Ordyr TTED(% IC: Some WQO TheOra

Goa.QﬁJlWﬂ more. aloout wqo’s. R seX (leo,..,u\,o’rc-)
Some ﬁ{{uﬂom& ' Notodion: /
Equivalances in (R, €): We wite qzp if qsp od peq
&qmum (qi)ie{/o" Qo Q4 -..
Subseqwuce,b (C]tea))iew 1S o subsequcz OP (qu')fenu
When e use this Notodioy, we iuplicifa us o fuckor €:IN=IN  Hhat is monolorod
Increast sequwcez (C]:)feI witA qi € Qi forall ieXI ond ingectiie.
Decreoshy” sequavce : (gi)ier with g;2qua for all i€ X
We. saa Steict c‘mreas\‘g /dweag.‘,g if qifqer For ol (€T as well.
Good sequavee: (qidier with  i¢<j ond Qi<qj.
Bod sequanvce: Not good  sequavce
Pinti-Chaun: (qi)iex where for all i#3, qifq3 od 9549 (we also write qivgg)

The &fﬁwfh'wof wqo’s (s thew "all infinite Sequance’ ove ﬂoool "

Mo&t (‘Ii)[e/iv be a Sequavce intire qo (Q.<). Then for a Subsequcz (‘{c’):‘em
l;/) (?‘.)I.EN (S (S‘{‘n“dld) c’na\earfg thein so s (Q\?LF))‘.&I\/-
(stn‘c{-?) decrca.n“ae
onti-chaun
bad sequuce
M: :Df*e,cfg Jollows from the defivitous.

There are many properties Hhat equivalotly defive wqo 5.
Theoreu s The ﬁ)llow»’g Stateveuts are equivalavt for the quas’ order (Q,<).

(1) (Q.€) s @ wq o
(2) Euerd [Mﬁuﬁt Seciu.wa (7& ) (e n Q covfouns an "’Vﬁ'm}e &J«bsef[w (?ﬂf) )feN
that 47\10\‘:&}!‘&, ¢.e. f'or oll t'GIN, CI?(i) < q'e(l:t-i) ;

(3) Thee s no [fonc?‘& Sequance (75 )iew that (S S'(-rt“Cch deaeaal'/a' ol
on ontichauN.
(4) For'ma SEQ,Hwe is a Finte Sp€S suchthat 15,=T8S.

Proof: (1)) - Jet SEQ. Suppose thve is o fiurte BES with 1B#1S.
We coustruct o bad ond ivfivite (qi)ien in S inductiely .
For the base cose, we choose oy Go€S.
For the inductive case, let 9o~ qi be o lbad Seguonce in S . We extend this sequarce.
JLet 8'=14o,..,qi3. We nawe 1S'+ 1S. Since S'eS, S\TS'#@ Chaose qiea € S\1S"
C‘e‘”‘g) thoe i§ v J€10,.,0Y with qj<qia Sive Qira ¢ 1S,




(W)=>(4): det (qi)ien be an infinite sequance. We defive the set S=1qilie ).
If S is finite, we o cve: twe must be ot least two indicay i< with qi=qj-
Jet S be infinvite. The set has o finite BES with TB=1S per (4).
Then, thare uust be,_ﬁ beme iufim:feé vany qeS in 1261

Picture : i o / ”‘f""’"‘e(‘j “"7 S elbwents ().
1
b ¢ b
TMMS, +oe s o ( €EIN wrth infi% N\O‘\a J.'b,j'i,...EIN where Q;S‘ij'u for all kelN.
Then, Hrere aumst be some kelN w (<Tk ond q:sqj,‘.\/

()3 (2):det (qidien be on infinite sequeuce. We CONStruct on weNosiy  SubSequence -
olet Uocus <ug<... bethe indices of elawauts that oe wot covred oy & larter elvant .
TWS mens tHe uc’'s where j‘bfaujaqt, qc.u;-i q;f
The definition M thot no et v Quo,Quy,.. is Coved ba o eleant later i the Sequasie, So itis bad .

RS- v u\ijL/ v d

(2)2(3): SJ-PPOS& there s on infinite (qi)ien that s Si'n'c’da decﬁea:{J or on ovtichain.
We kuow that Hee uust be on iucfe,ag\g subsequen® (qeclien -
Then, qeco) € Gecs), 0 (qi)ieny ot be On owti-chain or .sfnua dzofasf«. /
(3)=>(4): Jdet (q)ien be on infinite sequance. Suppose that it is o bad sequon.
ldea: det Uocugcup<.. bethe indices of elovauts tnat do Ot cover a loter elurut
Do the rawed  Fest, let this sequeve be finfe, with the maximal inds ug - (Roweof (D6
Wssiou of \W‘:"’ Then siwilo- to (1)9(2) we auld find o decreosie subsequancg Q) en followine uy .
(if:;uclweiimm& This sequance Cannoi- be sm'cud deaeasxq» baca), .so we find ¥ )< f(j) with ‘]B(i) < C'gq-) ,
dwcacr:S Do Mow.lelc tus sequeuce be mfmrfe,ol\d cousdes (qui)ien.
We daim that (quilen endl thus (gi)ieny ore gooa .
Suppose  (qu)ien is lopd.
’56 defiition of wi&, if i<, then Qui # qug (lecause wi<us),
Since (Qui)iens is Dod, Qu; ¢ qui for all i<T as well.
Then (Quidien is an infinite oati chain , whichh coutragdets (3). \é

w& Can Comlpwe ordes Us\ O'PQI‘GJ\‘OUS 10 Coustruct new ordes.
Jdet (Q.€) od (F<) be qo’s. The wqo’s are ClOsed under e follow\a» aperokious

Dis ot Uniow Orde (POQ, < ): For all L,EEP, <t (s we willl sez).
For ol t.t'eQ, tst'.
ép’l@:ﬁw hﬂld ]%f 't';tlf PJQ, 'Uﬂw Ooré. l.UCOMWGblea

Product Order (PxQ,<): For all (to,ta), (50,51)€PxQ, we hrawe Co,ta)< (S ,51) iff
tOSSo ond ‘6_1. <3, .




S.Lbﬁuwce Orde- (P‘,S): “The order SE.'P‘ S the smallest order Hhat nas fh&foﬂwg

'HM:
Pope (1) £Esw for ol weP'

(2) 8<s' forall S,S'GP with S<s'
(3) W.v €WV for all ww!v,v'eP with wew' ond vsv'.

Exawple : P=Jab,c{, < is equa.l."U.

ab < ac?f L acccb<s ocbachack
N M

Closwe wde~ digjoivt unions s left as onexerose 1o tre reades (in porticular, Sheet 1),

Theares (Dickson’s Lewna): [f (Qoi¢) ond (Qs,2) oe wao’s then 5o is e product oder (Qox Qy,<).

M Let (qosz), (‘]z,pi),... be an iufim?e Sequence n Qox Q1.

(We show that thee oe k<€ witia (qk/PK)s(?th)-

Note that (qi)ien ison infinite sequauce in Qo,

Since Qo (s o wqo, they s on ‘7fe'uo¥e Subsequece (‘i!&‘)):e N hat i [ncnza.sa'g.
Consider the subsetiwua Pecor, Pecs) , ... -

u.fl‘gf the Sawe trict, we an ﬁ/'d on iuafan;'f subsequence (Py, (‘,)))l,ew in {Pftc'))iew.
Since tne Subsequence af- on | uaeosc‘»g Subsequane iS alSe imream'ao, (?ww:»){ew 'S ciumzasi‘a as well .

In porticulor; (Qucecon, Pucecon) € (Avtecs. Pyersy).
s coucludes +the progp : [

dea (M0 ): (qipden: (05), (4.2), (64), (30), (8,1), (1,9), (8,10), (9.14),.

(9ec, Pec))iem : (1.2), (64), (70), (83), (¢,10), (9,14),..
o S iuueas\‘x
(qW(ﬁi))/?W(w)))%N: (6;1) / (8/1), (2,_10)/ (9/11),,,,
% 'S 1NCeal
4 s Neas)

’ProoEz le wfivite sequouce s bowdecl ond Npeaits an elwadt, o has o infiuite stri‘cua ?weo.s\‘T Subseueu

C.Q__%i (IN‘iS) {5 o wqo.




