Presbourae- Friwetie § Quondifier Eliination
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?resburgzr Rrithmetc (PA) s a )Qfﬁ orae/ 'f/\eofa af ‘tEgers whee on odditiod (S otlowed,
and 0o 1 o€ the only coustong

Sgu‘m\x
Jet VAR be o 2t Of voriab A
’H ?H term t oS dz}b\/ed bd +HNa. gw be (oW :

'tfi: CI\/HRI‘{:‘L“EIC‘{;\O whae céeZ S X @ustont.
R PA atomic formla compoes +wo Herus vio < :
oL = t<'l:lt5€ |'t>t l >t “L‘=t

R PA forunla is coustructed fow otome foruulpa usfaa v,A,, 3,00 Y

Foz o | fof [ faf1-f | DxflVxf

We Somethieg wrde xeiN for a voraby X, even trougla for X 5 Just @ vor name.

For a PR ]GIMMJ& <P()<) wrtl. )pML sriables xelN®, ond QsS{QILLY GNd,

we write ?5(6) to dewote e formmla wWere we »q)(ome,*&\e, vonaloled  wirta. thredr oss\:gm
We. say that an assigvaent aelNd sotisfies sueh a @(x), § @ly) roids.

We 506 that o foruula 4) withh - No f‘nee, voriable IN (¢ holds, cfP

P=YvA ond Vor A hd,

O A ond Yodd hold,

@P= Y erd VW cbeg Mot old,

b= IxYe) ol Bweisa gel suchtrat Vig) hoids,
P= VxV)  od  forall yel, Vly) bolds.

We write sol(@(x)) = TyeiN®| d(y) holds].
Fxowples:  \x. Vaﬂz X=Y v X<E<Y

doey nvot Wold ! For x=0 odd=i, e s o 2.
Kslmrﬂfwd for x<z2 A 2<U‘

SZ, 3'& 10=Z+2t holds 2=8 od t=4



For @lug= 42 4t x+24=104 x=22 A 4=2%; Sllby) = 0.4), 6,0}
We. con evernn Exprens Mmq‘ualﬂa/ muewb%
<P(x,31= 32. x+26 =100 A 5=22+1 A
(Vv. \/u, (dc.v+2u=100 A u=2k+1) @(vsx))

In other words, for V() = 2. X2y =100 A =221, Qlog)=Vlug)a(VuVv. Vluaw) 5 (vex)
Thew sol(®@ley)) = 1(93,1)) because @ is onlyy sodisflesl by o wouinol assigurent 10
PA suoswet LIS, sive for A€ZYC ad bez?
dix)= /\ 2_Agx[G12 bl hos sol(@(x) = sol(Ax32b)

Lsg J<d

What kMrTf spackd cen solwtious 10 PA fofmdas expret 7
SQPTcSl\NS‘/af SOl(QS(X)) (S Seulivesr

Theareu: olet $(<) be a PA foruuia. Thew SOI(¢(X)) is Sewaliveor.
(Progf follows From tne resutt lote #is weak)

Man theorels ouer iu’re.am ove SO &H'OX, that Hee prob\aa of dﬂi@/ubﬁg
W o focmulo holds s uadecidable :

Theorem: Peono Arithaakic ( Presbucg,v + Juu.‘ﬁplfcaﬁbu) (s wdecdable , even witnout V~ quontfies .,
(Not hodled here)

Put, PA is decidable.

Thee oe Moy cleorithus, but we focus ov tre foumoud quonifier eliuncdon odeoritiuu.

Quovifier Eliwinoction : We - trat o FO ﬂ«wé( aduits quortifles dliviveion (GE), i for all formubos éic)
Hee s on equivalot @'(x) (ie. for all 0"' 45(6) iff ¢’(a)) without quontifiess (qumﬁf,r/ fhee )

This elimivatiov is effectve, if @'tx) con o computed  piven Px).

To show that o wma admits QE, & suffics 4o show trat all forumies of tue form P(x)=Tz.Y(xz2)

whwe Y(x,2) is quofior -free. e ogweest (s by ixduchiou on tine forumbe  lougth,, witn e folouiy
iNductive . Case :

Assume Prewex MF, — @=VYzAlxz) or ¢=F2. Alx2)
(ve. V’-ia??—--- VZK'A(zL,o-,h)) Ind. HW‘S s Alx,2) = quontifie- free, equivaleut Alx,2)

qumhﬁe/: 01‘03 J’
o e BT Use A + Moke V into T
®=13z.18(x2) or $=32.A(x2)
A~

quortifier -free

.
Elmivate te J2 Quortdie



u"\%’ ‘l“”af%/ PA doos wot ocluit QE v its Ort'giual Jora:
bx)= Jz. x=10-2 — s0l(¢(x)) = {0, 10, 20, .- ]
ﬂ% Jormmlon without QMHFI'M ond with 1 vorioble ethe” (/) hos ﬁm’{eb Wd solutlous or

(i) admts oll numberss excer.dag o bond Beil,

Bt bg addtg a moduls opeto +o get PAred , ie. wee we alow otom Rrugs
afﬂ«e/

JIA
o= t<t|tst |2t |2t [t=t | t=k (ueac)
Whe c€elyy, KelN corstonts ,

the (\Qulh‘%p -H\aord aduids Q.
lit_weu: PAvg adults on effecftbe, QE procedwe. .

M Tomocrow



?resburgaf QE

Good : Quentifie Eliminatiov Jor PApyed

ThCDfem For anod mee is a quon’r ﬁef eLimiNatiQ Pmcz&wi such that wa
O ?Hmod ;forwula CD(K ) it COﬂ'\PQTQg e qw‘i‘ﬁ"/"f"“ quvm ¢(’<) VIR '}

TOWER(O(’\)) whee n s the sweof ¢(X). Size OF d?(X) s alse bowded ba tus  volue,

TOWER(K) = 2 § uat
This bound s net OPHWL but i 1S enoa&k o ow pw potel
Rs we P"Wlws‘a discussed, it Suﬂfw to eumivate one B’Qumhﬂe/.

Wk assure ’.Dtgunch\/e Normol Foru (DNF) to owoid diStribution wlow ApS .

(;g @ \//\AJ whee A-:r’smf'e atoms | g udahao)
Q.O(n) M“'lh?

M Thm. S O 2 ~ ML o»lsofu*‘m that gveu 4>(x 3Z W(x,%),whcﬁe (Wx,t)
clua\hf?/ free od i DNF , (t CDMwa& O thfﬁe/—foﬂ e_quwalw\ﬂ' ¢(x) ~ DN,

” \,ono\\vw

Hf\?ﬂwe Of'SON:"If/ e un‘h‘ﬁ'Q/-frea portiov Vix,2). Te DNF,

Y(ix ¢)= \/ /\ Ai,j(x,a) for Ai,j(x,t) +Hhot e atomic formalod o their ue\gaiw‘ws*
t<k <
J ‘

First we express all non modulo outoms using € : l.e. insteaol O_F 2)‘-%6‘:2/ Ax+y s A zs.’buH;
ond instead af zcu*u, 2< .‘2x+3-i--

We con also ﬁrwla;[-e, the msaﬂ’ws @f’ non- modulo  odtomic _form&(ax ol S-Compuraxl‘ws

7 (Z_c;.tz < .szz.sz) E(Zc;.t; >Zd¢ s‘) (Zd‘ $:+4 € ZQ -(;L)

V Z(:k_cf-a,?? L-!-d- )

0<J'<0

/Bftcgl\(f s to DNF once rone ba dcs-i-rllmd(\a v ol A,

"l’(xz%) = \/ /\ T, ("/2) e Tisl(x,2) oe otomic foruulas that use < or mod.
fomlq L€k J'Sla eq‘u\m

ot ecquivalavt

e Inew on expoventiod  blow wp Qi Ap Hne arstnbubby .,

Trow d(x)= 2. \/ A\ Tixz) = \/ J2. N\ Tiglxe).

<k T<d, t<Sk 3'4‘20



Thus su({’j?»‘cu to Show g foﬂowf'g

waltipe Vd-‘bbw

F
a(n)
Lormo: Thoe s a 2% - g algoritm - that gvey ¢(x6)=32.{‘\k??(xz),whve T:(x,z2) (5
of the form /_G-(x2Fl<b or P Ci(%2)[5) = b (Moo m) for all i<k, (& computes

Je<d M———\ J<d
O mf(k/‘ F“QQ. mUGLQN+ (l)‘(X) w D\J r:- (x,2) i's a vec. of vers
q eq N — So (x,2)(5] is -t:of. 34

el .ov e (i3t

jjd@o” &/\OUU that f’N/’e IS oﬁNH‘E—SCi Ooe (‘H\Lo" Combe i nvohipy of' VoS IN X suCla Hrot
if e s o solntiov ﬁ)r\ Z, thenv gwe Ofwe omlvotiony s also o SO(ushou.

Tywu, we. con 'prQAuLL, eNne QPB, ﬁj‘w(u *fo’ eocn COMB‘N“-@OV/ whwere e neplote
Z  witih tAss CombiNatioy, ond .bra"ld) Tham W whn an Df(V).

First the Wea on on exauiple

Consider _z. x+2z €Yt A y< x+22 A (32-X=0 (mey5)
The sowtioss ave 1(0,40),(0,9), (4,3),(4,4),(4,43),(2.4y),.. g

We wat to descibe tinis - relatiou b& a quortfie-Pree  Joruula.

Goal 1: Unify +ne coustroints z has o Rufil.
First, leawe 2 algue with Hae sowe positive ca%ciM

= 32. .‘lzsa—)ui A oYX <dz A (32=X (moo5))

a—
T

= 2. bz < 35-3x+3 A By-3x< bz A (62 = 2x (mod 5))

But us s 4 sawe as

p— - IE l_=.. 6))
— 32‘. 2'<34-3x+23 A 3E3-3xsz' A (2'=92x (modS)) A(2'20 (mod
0 o d o . Yo
szo' o tou:Zbg((\ f;bﬂ TRy
Since 2' must be ot leost 36—3)(, we have 2'e C3a—3x+o, 3.-3x+1,..J0l0,4,2,..§,
S N—

'S dlwvso. lowesoond .
(:MH oSO We Might wort 1o increoge the valne of 2 is to fulfill e modub constraints.

U)eab-eada qet oll relgvont rodulo values by cw.sidvu‘fg e First lem(5,6) =20 voluad.
So,

Bt clnoasg 400 loge  valued would - lorusin up adm‘Ns{- e upper bound. Trate ov roe becouse Z'20

= \/ 33—-3)(-&-0&5 38—3x+3 A 3a°3><5 3(‘]-3“'“ A (35‘37‘*“ =X (amod 5))

A (33"'3)(-1-& =0 (modb))

0<as3d
A (Ba-gx +a20)

V \/ QO < 36-3x+3 A Ba-?»(sa A (& 22X (wod 5)) A (=0 (modb))
0<a S 30 - (aao)

We oe done. Trwe e no more quontfiUS.



M; Lt ¢(X):32-/\Tc(x/2) whee T;(x2) oce odl <- or =-coustrounts.

L€k
w Xé/)‘ld/ Ll. let @ have d 7£/~e¢ vor 1ab (g
First, we tronsforu e coustaoints So tnat there is o celN - such that

if the oustraivt refos to 2, one side of the coustraivt s 2.

This an be done s‘uicorca to the exowple : Move 2 torms such Mot neir copfPiciedt
is positive, ondl move all the ot Houng 1o the othes side .

et Ca,.,Ck be tne /mul’r\‘go Cooffrtieuts of 2. They wlﬁpla the coustraint
Z._QZ'X[L] C,-2 or 2 Q['X[TJ_:;C".Z (rmod m) bd [CM(Ci/...,C;‘)

c<d c £d C¢
U)Q,&Qj' é;_;\/zfj]-x[jl
A
(b(X) = 3 z. /\ <QJ/X>"‘°‘Z < K‘Z AN /\ K'Z‘S <W:X>*ﬁ A /\K-ZE <?5"‘>"'5i (rmoc mi)
L<S ¢ st s A QAx) § The coustrait
wdtpudwf-aéz.

JQ"_SW (£)ies ) (wdict, ond (Q)icr n 2%, (wilics, (Bi)ict, (¥i)ise in 2,
ond K:(CM(CJ,M,C().

“Then, we cn cLuD\'l‘t\fH fpr K2z justead. CED’?,
0 1z Fo. Ndteed n \ e A\ €405

L<S (st cEr
A2'20 (modK) /\A(x)
We assuwe that f4=0 ond % =0 4p ewswe O<2' i explicitly o lowwlond.

Unlike the exousple, we have mutiple lowe - ond  uppe-owde for 2*
Howewy, thus & aot o probleu: for oy assioneut 3Q X, one of <0i,x>+t5 il ke
the hiphadt (oukr bond.

U)e Buwu s kpuf\d Vi O dstCﬁ'm, ond a,PPla the heasoua J-\IOA.A '(:V\e/
axowple, cnd cloum

() P(x) = \/ \/ /\ (0, x) +% < (B, x) vt +h A /\ (U, xD 4ot <, xD+B;
Jss o0shsM (€3 st
A [\ Gsx+4h= g x 0k (modom) A AX)

WET

A i x D+t = 0 (ed K) A 0 € Kb %)+ +h T luportont £
for M=lemlng,..,m, k), positisty of 2"
We claim that the rght nod sided ‘f]t (1) end (2) cre equivalevt, winch will coucludes
+ne P\‘Oijl (ouantifier (s eliminated, formubr is iv DNF ond D an i lorga ) .

Jor all X, (2) @ (2): Clecr, because we Wa redtrict whichh Onolce) of Z' e allowed.



(1) = (2). det e be on oSspumeut B x €N such Thot the right houd Side cf (1) s
Sotisfied.
Let WelN  be the ass&uuwfﬁr 2' trat moked e inns for uula +rug .

(+)
olet (Qj,a>+0(5- = miax (ﬁ.‘,d)-i-o(: 2(23,3)-1—&1 =0

Now let O<hsM with h= W"((f,j-,a>+o<¢) (Mad M) .

We show tnat assuvg (O gD+ x5+ to 2! also makes He gt rovd sl

true,
Thiy shows that e rhs 070 (1) holds For a, SINCL. One Of the clowses

1S Obteuped ba N‘Pl“a‘d 2! wita (ﬂq:(x)-..uq-. o~d addt‘/x a 2 check
(Wt holds ba ().
e St'upb check ol constredits
Tdpof 2': The port incepedert of 2, Ny) clealy rolds sivae rhs of (1) is true.
olowe Bd: oLl (<8, (ﬁz,a>+o<z < (ﬁj,a) +o] I holds by coustruction
Upper B det <+, w < <uz,a>+/3; a,lneada holds . ’Bd Me J-th 1owes bond,
W2 () + %5 ). This iuplies hgw- K25 4> o) ancl Hus
(Zj-‘a) -t-ol.a'i‘tl’\ <w £ <w“,a7 +Bi.
Modulo: olet c<r. We e
<zj,a>+uj+n = W (mod M)
by defiuitios of ~. Thiw, Since M=lem (s, ), M=G-mi 10 qEN ol s
w=<£j,a)+ 0&j~‘th+ n'qﬂ’ﬂf )CO’ AEZ ond

W = (2‘7‘,3)—1- &ith  (mod m;),
Snee w = (q:,-a_)+o<d— (m0d ;) Da v, Sab\sfdi"g +he 'fOIMlQ,wego.t,

<5 ,a)-l- kith =W = (q:,-&>+b<j (mod My ).



