
Vector addition systems

We introduce rector addition systems with states (VASS) as an alternative

model for Petri nots.

A VASS is a finite aubmana with a finite number of non-negative counters.

Formally ,
a VASS V = (Q

,
C

, T) consists of

- a finite set of states Q

-

a finite set of counters [

- a finite set of transitions T =Q X TE x Q
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A configuration (v) EQX/Nd consists of a state
aa I

and a counter valuation ve/ ?

A run is a sequence r = Cereb te Caz Val ta ....
Camil

of configurations and transitions with ti = 19i , Vite Visite) for all
1 Eick

We also write anm acret .... pi . e .:
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Note that in a run all configuration have non-negative counter values·

We generalize runs
to It-runs that allow for negative counter values

,
ie:

r = a ,
(b)=9) =92(7)69 ,

(5) 92(i)
The Parikh vector [(r) /T counts occurrences for each transition
For the above rans we have 4(r) = x((z) = (3)



Lemma (VASSPN) Reachability problems can be reduced to each other

in limes timpe : VASS-Reachability Evin PN-Reachability
VASS-Reachability [vin PN-Reachability

Proof Sketch :

"E : -VASS with a single stae can be directly translated into Ps
- Turn VASS V= 19911- 943

,
C

,
Th into Single-starte VASS :

V 1 = (493 , CuQ ,
T

where we map a configuration (g , r) EQX/
C

to

CuQ
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Then T1 is delived by
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,
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There we must assume that V has no self loops.
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Then we twin N
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EtyT w(- i +c)

wh,) 9).

w(t ,-)
9
+

%..



VASS Reachability : Overview

Given : WASS (QId ,
T) and counter valuations V ,VEN

Question : IsVe reachable fromr ?

-

one of the biggest problems in Track &
- open for 50 years and solved recently : FFo-complete

↳ oper Sound2019 Leroux & Scha

heroux and Geerwinsky
& Orlikowki

Idea of algorithm : Consider the following VASS :
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Question : 9
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e) Find Franz : allow for negative counter values

1 ↳ decidable by
-- 95

- solving a linear equation system
9 -

· & 117
91 94
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2) Find situations where positivity is irrelevant :

Assume there are(N-runs M and ran So that
up

-

Tap is a cycle from 9 (8) that increases all counters

- idn is a cycle enching in 94(8) that decreases all counters

- effect (r) + effect (d) = 0

In the exampleTup andida could be :
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Then we can turn 7) into an M-run by repeating to and wdn .

In the example we need to repeat tap and ide twice.

The /N-run then isTup Tap Tranda :
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Problem : Unclear how to find top and idn

More precisely : the condition effect (rap) + effect (a) = 0

Solution : Replace 2) by two simpler conditions .

2
.
1) Find ~up/ Wh that increase/decrease counter values

and -shnot satisfy effect (rap) + effect (v) = 0

↳ this is equivalent to unboundedness/coverability problem .

4) I. e . rup exists it an (i) is coverable from 9,
18)

2 .2) Find O-effect cycle to (7-run) :

- No is a cycle
- effect (ro) = 0

- P(r) = 1 1/ to uses all transitions

↳) again decidable by solving linear equation system

We show how to use 2 .1) + 2.2) to constructTup and ran from 2)

Assume we found to in 2
.2) with Pro) as depicted below :

Note that

a - 4(ro) can berealized by a cycle

1
-

95 - effect (ro) =0

C (a) - ↑(ro)2 19) : 94
1(3



Further assume we found in 2
.1) the following N-runs :
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To construct to and ide we embedtip and ide in to :

- We construct is that salisties the conditions from 2
.
2)

and Contains all faustions of rup and ide :

4(5) - Prip) - E(r) 21

Nole that we can always construct to by repeating to

In the example we can choose ro = Toto-

- The remaining transitions form a cycle treas with

Y(irst) = 4(50) - Prip) -Elrin)
Why ? To No, ran are cycles and removing cycles from

a cycle yields cycles. These cycles are

connected due to ↑Lires) = 1

In the example Pliest and Trest could be :
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To satisfy effect (wao) + elect(idn) = o we can choose

Tap = Tip .Wrest T effect (rap) + elect Cron)
Tdn = Fan

= effect (Tip Fresh) + allech Cron)
= effect (r) by def . Trest
=O



Illustration :
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But then rup
has still negative counter values

However, one can show that in will become positive it we
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,
and treat as follows for sufficently large ieN:

-

↑~Wprest- -
i times

- 1

Illustration : &
-

* D -

·

A -

g
(4 ,3)

i= 1
* & · · -

· (4
,3)

As
* · o -

· -

* > *, .. 17

Tub Trest r'dn

M A

-

- * · -
#

- A
A - ·

- · ·
(0 , 6)

- · (8,6)

i = 2 -a · ⑳ - ·

- ·
*

-

g

- - ·
- * -

- *

.......7- I I & ..... 13

↑ 'up J'up West Trest Tenan

1 & & & &

- * · * * #

- A A A A ·

(16
,
12)

- & · * · * · · · g

- As
*· & o

(16,12)
#

- · * *
* ·

- & · *

i = 4 -
D *

#

- *
M
-

·

- & · - &
- · -

·

- * -

g

· - ·
- * -

- -

*
↑ ..................... y

↑up Tup Tup Tup Wrest Wrest Wrest Prest Ten ran Tenan



Recap : To find an /N-run we search for

1) 7 -

run 57

2.1) /N-runs wup and r'de to increase/decrease counters
= /N-runs Tup,dn
with effect (Tup)

2.2) O-effect cycle to with Pro) = 1 3
+ elect(dn) = 0

We can decide 1) and 2
.
2) by solving Linear equation systems

an & 2.1) by coverability rechniques .

The algorithm checks 1)
,

2
.1)

,
2

.
2) and returnsYFS if all conditions

hold.
#blem : What if a condition does not hold?

Solution : Then the N-runs of the VASS are bounded
-

in some way .

How are /N-runs bounded 2
L

1) If Nez does not exist : no N-rus exists because any N-ran
is a Trun

-> The algorithm releens NO
.

-

2
.1) 16 rup/5dn does not exist : some commer has bounded values

in all N-runs

2
.
2) Id to does not exist : some transition occurs only brandedly

many times in M-runs.

Decomposition : If a counter value (2
.1) or transition (2

.
2)

is bounded we

- construct a new VASS thattracks bounded behaviour

in finite control shale explicitly
- The newly constructed WASS is smaller in a well-founded rank.

- The algorithm iteratively checks 1)
,

2
.
1)

,
and 2

.
2) and

either returns YES/NO or decomposes .

Decomposition occurs only finitely other because it reduces a well-founded
rank

.

Marked Graph Transition Sequences (MGTS) :

In the decomposition we actually cannot track boundedness of a

counter in the control state.

Therefore
,

we will introduce MGTS which are a generalizations of VASS:

Intirely MGTS are VASS + countr boundedness information

↳ annotate states with counter bounds


