
Coverability Forwards

Recall the coverability problem for WSTS :

Given : WSTS W= (Q ,
=
, % ,
+ ) and 9EQ

Decide : Is there a run 90 1 % , ...., %2 with 9. Qo and
an ? 99?

Consider the following LCS

Sub LCS ! b
->90Mia 793

To decide whether 193, Crb) is coverable Abdulla's backwards Search

explores the huge part of the LCS .

However
,
a forward would terminale immediately because no transition

because no transition is enabled from 190 , <*E)

Goal: Forward algorithm for coverability

Remember : Abdulla's backward search presents states by upa . Sets

Idea : Forward search overapproximates reachable states by duch. sets

# if a shole is coverable from a then it is also

coverage from any state a !79.
Thus adding smaller states in a forward search is sound

is coverable from do ifPhrased dillerently ad

96 ↓post
* (Qo with post(S) = Es Q)7seS .

s + s1}

Post
* (5)=post(S)
-

=: reach(S)

while Abdulha decide Tore
* (TEar]) for some 90Do90

Algorithm : run two semi-algorithms in parallel :

4) Enumerate rans gothf... an and return YES if an :98
(2) Enumeraic dwal . sets D and return NO if

(2
.1) Q E D

o
D is an inductive invariant

(2 .2) ↓post(D) = 3 wrt
. Ipost

(2 .3) 96D



Assume all steps are computable .

The algorithm decides coverability for WSTS .

Soundness : 16 YES is relured
,
then at is coverable by

construction.

If NO is returned , one can show

post(Q0) - D

by induction. Then ↓post
*

(Q0) =D = D and

since af@D this implies 9 * post
*(Qo)

Termination : If go
is corerable

,
then (1) will evetaly

enumerate a witness and return YES.

If
go

is not coverable
,
then (2) will eventually

enumerate D = ↓ post
* (Qol which sahisties (2

.
2) - (2

.

3) :

Q - ↓ post
*(Qo Il by definition

↓ post (tpost
* (Qo)) = ↓ post (post(Q0) aby monotony

= ↓ post
*

(Qo

96t post(Qo) 1) If not coverable

Problem : The steps in the algorithm are not computable in general
Mainproblem : How do we finitely represent dual. sets?

Remember : Upc! sets are represented by finitely minimal
-

I
etem ents
exist by wo

Idea : Represent dual sels by maximal elements.

However maximal elements

doexist
in gerin

-> Thus we introduce Limit

Exambe : For Peli nets we will use generalized markings(
4 ,w) = Eh , 0) , 4 , 17 , 4 , 2) .... 3
X

Limit element representing the set on the ths



Represent Dwa fets by Ideals - ideals will be our Limit elements

Let (Q,) be a quasi order. A sel SEQ is

directed if Ex
,yeS. ZzeD . Xz and yz

an
ideal if it is dual- and directed

.

Lemma let (Q
, 2) be a w90 -

Then
any say . Do PDF

....

of ducl . Sets is finite
.

Proof : Consider Sea .

To I1 .... of upd . sets
.

This sey , is finite by remma from previous Lecture.

Lemma Let (Q , 5) be a wgo.

Every ducl . set DIQ is a finite union of ideals.

Proof . Towards a contradiction let D-Q dual . set

that is not a finite union of ideals.

(
Moreover lat D be minimal wob

. Set inclusion

↳ possible because a sequence

3. I Die .... of duc .
Sets is finite
by previous lemma

Then D itself is not directed , i . e . there are MixzED

so that no XeD exists with Xe , *z EX.
Lotherwise D would alreaddas

↑ Ex,Y ↑ [X27 Note that

De Time Taxis = 0↑- Lotherwise there wold

be xEb . x , + =x)
x : ·

xz
D

Then D = DITEX ~ DITEX ~ De Tante thun
= PITEx v DLTEx]
z un
both sets are

- ducl
.

(Complement of noch is dual . + intersation oewel .)
minimality (d)

-

a proper
subsel of D

of B
=> DIT9*3 and DITEX] are finite union of ideals

=> B is finite union of ideals
.



Example : Consider a Patri net N = ( S
.
T
,
w)

with two places S = Es 1 52]
TEx]

21
x

51
Inz

6-

↑ 9x23
-

·

x
4-

D -

2 - Iz
-

Se
& ↳ I & 1 I Se4

O is durch set In is an ideal
-

ID is not directed
->jh isa

idals
For a Patri net (S ,

T
,
w) we represent ideals by generalized markings .

A generalized marking is NwS where Nw : Nr Ew] The
natural order 1 is extended to Nm by setting new for all new

Then Fn = (4 , 2) and Ic = + (6 ,
5).

Eflecitive ideals

Now we can represent a dual set by a finite union of ideals

However we shill need an effective representation of ideals !
↑ Like generalized markingsA WSTS is ideal-effective if for Pari nots

- ideals are recursive enumerable

- In I2 is decidable for ideals In Fz

- ↓post(1) is comparable for ideal I

(* Remark : In ideal-effective WSTS DnED2 is decidable for

duel sets Dr , Da = & given by fint union of ideals. This is
a consequence of the following Kama .

Lemma Let (Q
,
2) be wgo , I Q ideal and De Da -Q

durch sels
.
Then I: DevDz implies IED- or I : D2

Proof : Homework.



Theorem Let (Q
,
2
,
%
,
+) be a ideal-effective WSTS with

- enumerable runs

- decidaie
- tQo is given as finite union of ideals

Then coverability is decidable by the above algorithm.

Proof : By assumption runs are enumerable
. Then (1) is

computable be cause E is decidable
.

For (2) we enumerale ducl
.

sets by enureding finite unions

of ideals D = In ... rIR-

It remains to show that (2 .1) - (2 .3) are decidable
·

(2 .
1) ↓ Qo is give by finite uniom of ideas by assumption. Decidable by

QD)&D and (

2 .
2) Decidable by ↓post (D) = ↓post(F) .... ↓post (Fu) computable

-

auch ( ↓nike union of ideas

(2 .3) Decidable by 98 #D 15923 #D and (*)



Coverability graphs for Petri nets Jaka . Karp-Miller trees

Previous Lecture : A forward algorithm for coverability in WSTS
.

-> this algorithm essentially guesses the invariant ↓post(Qo)
and checks it .

Now : We consider Peli nets which have more stacture than

general WSTS .

Goal : Compute ↓post(Qo) directly
-

Idea : Compute reachability graph and introduce limit elements /ideals

if a loop with strictly positive effect occurs

- we call this
S1

Example : Acceleration x - -s acceleration.
+
2x

+e

- -1
1
-> +3

52 42

(6)= (i) = () and E) >[)
.

So we can repeat tatz

to increase the tolan count in Se :

(6) (1) En() (5) ....
->

intuively
w means :

-> We introduce Limit elements (6) =(i)= () don't know

and but unboundedcontinue exploring from (2) E (m) many tokens

Formally : Let N = (S
,
T
,
h) Peri net

· Recall that ideals are

represenled by generalized markingsN ↑

We extend 1
,
<
,
+ to Mr . Mz E NuS :

- M = Mz if bi(s) = Mz2s) for all seS.

- Me <M2 if Meile eJSeS
.
M
.
(s) <Me(s)

- wt ni= w ,
weni= w forN

- w +w : = w
, w-w is undelined.

We also extend the firingelation to 1 = Nax No :

- M+ if M
,
T w( - , t)

- M 1 + >Mz if Me It

and Mz = Me
- w(

,
+) + w(t

, t



#gorithm : Input : Petri net N = (S , T /W) and NoEN
Output : Cor (NiM) = (VE

,Mo

v = = 443 ; E ==

Worklist : Mo

while worklist + & E

Me = worklist . dequee()

-forall + T with Mil + >ME
-m

t is enabled in Mr

oall M on path from Mo to Me in CouIA)
so that MI M2 E

Mz(s) : = w for all seS with M(s) <M
>
(5)

3

If M, VE

V : = VuGM23

Worklist
. enquene (M2)

3.

E = = E -G(Mu
,
Mz)}

3

7

The coverability graph Cov(N, Mo) for a Peli net N

from a marking Mo is defined by the algorithm.

To make the outcome deterministic/independer on processing order
of markings /transitions we use

-

a II FO worklish
- and a dixed ordering on T



We show that the algorithm terminates and thus

that Cor(NiMo) is finite.

Termination : Towards a contradition
,
assume that the algorithm

does nor terminale. Then V is infinite (each while iteration dequences,
a non-terminaling execution must infinitely enqueme , before enqueme we

add new node to V) .
Since all nodes in V ae reachable fromNo there is an

infinite spanning free of CovCN , Mo) with rook Mo.

The spanning thee has (finite) outdegree = ITI Leach transition is considered

König's Lemma gives an infinite path from Mo.

once for each marking)

Since No is a wao there is an
infinite increasing sequence

Mo = Mi =Mr
.
. . .

where Mitn Occurs Later on path than Mi
.

Since the spanning bree has no cycles the sequence is strict :

Mo &M- IMcF ....

By choosing an (infinite) subsequence we may assume that

Mi was added earlier toU than Mj for all i< j.

Then
,
acceleration ensures that Mite has stictly more

w-entries than Mi.

Since a marking can have at most ISI w-enhies we

conclude that MeFMeF -... is finite

We show that Coole, no) is a finite representation of poc
* (Mo).

The next two Lemmas show (both directions of

↓ post
*

(d) = ↓Ve NS where Gr/NiMo = (VE
,
Mo)

Lemma
Molo) M implies Mo M' =M

↑
path in Cor(N,Mo

-> Every coverable marking is represented by Cor(NiMol

Lemma Every MEXVoNs is coverable in N.

-> Every marking represented by CoolN
,Mo is coverable.



Prood first Lemma : Induction on length of o.

Induction Step : Consider

Molos M+ 1M

- By I M. Mi =Mr holds

- By monotonicity of the Livig relation + is enabled in M:

Mi= Mi+(i -M)) + M + (i -M)

Thus M! DEM' with M = M + (M) -M) =M
-j 20

=> Together wa have
M'
may be accelerded

M. !=M M

Proof Second remma : Induction on the length of the shorkesh

path to Mr EV so that M1 Mr .

Induction Step : Consider MELVnNS

M
.
-M!=Mi-M

so thatt is a shorkst path to some Mr =M.

- consider acceleration in Last step
M. EM ·

Lad Mild] M2 .

If no acceleration then Ma =M2

Otherwise Me &Me' and there is ET
* and IEN

so that
Meloz" < 12 + i (Me' -(2) = M

↳ Effect of O2 on SES is

70 if Us' (s) = w and My (s)w

= - if hi(s) = Mz(s) = w

arbritrcing if Mi (s) = Mz(s) = w

=> Thus there is Mi = Mi
I

so that

M
.
15

. 02 :< M1I M



- By IH and Mo Mi =M we know thatMe

is coverable
. Let Mo 1017 Mr" 7 Mr.

- By morhonicity of firing relation It . oi) is enabled in M
.

"

My" = M + (i-Me) It. M'+(
"
- Mi)

=> Together we have

Mol0Me" It. is M+

Example: Se
2

Sy

·- + -

~ I Tr 2Thz
3.

+ = - + +

54
Sz

Coverability graph :
l

not

* Hie
+h
,

enabled

L

tGr)()
H

( t
Ideal decomposition ofpost :

↓ port(%)
= ↓ E() , () , (8) , (2) , (9
= +53 vv9(3


