Decomposiiny for (UP)/(DOWN)

-—______’A

Tne deCOMPOSl\‘HOU fOr (ﬂ)OWN) S the same ag (UP) but up track ruay in reAvse .
& we mB do (UP).

Aot thwe be an i<k such that in M=Gy2y..2,6, CSup(G) =@, that is, thee is
no uf'/?w;’mg Sequencl " G[.
We make a coge distiuctiou baged on whethy  up (G:) contoune o ﬁxed aounte/,

e saa hat the ownte~ Fel1,d] is Sived in G, if Noctfw, Cho'g% its volue,

J%fuaua,ﬁ” ol s o v (5o, off(e)[3]=0.
Case 1: Thee is no ﬁked je_(L.P(G.'),

We first obserse that CSuwp (Gi)= ¢ iplieg that ol runs v Gi have o Countes Hhat reuouns  lbowded |

desua We con compute a BdeN such tnat B all peRunsy (6i), e is a Courer je Qug(G]
that ceucuvs in (0,Bd) at encih Step.

fpfg Skd'ch-‘ (e Compucte the KU'P—A»GW Grapl« EM(G;) -f'v‘ Ge. |f‘thw~e 1S a Mu? v v 61
with al 2(G) comtss &, Hav we would howe a pw«p\& Sequance .
e nave. CSup(G.‘)f-;‘, S0 thee is NO such Wb‘g . ONEe contes (1S a(waas coucrefe.

Jdet Bd be e ogedt covvete mube v UM(GH).
Thaw all (s from some W Ssppc Giivia howe o comer 4ot reusiing below Bd.

It is pOSSbe 1t do & bit bete,
olua: A bowd BAeN as gveu above  con be computed in EXPSPACE.
Mz This bomd s obtaived bd o Maﬁ-sdvu et
We waut do Hnis lere, Check out "Rmha»fug v Vector Padition Systens s Privitive -Reawsive in Fixed Dinauyon
for e detoils (Pppewsic A)

Jet BOEIN be Sudn o bound.
For each je_Q“P(Gi), we oonstruct a VASS VJ that Hrocks counter J cowaea up to the boud _d.
This coptwes -~ all madrwé fwS, ba-me lemmon aloove .
Fowodla, let V;=(Qx[0Bd], [4,4], T3) with
((Q.0),ulp.bd eTx if Quple GiT, abelord), ol b=a+ulf].

For ey counter el141, ot pasic (og@ltht) patn p in Vi frou (g, Givinlj]) to (qout,a) we coustruct e
MGTS Zlf = Ho 81 .-.a,r, Hlf' usi% the Some Pn‘ucipll as inv e (ESUP) coge:

8-1,.-.,8|f| UP'JG-"I’C& a‘.og P/
Hp e wo&lacoweefed coupoert Of PLLY in V3 for .ﬂélﬂ,whve He - qiv= Ho qout = p[¢] with

) = Gidlg) g Jhim, Goo Kt Girvos, =l
HJ (q V) q HJA(HJ" ‘fio\)/ ese “J/\(quwd), else



det Mpj be o vesiow of M wree G is replaced witn Up,z-

u)QN’/’éWVL R.:Zﬂf,j‘ IJ-GQ‘PCG)/_F o badic Pﬂtﬂ'\ IN VJ— J:fOU (QI'M,O) to (C’out-‘ q,) witin OSSPLC Gi.Vouf[j]}.

By the lewmo we showed, we already get Readhy (M) =Reachy, (R).

We veed 4o shaw Hat re(Mpg)<ri(M) foc oll Mp ;e R. Tiis is whwe we ue u-fixadoest.
We show rk(Up,j) <ric(Gi). Weshow +he lewmo below.

Sowe 05 iv (ESUP), this implies dim(V(Hy)) <dim(V(G!)) for eacin precov. Seph He v Up; od
s rt(ﬂ},jk rk(G:) .

o‘QMMa.' ﬁr all precov, &‘GPM Hc IN Zlf,j-, V{He)c V{Gl)

M det Hp be a precov. grogh, i Up,z. Since gjclu v tly ore @du in G, W(He ) c V(6).
We orgue V(G:) ¢ Y(Hp)
Sive g is ot firediv Gi, e is a cyce o v G wik off(r) (51 # 0. Wehave dffv)e Y(G),
Since Vi tracks cowvter J coveretdlu, alll cucloy i Vg ond . H, have O offect.
Shce V(He) Cousistg af— liveer cowlp)yations af- He Cdde&, \I[j‘)::O -Fo' ol ve V[Hc)
Thus, eff(v) ¢ V(Hp).

Lxouple p,44) L)
Xoup For (q,u,p), (p,u',q ), (p,u",q) AN 2 vl )/( /) _\
(

C dl lU Vm w&.'\ quJ:_i,u\[jJ:l/ u"[jJ:-i:

Caseil:?}we (S I‘e:_f?:i(ez) that (S f.‘ud:

d
We hondle tus coge % Jcraadg B counter Cmcn&fua in Q- INw .

First, we argue that dwe is on assguuwent 4o 2 -

Lewua: /f J'e_(Z“P(GE) (S ﬁkeol in G:, ten we con coupute an aSsiSnwuf C:GQR-Z n poakmn‘al tiue
with. €(q)=Cpl+u for ol (p/u,q)ebiT.

Proof: (e oge that sequovons kotwonn the Saue stated have e Saue effect on e G-t counter

If this is the cae, weon et ¥(q) = Givinl§1+ ff(p ;) for all qeGi R ond

SOML f-‘-’-éo...'l:ge G.T? Jrom Qn 0 q. This is well #wd wder tre- asswptiod: all such p mme‘é::f
Now let qQPEG.Q ond suppose thee ot 4wo po, ps €6 T* flom qlop with off(po) 53+ eff (ps) 5.

Jdet v€6. T e a sequevce fou P to 1 (sfrog cnu~ec+ed~w), “Then Po.t 6nd P1.T ove coctu.
We nave off(py-T)(51= ebf(pe)51+ ff(¥)[51 for Lefon],
Then ﬁf)"(}’o.'t)[j)#eﬂ(ﬂ/z)[j). So, eff(ps. v )3120 Sor some Le(0,4). Tnis covtrodicts F beirp fixed
Pictvre - pe s P"/" P‘/”
@ -y L
x

if J- cffects of po. pa oot
T aSce_o,/ OU?.O"‘W hos #0

offect.



'f e ﬁom alove oua Maps 4o I\, we merge 't o G; N ond retwwn ne redult.

Forual , e CwsStuct GI‘ Srow B; %oula c‘mqig_ the J-th ngf A SuCh that 6}.)(q)[j—]=<e(q7[j3
For k™ qe 6i. R.

We avstruck M/ oy PbPlaC«('rS G wth G . SNce € tracks all s frou Gi.vial7 3, Keachn M) =Roach 4 (4)

We algo have rk(G:)ILI=ck(GI[L] forall £34 sine we oy croged A, ond rk(Gi)[0]<rk(G;)0)
Since (G!)e(G:) ond e rewoved JeSUGI) frou Nn(G;). K follows thart rk(M)< rk(M).

det € not wop fo IN. oot qe Bi.Q wih €(q)<O.
Then, no pe'RAms,N(M) Con visit q, Sivee the J-tia comter bewue) €q)<0.

We remove this State ond all in-ond out-edgey, ond break clown +o SCC's.
The nuuber of edgey aloy an METS goey cown., ondl s e ronk

Jet V.o be e VASS af G: where we reuowe te state q onol all couected edger.
uk (#J'U& ‘l’hﬂ. MGTS Z‘F fa' au ‘PO"B’\SJD GW Gf.?[y to 6;.‘?’wa Y V‘?o

To moke tne ronic go cown, we reed o cwpid hawiy wuHiple copied of o~ adge v G
(e odjwst ow coustructiov.

oLG‘f‘f be such a poth, ond et ing,outy € (0,1p1T be the indices W P wrere e L-th visited SOC s
evteed [ ¢ xibed .

U)C l&‘l“ ﬂ}) - Hiaz_waL HL where P visits L- SthS,
Yo the updode fron index outy 40 ingya v P for all s L
H; the 3%033 Couwected Coupoveut qlf[iuel in \f.q wnth Hﬁcq;~=f£fu¢], HL-Qo«d:j’(W’fﬁ]/

ond.
H: Mp)= GiAp)  Por all pe Hyp.Q
H[. Via = Gf- Vin cf =0
Gi. A (He 'QW) , else

He°VOtd'= Gi.wf, [‘fl:L
G"°’\(Hl-?w+),else. .

Note the covtrasts Ho e Si'Mpll/

ole'l’ M}’ be M whee G is /ﬂflaceal witin Z(P' e retwn Constructon.
q‘:’ [Mp /P (5§ a ;Da-élr\ ﬁou a'-QiJ\/ 1, Gf. Qout I K"'}

T wsd o see trodt tnis coptwes all fuag that o wot visit .
But, we hane qb*ew& cyaww( o YeRus)y (M) cbeg s, So QZQCA/N(M)’WW(R).

(L)&Q’BN, that the rmk\goza doww
det Up‘“ﬁ_ai---auuu Save a8 the previows coges, ViHy ) V(G forall f<i .

(We. oL Z [Ho T < IGLT| wich Shows rbllUp)<rk(Gi) when applied with e ivchnsion aloove
<L
Note that |Y.q.T|<|Gi. Tl sine we reuoved edger leodliy ‘b/swa fron q.
Covstruction ﬂp covtouns at rogt 4 COPJ y eacih SCC v V.,’, 30 each ¢*¢ appecrs at ot once .
Then, 2RI Vg Tl < [6:T|. This coucludes the proof .

/  QsL



