’Perﬁdw& and Itwodion oo

Goal: Construct IN-Runs usqu sowtiovs fo cherocte stic equahbos for ?e/jéc’r MGIS -

First Defive perfectnen

Perfoctnen

Rn MGTS M=06o24 G1..6y is called pofect if follouﬁ»g covditions hold

(CSUP) For oll i<k, and jed, if Givin[j1=w, (in,i, j)€sup(M)
, if Givout[Fl=w, (ot i.7)esup(M)

(ESUP) For all ik, od eeGi.T, eesup(M)
(UP) For ol isk, Pumpuo(Bi) # @

(oouN) For all igk, Pumpgn (Gi)# g

.S'ho(,t{(j Rl vorables that ove ot epr‘dﬂa set to O n bwe cher eq. are in +he Support,
ond. all pmmua:‘ao grophs howe up ard cown 7’““"’?7 sequandd.

(w‘dwp NX)

We show tat for MGTS with. feasible ChWM/, we can construct an IN-RBun b&
Mt’dug oL Soluhan witih H/atious af oL ﬂull—suppo#-sow:h'oo.

THeration. oLmma

e Show ‘Hfl@fouauig lesman, whicih ot o~9 Shows the eustence a‘f on IN-run, but
also how it con be constructed  from ma f,‘ﬁ%p ingreddieuts,

oleruno
(I%wﬁ'wxwa): et M=06o. 21..2. Gk be a Pegcecf MGTS.

et Sesol(Cnorm) and hesol(Hlnay) a full-support  Solutiov,
oze‘f U, -, Uk and Vo, -, Vi be Sﬂ?s where fOr oll J"Sk, “&‘?““Pup(Gj)Nd VJGMM(GJ’)

‘Then, we con compute e

NoeiN  Wo,..,Wy with Wi €5t T for all i<k Eogslfunsy, ()

and 1o, N witn €6 T for ol i<K mfozmt%‘gm

5 Ieaw\v edge)
whee (_1)fa-a.u_ NnznNo, uort% r, va", Zi.ui"%"ri vf...ik“‘z‘”:r" V‘:\ € EHJZS(RLMSN (M»

(2)-0“% S a CGIM whveﬁ all z\‘k, ’W(ui)i—’\l’(vz)-t-'ll’(w‘-) -‘-—'C'h[Gi:TJ ond
(3) Y(r;)=slG;. T]+h(G.T]




Uw,v “cancel out" ey takey togethe/” ond we use them 1o mambt'ffeyjb A
0 hese, canwag out MENS doing’ whot . doed, whith also puwps countess

ris the realizatiov of the Soution S, but we add edged in h 1o enswe comectzdens

M-‘ et S, (ui)ie, ond (Vidiew e 08 Quen W tne leuma.

Consf/ucﬁag' the Z —-ﬁeadm‘g roS (ict

Note that hlel=41 foroll trositious e.
Tnen, s'= sth e sol(Chow) whare 8'[e]=1 for all thngihious €.

So, ‘06 U-S\‘K Ewle/ - K:‘rd‘# on eaCih fphecoue/a‘av - Srosfl«, for all i<k, we con OUStruct
the path 1y in G thot takes e€GiT, Sle] tiu.
“This enswes (3).

Congfrud—;}[\g the remawde, run§ W<

Lot tCN be €=max mox llulli'

:&k ‘Pouﬂ)e G;-T

We Cheose a celN that has the followh.g prope/ties

(for all i<k, ond eeG; T, c-hled-Yu:)lel-VY(vw)lel24
Reason : Rfter &ubsﬁacﬁ’g the punps; the reswlt uust be Connected S0 that i+ beouat a run.
NELL (o) for oll i<k, ond f¢d with Givinl3)=w, or Givastlil=w,
c-t|uw|-€-Iv| 24

Raoson Exga,.ﬁao the Pumps owce Srould not couswe oll tokeus SM’N ? one (teakion

By (CSUP) and. (ESUP), the coefficient of C is ot least 4 in (o) .

So, all +he  udutions mpase |ower bowds on c: & high evoin ¢ sufflicey .

Note that for all i<k, u; ond v: ore Cycles, So *Wla Julfill the hor. an-:‘(irch%( equodibw.
Then, ¢-h[6:T1-VUwi) -Y(vi) also Sulfills e hou. Eule/-Kircraff - equatiou Jor ol i<k.
By (o), tnis vector has o non-2efo volue For each edze i Gy

“Thus, ;fOI‘ all (<K, we @ustruct W bd reahl{\g. the ed&a applications aj C-nl6i T)-Vlwi)- W)
VIR W’M‘rcha}ﬁ Just g we dd it for r;. e choge Gin 05 the sto'{—f/; od end state .
3(9 ustructioy, Yui)+V(vi)+Ww:) =c-h [G:.T] or all i<k

This euswes (2). T+ remaivs 1o show (1),



Slnowu'% (1): The Sequance is a path iy M

(e hanetrat w ondl v; are CJOQS on Bilq.‘n, r: JO& From Gi.q.‘u 1o Gi.qoq—, ord Vi § a aao(a on 65;.qout

fOT aﬂ (<K, Wﬂ, M?W[ (; V‘-n XY a potin :Prau\ 6‘."{‘\\ 12, G[. Cta.d- n GE.

Showig (1) : The comect vold ove reached -

la_ Sh= S+h+n-C-h ESOI(CI'IWM).

We Show ek executiny U5 we fovi -+ Ui1 %G (35425 frou Salin,0] reaches sulin)
ond’ execiating Uo We'Fo VG- U5 W3 FF VT from $n[in,0] reachey snlout,)
Irductioy_on ; :
Pose (ose I =0 : The in-coge (s trivial, Sive we stort” from SLiv0] ond o wfh)% .
For the out-cose, we have Sylout,0] = snlin, 03+ Ag, « Sa[Go.T) by
tre md‘h& equatiou.
We nhawe §,[6o.T] =(8+h+n-cah) [G, T).
Since. Wluo)+Viwo) + Vi) = ¢ hl6oTI orol Vs )=(s+h) [6,.T),
V(o wo rovs') =NV (uo) + n-W(wo) +Vrp )+ nYW(vo) = Sn[6Go.T].

Tm SD\IO“&tO] - 5»\[!\';0] 2 & AGO' '\P(u;‘w:f‘a V:)/ 8O US‘W: -roo\/oA

Inductive (age T-17J: Jet fr- Uo Wo Vo |y .. Usq W§.1 ’5"—1\’?1 :
For +he inv-case, we need 40 show eucuft‘g P25 reache saliv. ).
‘%m Cho €9- we hawe Snlowt,7-1]) + 25 =Saliv, 7]
By TH, Salino]+efflp)= Salowt. 5-1 wiee off(p) istue offect of P

(see next lecture
For tre out—case, we use tre in-cage +o oot for me corcrete

defivhiov)

SnClb,oJ-rqf[}»).;% =Salin,j) and orpue ag 1V the base cate.

Sl/\gw;‘g (1) : Therun S o~ IN-Run
Jeéf(;)-’ Uo We o Vo - Ui W; r; v;h . We show Hat Bere is on nolIN whee for all n=no

e counte valuations praiy v ING wWhile exewhg f),ﬁ"’ From. S,[in, 0],

SiN we had Srowy that Pt‘) reached ne correck VoML, Ft" ¢ £dpes (Runs), (M) Follows flom this.
@C*uaﬂa, uue,ona need te do so”w\ia SMPW/”, sivce we howe Svowy Hrat eoch P‘?"e“"‘“ the valuey v Sn -

2 Show that forall ick, there is o no; €IV such that eacew:ﬁ‘av u.'nw; rev frow salin, L] pemauns in IN© for all nzn,,.
. (d\,) A o A . v . - ®
Since J enol pr k 2, reocih Splout,i] ond SnCiv,i+1] for all neN ond applicable <k, choosinp 1o ""ix o,

CISWES 4ihat f‘?) NUCUNS IN l)\ld for ol N2no v each St\iPPef‘.

SVo.ug (1) : Smp& reuadns in IN®

We choose ho; = €-Iwif+E-Ir:l+4 . det nzno,:.

In IN® whie exeauby U from Splin,i] : Jet J<. f jeﬂuP(Gz), SIMG. W S o Pw’?f}n&qum, 7h aanda had a
positive on J, andt i veves fols below O on this auwnies. Thw aaitws does W, .



If T € Dup(Gi), then ¢ O(Gi) or Gi.vin[§l=w.
Inbhe forer case, J value is aw tracked od it Con raithes becove wejutie o cw?,d by & cucle.
In-tne lottes case, we have. s\[in,i,512 pec-hlin, i3] andl C-hlinif]-€-[uil2 4.
P/fvwmﬁ‘a( the f-tnedge v up, e volue st be ot leagt Su[in, (F) - €0 Since Wi has nduil edpes
Salin,i.31 =L 2 Splin, i, g)=nek-|ui| 2 n-e-hlnig)-n-€- ul
=n-(chlmigl-€-luil) 2

So T never beaouel gecsamve 214 b& (b) ond (CSUP)

nﬂ\ld wWhill wmhg w‘ ﬁo;u S Lini]+n. eff(u.) Unhkzﬁr w, we hawe no Jud‘onfeu on mmeﬂw

For #he ’qul‘fouﬂrk we need o diffeest apwet. det e (L(G:). The case J782(6) is Siwlor o obove

(Ve know that wi' goet from SaliniJ+n.efflu) to saloutid-n-effl(v)- eff(r.).

(We Show that in He J-—th counter, botn of twaile values ce at least -

/fj'eﬂuf(&'), thow Ui puups ot leastoe totew por exeadion, s Saliv,i 3 +n-effls) 2n.

/qué.(Z.,P(G;),ﬂu Giunljd =w so Alin¢,7)24 ond c-tluil-t|v| 24,50 Slini) tn.eff(w)z2n.

Hmoa seen like v orde 4o exewute sove edge Sequevce Z n-timed, we neegl [2(-€-n 1Dlevs in e worst

Cogk.
waﬁw m@,ﬂ;smx Ma&loaou we stort andl end of #-12|, we also reuouw in IV

almcp-l'hcwoa.

% G-Ppbs ‘e GSMH' fo/ Ui n (VA Qn[OLd‘zb] -Nn- e”(Vt)zn' md s ﬁ/WWd VM‘W *W.,
Snlin, L]*‘H 3”04‘)4'” 4}[“’4) - Snrowl',t] n- ﬁ”('/t) e”(ﬂ
2n-efflci) 2 n-4-Ir;| > t-lwil.
They, W? s executable.
re fmm J’,\[I\N,i]"'n'eff(u;)-kn‘ %(W,‘)\o

The 400G} case is similom o w;. det Je2(G).
Ts we have estoblished,
slowti1-n-efflr;) -nefflu) = Salini]+n-efflui)+ n-efflu;) 20 ond 4rws 2 €-lr:l f jeUG:)

Jl‘M[(d‘a 40 the ocgwwf fof u}‘, r; cannot Cousume wgln -tokens ondl fuu below O.

In IN® while execudi

In IN® while executng v/ fmm J’n[fﬂ,i]*n"’ff(“")*"‘ 4{(“’3)"’ ?Jf(r.’) : We koow that o wir: v reachad

Snlout,i] from Splini] in revese. Then we Con appa the sowe argueut as U onol tract e trocitious

From Snlow, 11 {u renese ushg (b).
[



a e
wm

=(a/0)
Vouct
n=,w)

Vin

Vout =(4,w)

n=(2,90)

Vin

- = (4 U 1 [bd/i]-
), S[[n, ]

3[4 ] S[u ( |

. | ) tS /

[. OJ (2; /

Jlin, 9, IOLd‘ Ol

- A 0)
Y = @229
F Ug= €4
wwd: - Uy
wuf)ug &q

:(-2,0)
= o

= &

U1

o
Suﬁooﬁ‘ hom. Solutt
A fule-




7\’&’% i N gﬁo}u’f S
42 a’:(i,:l) dowr q:[_zlo)

Vo:€4€41€2€,¢,¢eq (Puuft‘ng Sequevcet:  Ug= €4 Vo = €91

eﬁecfo(i 3) us=e 4% vizes - o610
‘U
(4 €5 85¢€g5Es Wo = (82'23)10 €a e.zﬂ-es eii W4 =6§3
ffeck - (0-8) ot eﬂf(({quc)) ) gt (0,-8¢)
wers ’ at worst : (O, -8)
Noo = 100-F +10-7 \/\/\/b
no,i - .100' q‘

Chosse np=1009. et n=ne =1000.
We look ot the executiov of Uo Wo Io Vg 24 Ul W, 4 Vo

1000
1000 20 21 1009
02 (o0 e el ey 6)  eatatetutits (eaes) :

T T T T (4, 8800€)

(2,0) (1002,1000) (2002 ,%8000) (2004, 38008 )

inrs’f mFU af Wo : lowe&t!# fou Sorts (-4F, 1000)
S0 aluua‘-js ot st (955,1000)

Streip pt: offer first copy s (001, 108%) | oo,
M;{pt ofw Secool jf,a (1008, 4134) l J ,\6'

n" N n N

u3000 4000

T T \ \(Q,O)

(4,88008 ) (1,2008) (4,2000)



