of Turbomole’s escf
program.78 The electric-dipole�electric-dipole polarizabilityR is
calculated both in the length and in the velocity representation,
the electric-dipole�magnetic-dipole polarizability G0 is calcu-
lated in the velocity representation, and the electric-dipole�
electric-quadrupole polarizability A is calculated in the length
representation. All Turbomole calculations employ the BP86
exchange-correlation functional91,92 and Ahlrichs’ valence triple-
ζ basis with one set of polarization functions (def-TZVP)93,94

and the corresponding auxiliary basis sets.95,96

The CTTM method as described in the previous section has
been implemented in an add-on package to SNF written in the
Python programming language. A pseudocode representation of
the calculation of vibrational spectra with our implementation of
the CTTM is shown in Figure 2. This add-on reads the Hessian
matrices and property tensor derivatives calculated by SNF for the
small fragments and assembles the Hessian matrix and property

tensor derivatives of the large molecule. For determining the
rotation matrix U, a quaternion-based algorithm86,87 is used. For
this step, our program makes use of the routines provided by the
PyVib2 library of Fedorovsky.97

The Hessian matrix and the property tensor derivatives
constructed using the CTTM are then read back into the SNF
program, so that the usual routines can be employed for
calculating the vibrational frequencies and normal modes, as
well as IR, Raman, and ROA intensities. When calculating the
ROA intensity differences, the β(G0)2 invariant is calculated in
the velocity representation to ensure gauge invariance, whereas
the β(A)2 invariant, which is always gauge invariant, is calculated
in the length representation.78 All Raman scattering factors are
calculated for linearly polarized incident light and for the
scattered light detected at 90�, ROA intensity differences are
for 180� backscattering. Both the Raman and the ROA spectra
use an excitation wavelength of 799 nm. In all plotted spectra, the
calculated transitions have been broadened using a Lorentzian
line shape with a full-width at half-maximum of 15 cm�1. If
included in the plots, the line spectrum has been scaled by 0.05
compared to the broadened spectrum.

4. VERIFYING THE CTTM IMPLEMENTATION

First, we carefully tested that our implementation of the
CTTM is correct. As a simple test case to verify that the various
transformation steps have been implemented correctly, we
study the L-alanine molecule. The IR, Raman, and ROA spectra
calculated for L-alanine are shown in Figure 3 as “Original” at
the bottom of each plot. Themolecule is then rotated by 120� in
the xy plane and afterward translated by 1.0 bohr in the x and y
directions. The spectra calculated for this rotated and translated
molecule are shown in Figure 3 as “Rotated&Translated” at the
top of each plot. The Hessian and the property tensor deriva-
tives calculated for the rotated and translated L-alanine mole-
cule are then transformed back to the coordinates of the original
molecule. The resulting spectra are shown in Figure 3 in the
middle of each plot as “Transferred”. The IR, Raman, and ROA
spectra are identical in all three cases, which demonstrates that
the implementation is working correctly. For a more detailed
comparison, the IR intensities as well as the Raman and ROA
invariants for all normal modes are listed in the Supporting
Information. From the calculation for the translated and rotated
molecule and from the CTTM identical values are obtained.
For the original L-alanine molecule, very small deviations are
observed. These are due to the numerical integration grid in
the DFT calculations, which depends on the orientation of
the molecule.

However, since the origin dependence of theG0 tensor and the
A tensor drops out when the ROA invariants are calculated, one
still has to verify that the translation of the molecule (eqs 7�8,
11, and 12) is performed correctly. Therefore, in the Supporting
Information, also the elements of derivatives of theG0 tensor and
the A tensor with respect to some of the nuclei are given. Again, a
close agreement between all three calculations is found. This
validates our implementation of the CTTM.

As a first test of the CTTM itself, we consider a simple case
where the CTTM gives correct results. To this end, we chose two
L-alanine molecules which are located far apart from each other,
separated by approximately 10.5 Å. The IR, Raman, and ROA
spectra calculated for these two L-alanine molecules in a full
calculation are shown in Figure 4 as “Original” at the bottom of

Figure 2. Pseudocode for the calculation of vibrational spectra of large
molecules according to the CTTM.
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each plot. The “Reconstructed” spectra are obtained by merging
two separately calculated L-alanine molecules with exactly the
same structure as in the full calculation with the CTTM. The IR,
Raman, and ROA spectra show no differences between the result
of the full calculation and of the CTTM, which also demonstrates
that our implementation is correct.

In an additional test, we consider a N-methyl-acetamide
(NMA) trimer. A similar test case was already used by Bou�r
et al.44 The structure of the trimer is fully optimized, and as a
reference, the full IR, Raman, and ROA spectra are calculated.
From the trimer structure, we then constructed two NMA
dimers, one by taking the two N-terminal NMA units and

Figure 4. Test case for our implementation of the Cartesian Tensor
Transfer Method: Reconstruction of the spectrum of two distant L-
alanine molecules from two separately calculated L-alanine molecules.

Figure 3. Test case for the implementation of the Cartesian Tensor
Transfer Method: Reconstruction of the spectrum of L-alanine from an
L-alanine molecule translated and rotated in space.
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another one by considering the two C-terminal NMA units. For
these dimers, the atomic coordinates are fixed to those in the
trimer, and only the positions of the additional terminal hydro-
gen atoms are optimized. The IR, Raman, and ROA spectra of the
trimer are then reconstructed by transferring the Hessians and
property tensor derivatives from the two dimers to the trimer.
Note that since the atomic coordinates of the dimers match those
of the trimer, a rotation or translation is actually not required in
this case, and the Hessian matrix elements and property tensor
derivatives calculated for the dimers could be used directly.

The comparison of the IR and Raman spectra from the full
calculation and from the CTTM are compared in the plots in the
left column of Figure 5. Even though there are some slight
differences (e.g., the peak at about 850 cm �1 in the Raman
spectrum from the full calculation is split into two peaks in the
reconstructed Raman spectrum), the agreement is very good.
Also for the ROA spectra, shown in the right column of Figure 5,
the full calculation (bottom spectrum) and the reconstructed
spectrum from the CTTM (top spectrum) match closely in most
regions. However, there are also some clear deviations: For
instance, around 1500 cm �1 (where combinations of amide II
and side chainCH3 bending vibrations appear), the spectrum from
the full calculation shows a couplet, while in the reconstructed
spectrum, there are only negative peaks. Similarly, there are
deviations in the amide III region between 1200 and 1300 cm �1.

To shed light on the origin of these deviations, Figure 5 also
includes the spectra obtained if only the Hessian matrix is
transferred and the property tensor derivatives from the full
calculation are used (labeled “Hessian only”) and if only the

property tensor derivatives are transferred but the Hessian from
the full calculation is used (labeled “Intensities only”). In both
cases, there are still differences in the full calculation, but if the
Hessian from the full calculation is used, the spectrum agrees
more closely with the reference. Therefore, it appears that the
ROA spectrum is, in contrast to the IR and Raman spectra, rather
sensitive to (small) changes in the normal modes.

5. ANALYSIS OF THE CTTM FOR AN (ALA)20
POLYPEPTIDE

Since the CTTM has extensively been applied to calculate
vibrational spectra of biomolecules, in particular polypeptides, it
is crucial to assess its accuracy for such systems. As a typical test
case, we choose a polypeptide of 20 alanine residues (Ala)20 in an
R-helical conformation. Full DFT calculations of the IR and
Raman spectra as well as the ROA spectrum of this model system
have previously been performed in our group and were analyzed
in detail.29,31,32 The structure of this (Ala)20 R-helix is shown in
Figure 6a. Even though these calculations might only partly agree
with experimental spectra because of limitations of the computa-
tional methodology (i.e., the approximations applied for the
exchange-correlation functional as well as the neglect of anhar-
monic effects) and the neglect of solvent effects, these full
calculations can serve as a reference for the CTTM. Since the
calculations for the small fragments are based on the very same
approximations, any deviations of the reconstructed vibrational
spectra from the full calculations are caused solely by the CTTM.

Of course, the accuracy of the CTTMwill strongly depend on
the size of the small fragments employed. The structure of the

Figure 5. Vibrational spectra of anN-methyl-acetamide trimer reconstructed from two dimer calculations with the CTTM (IR, top left; Raman, bottom
left; ROA, right). In the Raman spectra, the region below 2000 cm �1 has been magnified by a factor of 8.
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R-helix is stabilized by hydrogen bonds, which could strongly
affect the vibrational frequencies as well as the property tensor
derivatives. In too small fragments, these hydrogen bonds are not
present. Furthermore, the size of the fragments determines the
number of off-diagonal elements of the Hessian that are included
in the CTTM.

To test the sensitivity of the CTTM to the size of the small
fragments, four different sizes are compared. As the smallest
fragment, an alanine tetramer (Ala)4 is used. This fragment is cut
from the C-terminal end of the R-helix and contains only one
internal hydrogen bond. Next, a hexamer (Ala)6, also taken from
the C-terminal end of the R-helix, has been employed. In this
hexamer, there are two hydrogen bonds. Additionally, a hepta-
mer (Ala)7 and an octamer (Ala)8 have been considered. The
structures of these larger fragments have been cut from the
central part of the (Ala)20 (starting from the eighth and from the
second amino acid counting from the C-terminus for the
heptamer and the octamer, respectively) and thus have an mostly
undistorted R-helical structure. The octamer is the smallest
possible fragment in which the central peptide group is involved
in hydrogen bonds both at the N�H and at the CdOgroup. The
structures of these four different small fragments are shown in
Figure 6b. For all of these small fragments, all molecular
coordinates, except for the ones of the terminal NH2 group,
have been fixed in order to keep their structures as close to the full
helix as possible. Therefore, the small fragments are nominimum
structures with respect to the energy anymore, and the Hessians
calculated for these fragments have negative eigenvalues.

The IR and Raman spectra obtained for the (Ala)20 R-helix
with the CTTM are compared to the full calculation in Figure 7.
In general, a good agreement between the full calculation and the
CTTM is found already for the spectra reconstructed from the

alanine tetramer. When going to a larger fragment size, the
spectra only change slightly. There are only a few exceptions
where the agreement is worse. First, in the region between 3300
and 3600 cm�1, where the N�H stretching (amide A) vibrations
appear, the CTTM cannot reproduce the full calculations. Since
the hydrogen bonds in theR-helix are formed between the N�H
and the CdO groups of the backbone, these N�H stretching
vibrations are especially sensitive to the (partial) neglect of these
hydrogen bonds in the CTTM. Only for the octamer, the shape
of the amide A band resembles the full calculation, but its
intensity is still underestimated, both in the IR and in the Raman
spectrum. The peak at 3309 cm�1 in the full calculation (slightly
below the amide A band), which stems from the N�H stretch
vibration of the terminal NH2 group, is missing in all CTTM
spectra. Since we took the structure of our fragments from the
central parts or from theC-terminal end of the helix, the structure
and chemical environment of the terminal NH2 are not well
described.

Second, the IR and Raman spectra from the CTTM do not
agree with the full calculation in the extended amide III region
between 1100 and 1350 cm�1 (i.e., for the amide III and the
CR�H bending vibrations). While the positions of most of the
bands in this region agree in all cases, their relative intensities
change significantly between the different fragment sizes. It is
known that the extended amide III region is particularly sensitive
to structural changes because of the coupling between the
classical amide III and the CR�H bending vibrations.98,99,34

Finally, there are also deviations in the lower wavenumber region,
for instance, around 500 cm�1 in the IR spectra or between 650
and 700 cm�1 in the Raman spectra. For these features, one can
observe that the agreement of the CTTMwith the full calculation
improves if larger fragments are used.

Figure 6. (a) Molecular structure of the (Ala)20 R-helix. (b) Molecular structures of the different fragments used to reconstruct the vibrational spectra
with the CTTM. In the octamer, there is one peptide bond, which has one H bond in both directions.
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Amore quantitative comparison can be obtained by looking at
the differences in the vibrational frequencies of each individual
transition. For such a comparison, we identify the normal modes
corresponding to the same transition in the full and CTTM
calculations by identifying those pairs of normal modes that have
the largest overlap (as defined, for instance, in ref 30). For the
CTTM calculations starting from the different fragment sizes,
Figure 8 highlights the error in the wavenumber for each of the
normal modes. The comparison shows quite significant errors in
the vibrational frequencies. For each of the bands, the errors in
the individual vibrational frequencies are not systematic but
scatter (usually around zero) by about 20 to 50 cm�1. When
ignoring the low-frequency vibrations (below about 300 cm�1),
the largest errors of up to 80 cm�1 are found for the N�H

stretching (amide A) vibrations. Also, for the extended amide III
region, larger deviations are observed. Nevertheless, it appears
that for most of the other regions the errors in the vibrational
frequencies—even though they are considerable—do not affect
the overall IR and Raman spectra significantly.

For the ROA spectrum, the comparison of the CTTMwith the
full calculation is shown in the upper part of Figure 9. Some
features found in the ROA spectrum from the full calculation can
(at least qualitatively) also be found in all the spectra, e.g., the
negative peak for the skeletal stretch vibrations at about
1150 cm�1, the strong positive peak at the lower-wavenumer
end of the CR�H stretching region, or the small positive peak for
the symmetric CH3 bending vibrations. Other features, such as
the negative peak at the lower-wavenumber end of the amide III

Figure 7. Comparison of the IR and Raman spectra from the full calculation on an (Ala)20R-helix and the spectra obtained with the CTTMby using an
alanine tetramer, hexamer, heptamer, and octamer as small fragments. In the Raman spectra, the region up to 2000 cm�1 is enlarged by a factor of 20.
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region or the couplet for the asymmetric CH3 stretching vibra-
tions at 1450 cm�1 appear with the CTTMonly for the heptamer
and the octamer. In general, one notices that there is a much
stronger dependence on the size of the fragments used in the
CTTM, and in some regions, the spectrum changes significantly
with fragment size. An example is the amide I region: While there
is a negative�positive couplet in the full calculation,31 a positive
peak is found with the CTTM using the tetramer; a couplet is
found for the hexamer, and negative peaks are found for the
octamer. It is important to point out that, while in some regions
the CTTM is able to approach the full calculation if large enough
fragments are used, this is not true in general. Even with the
octamer, theCTTMproduces—in contrast to the full calculation—a
strong negative amide II band, an additional negative peak in the
amide III region, and an additional positive peak at about
1000 cm�1. Moreover, there are significant deviations from the
full calculation in the extended amide III (i.e., amide III and
CR�H bending) region.

One reason for the dissatisfying performance of the CTTM for
ROA spectra could be the influence of the terminal residues in
the small fragments. These have a different electronic structure
than the central residues, which will affect both the Hessian and
the property tensor derivatives but are still considered in the
reconstruction of the Hessian and property tensor derivatives of
the central parts of the full helix. To test their influence on the
reconstructed ROA spectra, we repeated the CTTM calculations,
but this time the terminal residues are excluded when mapping

the atoms of the small fragment to the full R-helix (except for the
“ends” of the helix). For the tetramer, the two central peptide
groups; for the hexamer, the three central peptide units; and for
the heptamer and octamer, the four and three central peptide
groups, respectively, are included. The spectra obtained with
these smaller overlaps in the CTTM are shown in the lower part
of Figure 9. However, while the ROA spectra change in some
parts, the disagreement between the CTTM and the full calcula-
tions remains.

To better understand why the CTTM is in disagreement with
the full calculation of the ROA spectra, we also performed
calculations where the CTTM is applied only to the property
tensor derivatives, but where theHessian from the full calculation
is used (“Intensities only”), as well as calculations where the
CTTM is applied only for the Hessian, but where the property
tensor derivatives from the full calculation are used (“Hessian
only”). The results are shown in Figure 10. For the “Intensities
only” spectra (shown in the upper part), there are still large
deviations from the full calculation, and in some parts, the ROA
spectrum changes completely when the fragment size is in-
creased. On the other hand, for the “Hessian only” CTTM
calculations, the ROA spectra agree rather well with the full
calculation. Nevertheless, there are still some smaller differences,
for instance, in the extended amide III region or for the amide II
band. Therefore, the dissatisfying performance of the CTTM for
ROA calculations is mainly caused by the transfer of the property
tensors, not by approximations introduced for the Hessian.

Figure 8. Comparison of the vibrational frequencies obtained with the CTTM starting from a tetramer, hexamer, heptamer, and octamer to those
obtained in a full calculation. For each normal mode in the reconstructed spectrum, the corresponding normal mode in the full calculation is identified by
considering the overlap between the modes.
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As the ROA intensities depend on the derivatives of three
different property tensors (the electric-dipole�electric-dipole
polarizability tensor R, the electric-dipole�magnetic-dipole ten-
sor G0, and the electric-dipole�magnetic-quadrupole polariz-
ability tensor A),9 it is instructive to investigate the degree to
which the individual tensors are affected by the CTTM. The R
tensor cannot be the reason for the disagreement with the full
calculation because good results were obtained for the Raman
intensities. To determine which one of the other two tensors is
responsible for the errors, pseudospectra treating the two ROA
invariants β(G0)2 and β(A)2 separately are plotted in Figure 11.
In these pseudospectra, only the property tensor derivatives have

been reconstructed with the CTTM, whereas the Hessian from
the full calculation has been used. From the plots, it is evident
that the derivatives of theA tensor are less affected by the CTTM
than the G0 tensor derivatives. In addition, the invariants β(G0)2

and β(A)2 enter the ROA intensity expression in a 3:1 ratio (the
pseudospectra in Figure 11 have been scaled accordingly).
Keeping in mind that the A tensor hardly contributes to the full
ROA spectrum,100 it is obvious that the error in the CTTM-
constructed ROA spectrum stems from theG0 tensor derivatives
when compared to the full ROA calculation.

To further understand the origin of the errors in the ROA
intensities introduced by the CTTM, an analysis in terms of local

Figure 9. Comparison of the ROA spectra from the full calculation on an (Ala)20 R-helix and the spectra obtained with the CTTM by using an alanine
tetramer, hexamer, heptamer, and octamer as small fragments. In the top part, all atoms of the small fragments are included for the CTTM calculation,
while in the bottom part, the terminal residues of the small fragments are not considered. In all spectra, the region up to 2000 cm�1 is enlarged by a
factor of 20.
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modes29 can provide additional insight. In such an analysis, the
delocalized normal modes contributing to one band are unitarily
transformed to a set of localized modes. In general, these
localized modes are vibrations of a single amino acid residue or
peptide group. Even though they do not correspond to the
transitions observed in the experiment, a wavenumber and a
ROA intensity can be assigned to each localized mode, and the
total intensity of a specific band is invariant under the transfor-
mation from normal modes to localized modes. For more details,
we refer to refs 29 and 32. For the ROA spectrum of (Ala)20, such
an analysis has previously been performed in our group for the
full ROA calculation,31 to which we may compare here.

As an example, we consider the amide III band between ca.
1200 and 1260 cm�1. For this band, the full ROAcalculation yields

a rather small negative peak, while amuch stronger negative peak is
obtained in the CTTM calculation, even when using the large
octamer fragment. The ROA intensities of the amide III localized
modes are listed in Table 1 for both the full calculation and the
intensities-only CTTM calculation employing the octamer frag-
ment. Note that because the CTTM is applied for the property
tensor derivatives only, the normal modes and also the localized
modes are identical in both cases. For the terminal residues, the
localized-mode intensities from the CTTM qualitatively agree
with the full calculation. However, for the central residues, there
are larger differences. While in the full calculations, the ROA
intensities of the localized modes are approximately�10� 10 �3

Å4/amu, those obtainedwhen applying theCTTMare about twice
as large. This is then reflected by the sum of the intensities for the

Figure 10. Comparison of the ROA spectra from the full calculation on an (Ala)20R-helix and the spectra obtained with the CTTM applied only for the
intensities (top part) or only for the Hessian (bottom part). In all spectra, the region up to 2000 cm�1 is enlarged by a factor of 20.



1878 dx.doi.org/10.1021/ct2001478 |J. Chem. Theory Comput. 2011, 7, 1867–1881

Journal of Chemical Theory and Computation ARTICLE

amide III band, resulting in a much stronger negative peak in the
CTTM calculation. In addition, the ROA intensities of the
octamer fragment can also be analyzed in terms of local modes.
The resulting wavenumbers and ROA intensities of the localized
modes are included in Table 1. A comparison shows that the
localized mode intensities of the (Ala)20 CTTM calculation are
similar to the ones of the octamer fragment calculation. This is not
surprising, since the property tensors of the fragment were used to
reconstruct the corresponding property tensor derivatives of the
complete helix. In conclusion, one would obtain correct ROA
intensities if the localizedmode intensities of the fragment and the
largemolecule were similar. However, our analysis shows that, even
with the relatively large octamer fragment, this is not the case, in

particular for the central residues. Finally, we note that for the
other bands in the ROA spectrum, similar observations could
be made.

6. DISCUSSION AND CONCLUSION

By comparing the vibrational spectra reconstructed from small
fragments to those from a full calculation, the accuracy of the
CTTM has been investigated. For IR and Raman spectra, we find
that the CTTM yields spectra which are generally in good
agreement with the full calculation. However, we also find that
for the vibrational frequencies of the individual normal modes,
there are rather large deviations of 20 to 50 cm�1, and in some

Figure 11. Comparison of the pseudospectra showing only the β(G0)2 and β(A)2 invariants from the full calculation on an (Ala)20R-helix and from the
CTTM. The pseudospectra are scaled such that their sum corresponds to the total ROA intensity, as shown in the upper part of Figure 10. In all spectra,
the region up to 2000 cm�1 is enlarged by a factor of 20.
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problematic cases (such as the N�H stretching vibrations), even
larger errors are found. The observation that these errors hardly
affect the overall IR and Raman spectra can be understood
through an analysis in terms of local modes: As was discussed
in ref 32, the positions and total intensities of the bands observed
in the IR and Raman spectra of polypeptides are determined by
local properties (i.e., vibrational frequencies and intensities of
localized modes). These local properties can be described
adequately by small fragments. On the other hand, the coupling
between local modes determines the observed band shapes.
Some of these couplings (i.e, off-diagonal elements of the
Hessian) are neglected in the CTTM,which affects the individual
normal modes but leaves the overall band shapes unchanged,
particularly if the nearest-neighbor couplings are included.
However, for bands where the local mode properties are very
dependent on the environment, such as the N�H stretching
vibrations, or in regions that are very sensitive to changes in the
coupling between different modes, such as the extended amide
III region,34 the approximations introduced by the CTTM show
up as errors in the IR and Raman spectra.

For ROA spectroscopy, a different picture emerges. The
CTTM spectra are strongly dependent on the size of the
fragments. Even with the largest fragment used here, an octamer,
the agreement of the CTTM ROA spectra with the full calcula-
tion is not satisfying. However, if the CTTM is applied only to
the Hessian and not to the property tensor derivatives, a much
better agreement with the full calculation is found. Thus, the

poor performance of the CTTM for ROA is due to the
approximations introduced when calculating property tensor
derivatives for smaller fragments. On the other hand, applying
the CTTM to the Hessian and neglecting the vibrational
coupling between some residues only has a minor effect.
Revisiting the analysis of the ROA spectrum of (Ala)20 in terms
of local modes31 helps to understand these errors. The compar-
ison of the localized mode intensities from the CTTM to those
from the full calculation clearly shows the reason for these errors.
The localized ROA intensities of the octamer fragment are quite
different compared to those of the larger (Ala)20R-helix. Already
in ref 31, it was found that the ROA intensities of the localized
modes are very different for the terminal residues than for the
central ones (see Tables in the Supporting Information of ref 31).
Thus, because of the neglect of hydrogen bonding in the smaller
fragments, the “local” ROA intensities can change significantly.
Because this fragment is then used to reconstruct the complete
(Ala)20 R-helix, wrong ROA intensities are obtained, and since
the ROA intensities can even change sign, the effect on the
overall spectra is more dramatic than in the case of CTTM-
constructed IR and Raman spectra.

Of course, there are several details of our implementation of
the CTTM and of its application that could be changed in order
to attempt to improve on the present results. Most important,
other choices would be possible for the small fragments. Instead
of extracting their geometry from the full calculation, the small
fragments could be constructed to resemble an idealized R-helix.
Moreover, instead of fixing their geometry, the small fragments
could be (at least partly) optimized. In their applications of the
CTTM method, Bou�r, Keiderling and co-workers mostly em-
ployed a geometry optimization in normal coordinates for the
small fragments, in which the low frequency modes are kept
fixed.101 Furthermore, our calculations used a single small
fragment for reconstructing the whole R-helix. Instead, it would
be possible to employ different small fragments for different parts
of the helix. However, because the small fragments have to
overlap, the additional computational cost for the calculations on
the small fragments might then render the CTTM more ex-
pensive then a full calculation.

Another issue is the definition of the mapping between the
atoms of the small fragment and the large molecule. For this, we
tested two different options, either to include all atoms of the
small fragment or to consider only those of the central residues
(i.e., those where hydrogen bonding is accounted for and the
electronic structure should be most similar to the one of the large
molecule). Finally, if different small fragments (or different parts
of the same fragment) can be employed in the reconstruction,
there are different ways to decide which one is used. Here, we
always choose the one that has the structure most similar to the
large molecule. An average of all matching small fragments or a
weighted average that prefers the central parts of the small
fragment could be employed instead.

Carefully testing these different options might improve the
agreement of the CTTM with the full calculations for ROA
spectra. Nevertheless, this would also imply that the CTTM
applied to ROA spectroscopy is very sensitive to the choice of
these parameters. In conclusion, our analysis indicates that
applying the CTTM for ROA spectra is strongly dependent on
the details of how the CTTM is applied, most importantly on the
size and structure of the small fragments. Therefore, many ROA
results obtained previously with the CTTM will have to be re-
evaluated carefully. It is particularly puzzling that the CTTMwas

Table 1. Wavenumbers Ω~ii (in cm �1) and ROA Intensities
(in 10 �3 Å4/amu) for the Amide III Localized Modes of the
Full Calculation and the Intensity-Only CTTM Calculation
on the (Ala)20 Helix and for the Amide III Localized Modes
Obtained for the Octamer Fragment Used in the CTTM

(Ala)20 helix octamer

residue Ω~ii

ROA int.

(full)

ROA int.

(CTTM) Ω~ii

ROA int.

(full)

1 1225.7 1.87 9.84 1215.0 14.32

2 1198.6 �26.20 �26.58 1217.2 �23.43

3 1219.6 �18.22 �20.24 1218.9 �32.55

4 1250.0 �8.07 �19.30 1228.4 �23.94

5 1235.7 �5.41 �15.42 1239.5 �30.21

6 1228.5 10.71 3.16 1222.0 15.08

7 1237.0 �9.64 �9.27 1237.5 �27.05

8 1242.6 �10.42 �20.61 1225.0 44.62

9 1242.0 �6.85 �22.02

10 1243.2 �12.93 �18.01

11 1243.4 �12.62 �20.89

12 1244.1 �13.95 �19.73

13 1243.8 �18.18 �20.07

14 1238.7 �19.76 �41.18

15 1246.0 �20.44 �43.80

16 1240.3 �20.43 �32.27

17 1224.4 16.59 20.09

18 1239.6 �14.72 �17.43

19 1223.2 58.46 51.84

20 1254.3 �14.38 �5.73

20 1221.7 33.75 32.51

sum �110.86 �235.10 �63.16
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found to work well in direct comparison to the experiment (see
references provided in the Introduction), which might point to a
fortunate error compensation. If this is not the case, it might even
be necessary to revise the conclusions previously drawn from
such calculations. Moreover, it appears to be necessary to also
investigate the reliability of the CTTM for the calculation of
VCD spectra.

One solution to these problems could be to perform the
calculations on the small fragments not for the isolatedmolecules
but for embedded structures which feature an appropriate
environment. A first step is to apply a continuum solvation
model that could partly account for the effect of hydrogen
bonding, as has already been done in applications of the CTTM
(whether this is the reason for the high reliability previously
reported remains to be shown). More accurate environment
models, such as combined quantum mechanics/molecular me-
chanics (QM/MM) methods,102,103 have already been adopted
for use in computational vibrational spectroscopy, for instance, in
the mobile block Hessian method.42,43 Additionally, more ad-
vanced embedding approaches based on a subsystem formula-
tion of DFT have been shown to provide an accurate description
of the effect of hydrogen bonds.104,105 Combining the general-
ization of such methods to polypeptides and proteins106

and to the subsystem calculation of polarizabilities107,108

could lead to accurate and efficient methods for the calculation
of ROA spectra that go beyond the CTTM.
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