Somdinea Sets

(e howe discussed Lineo iN‘k‘%Q/ sosw.

S we howe shown, the solutio space) a)@ these setS ore # the foru B+P~.
To be able 10 reason about e properties Sudn 43, we need +o study

a More Qeweral obgect : Sewuliveo- Sets,

:M[MH'L\OM We cald LQ/l\/d a Lveo, 4)0 tee 5 o LEIN® ol ﬁ'm’iz PeiN®
witn L=pb+P".
A set SSIN® is called sewlivecr (L) if S=UL; for some (ivear Ly L, EIN°

<k

Our previous theorem  impties

(Qﬂ;&%:—nﬂe soluwtio)  spaces aj‘ Lineo Mfge/ sdsteug e sewulveor
Semiliveor sets ore important buoudl e studky of Giear iitegys Sysbous.
fn £u]oor+a-¢ application s the Porith Iuagz. of nedu(o‘ ond coutext free W

det Z be on oUpholbet.

For o word WéZ‘, we. cfing '?I’(w)e/)\/zas the vector that counts Wappedbv\zu
of each 1 &702
e.y. rq)(O-bCCL) = (i) FO/‘ Z_'—‘[a/b,c]
For o lonuoge 627, we wrde YL) = § V)| weL 362"
Then 4he ﬁltowief holds

Porlel's Thaorewn : Let L be o coutext-free loryuage . Thon VL) is

Seiumlivecr
Now, wE will Show e closue erpa‘He,a Of SL sefts NW.L?
M: Mt S,TQ n\ld be seuwlineo sets  and AG/NQXd. Tho So ove
(Union) SuT

[Projech'm) T(S)
(Product) SxT (whee TNYs ™, T1(x) =(xLigd,-, xCix 1))

(Livear Moap)  TLS) o o ol b, 2fsei) - 705)+ TC0).
(Tnterseckion) ST
(Complnvert) INCAS



Tt cosa to See Closwre unde~ wnion -
?@E (Unioy): S= ULL ond 1= UK: whee Lg,.,L, ond Ki,. K. ce LiNer.

o<k 1<m
Thew SoT= (JLio(Jki s also seuilives
(<l (< u

M:.&e—b L=b+P" be lver Thew o is Ti(L).

%QE! H JL#'C% 70 O,OP/& the proTechon fo b and elements in r.
(e cloim L) = w(b) +(P)*,
This holds sivce o)+ T(pg )+ ...+ T(py.) =1T(b+P1+...+p,‘) Sor Pi,...,PkEP,

For product; 1t also su.f-fc.u 1o reason olgut Uner~ Rty sivce UL‘ XUKJ UL'KKJ

Ny J<m <k
J‘SM

QLQMM: /fQ L: b‘t‘P* md K:C#‘R«‘ ﬁr fl'A/ﬁ"C PIR QNd ond b,cf/Nd, we. hawe.
LxK = (bc)+(Puio}) xRul03)"

Mg =_c_—_: L&+ (X,g)GLXK- W x=b+Pi+'°'+/Dk ﬁf Pi/'“l?kéP OMl
a._-_-c.{. R+ for 4, M €K,

Then (x,bt) =(b,c) +(ps,0)+...+ (Px,0) +(O,04)+...+ (0,7 m )

\—W
e (Puinl) x(Ruto3))

2: Jet (x,a) = (b,c)+lpaira)+.. . +lpe, ) where (P"/fi)f[(PUZOJ))((RU(OJ))

dor all i<k

TV\M X=b+P1+-~~"‘Pk for Pi,--.,PaGPUIOJ o~cl
5=C+ ra+--¥rie for rq,..,r. e RulO).

4
Now, we Show thodt  Liveor sets ae dosed wde invesr maps A, which implies closwe fo- SL sets.

4 4
azy?{ 'P1+-~-+F/46P ancd /‘_1+...+/‘¢ER, ,

Lemma: et L=b+P* JQ’" fivite PeN°, beN®, ond T:IN“- Nt o luer AMap. Thav

L) =7(b) + z(P)*
Proot: s eoty 4o see that TX)=AX for soue AeiIN**° Then

AL=A(b1P*) = A b+A-P"=A-b+ [Alp+.+pc)| ps,., P €P]
=A-b+ {Apst..+Apc|py,. peP)
= A b+ [Pit. 4P| pi, .. Pl AP = A-b+(A. P)* = 2(b)+ 2(P)* N



This also iuplies +hat lineor (o +hus SL) set are dlosed wnde- oddifiou.
olemon : et L, KENT be lineor, Thaw so is LK. .
—_——

Mf ¥iz A:[?;‘r’d] . Then KxL ond thus A'(KXL)={A‘(3)IXEK,56L]
= [x-ral XéK,aeLI
(S lweo,
[}
(We show that 4he  intessectioo of two Unveor sets (5 o SL st whidh shows
Hhat SL sets oe closed wdes Wtergection, SINGE N distributed over U.

(Sk Lem ESk
JEM
Jewua: det L =b+P* ond K=ct+R" for fulte PRENS ond bceN®
Then L+K is sewlweoar Pictve of He tosk
M leé Pz[Pi, /PK) onol R:[rj_/ er3
e howe &
LAK =TxeNO| Ju,.,u e Tva,.vmeiN. x= b+ diepi =2+ ver:

c<k c€m

We con express whutih w's oad V's hawe s ?ropv{a ba o 0q: Systeun S
(uv)e N *™ st

[fz..-fk]-u -[r; rMJo\/ =C-b

Ten LnK = {[PimPk]'u., (uv)esol(S) ]
= A-solS) whoe A=[ps-Pro-o],

M HAQA
&M JOICS) 1S sezu\aueo/ endd A a Uneo Mog,O/ SO (S ASO[(S) SL .
Tlne, ﬁwal closwe ProFef'la needs rore work.,
(Ve do s weck nge, od Postpone Hre Nesult tothe next lectwe.
Leupa: liveo st L=btP? cen be writn as L=( )p;+P" whare P:oe U”Mé‘

ﬁ
c<k

indapesdent or P:=lo).
FProof: The proaf is by iductiov on Pl

Bose Cae |Pl=1: Then L=b+ip)" Weae done.

———— —__________ __—
Inducﬁve Case IP|=k+1: F ? s U i‘udl-Pevclwuf, we e dove .
Jet P be U esria degevdet.




eLe«é P:: Zfi/--ufuzf- Th.DJ Heoe O WU4,.,. ,Uk+d € Z wctn

ZW-PL’ = O

t<k+4

We con move the vegadive coefficionts +o tre side ond $eh
D wipi= w.pi  Sor I=liskei|uiz08
ceT eI

’5\3 oelabwg,ux,gd‘ Q4,..., 041 €N ondl on dsm <k+d WHA o j’m whore ajZi ond.
Z__w'PC - 2 ai.p: dea: Use tins to nuove Py peibds for Jom .

Whay thwe orent ooyl periocs to reuave, a period py is takew
L\(W\ Lom bovrdedb- Coptae this v fin. ‘wya_ base vecion
FDF QQLh. j‘)M, UJ&dQJ“U& CJ‘- = ib-l-‘tJPJ ‘ O < -(:J'-<a¢-} f’/c QJ;>O
Cj = Zb3 cf aJ' = 0
P;=P\ip;]
We cloum L= U Cqt P‘j‘: dince 1P;l<IP|, the induction hypothesis decoupoges each, €+Pj for ceCr ond Gou
Jom
into & wniou af Un, sets witrh L. Wd&p- Periods , we wnll howe Showw our clauu.
The 2-directibu (s ea.sd, SINCZ. C'J‘-EL cnal '?j cP

For he. &-dieckon, fot yel, Then, y= b+ Z %P for 41, % €IN. We have Hree caes.

e k+1

Case 4, 33”’"' J=0: We get u= b+ ti-p, € b+P"= ....p.'.
R aniiamst ¥ Wt 3 I < &p 7 =G
(*J
&562,33>m~‘&:;'<°'i + Then a.—. b+ t5. P5 ""L"""P" +J_ ti-ps ECJ.-(-P;
cEM t:?
~——V
ey Pi
CQS_____;_?M& Thoe is on LeN such that Vj>m.(~£j—l-aj)ao ond 3j'>m.(tj-(l+j)0j)<0.
. —
To see that such cn £ umust exist, Cousides Hal ouie ko ti- Laj<as
Moa /] Maa M‘s{é ‘e ﬁrSfM, SINnGe a\-’[-to fv~{7.rou4 J‘»u..

Thav, For He longest such L, £+1 cloeg rot saﬂ‘sfa the Couditiou, which iuplie) trod
e Sewwd port ako holds for L.,

Nou)/ a: b+ ({;J.-Qaa_).ﬂ.j.-q-z_ﬁp; +Z_¢.a:-pz -+ Z_(f{-La_;).P:

‘sm L om ism
i#j’ ./-W zgtj-
wt i+t
= b+ (i -L.a;)-pf =+ Z tipi+) _laipi +J (ti-L-a;)-p;
’\ii ‘sm ::'5\
- — ({;j-g,aa-_).?j. —+ Z (ti+0.ai) Pe +4:(tt-l.a;).P; € C\.i-rPJ.y
S— ‘M. ‘E)'r‘
. e~ 7 —
) P

Now we show Hhat WC\L, whee L has Lin. i T periods, ¢S Sewling .
Ths shows that INC\S is sewlives for ma serulinen~ SQINd/siNca
IN®\S = )\ ULz = li\ld\U L =m IN®\ L
LSk L < (€m

Jor Uuneo~ L[1,..,L, ol prriod -indepeudent Lineor L‘i,..-,L.'M ond Sewlives-
sets ore Closedd undes v/ sectiov.



Lemmo: INT\L is seudivea for L=b+P" cINY wibin u.ma inclepacast P.
Ioea: Use livear Woepodwee 40 coustruct an wvertible netrix A whee Ay
@(V% +he onb Couwbinvatioy 4 C lcets JQ)" ?zzPi/--"?k ] vectos thoit
Yield J We con descvbe wnetihe, A-ia valued Oe bad (adL) “S’"&F
oL disa"una(:t'ou O)Q UN. Intt, SdS‘l‘QA-lS = sewliveo

%QE: Jot P‘Zf’i,msz\-
Jdet irk.,.j_/-..,rdj & ?ei,...,edﬁ 0,70 wut  vectors wnesre 'Puirk_d,...,rd} oS LN,
Ndapw\/deﬂ’f-

~ \ "i dXd
Jet A= [ 1Pl Cpag - fd]- Then A s (nvertible, so trere is A e®
suchh that A-u =a c}[][ u::A'i.a :

an‘éj) geL Lf/[ A-i' g"b)[ij EIN  for all (<k

ondl A-i'(g"b)[ij':() for all (>K
-t O

becouse. (a—b) con O be obtouneol bd chao A.‘;[ , A'i.a_[i] tuos.

Since A€ QY tnee is a keN with k-Ade 77
Jet H=k-A* ez’
“lhen, aeL uff H- (a—b)[i]ZO ond H-(a-b)[E]E:'O (rod k) for oll Lsk

ondl H-(a—b} (c]=0 for ol (>K,
Then 3¢L (fOf' aelNd) l'ff ONE Of tne fouowuaf hold s ﬁ)r Sove (<d
- i€k ond H'(a-'b)l:i] <-1 or H.(a-b)[;] 20 (uod k)
_ >k ord Hog-b)fi]s—i or H'H—b)ttilai

Thws, qeL if 4 fulfills

\/(( H‘- .@-b)s —1) Y \/ (ﬂtew, H; .(a-b)- t k= u))\/ \/ (Hi{a—b) >4) v)

<k Ocuck ¢>K (H;Ja-b)s‘ 1)

The Y4 that fulfills Hi'(a-b)s-i, Jten H;-(a-b)-f.kw, or Hz-(a-b)ai Forum seuliveg
S@S, SINCe ‘ﬁ/\ﬂa Cen b&ex.f)'\uk-d oLS &NP:‘OJ Of) Soltious to Unec— c‘&ﬁt&b ﬁsws,
O



