
IreviouslyVectorspaces L

A vectorspace over a field IK is a set V and a field IK
,
equipped

with two operations :

1. Vector addition +
"

:VXV-V which fulfills forall
,
Wev :

· u + (V+=) = (i+) +v associative"

· JeV: +V =+ : = Yineutral element
"

· 71-V)evi + (-V) = 1- ) +V =0 inverse element
"

· + i = u+ "commutative"

2. scalar multiplication .. " Ik XV-V which fulfills for all

veV ,
a
,Belk:

· cutis = cu +ar] distributive laws



· (+B) = ai +pv)
· ( . B)V = a . (B .v)

· 1 .V = Y (where 1 is the neutral element in 1K)

Example1

space of n-tuples inR" :

Elements in R" : (I) ,
Addition :( +(*)(i),
multiplication :c) = (Mritiplication

is

↓

Multiplication inI"

↳ You can check that all axioms are fulfilled
,



Exampletall functions from I to 1
,
le :

Ik = 1R
,
V := Ef : M-PR) f is a functionly

Addition : (f +g)(x) := f(x) + g(x)

Multiplication : (2f)(x) := < : f(x)

-

Sbspaces (vector space inside of a vector↓ed , 09 . October 2024
space)

Let V be a rectorspace over 1 and +": "the corresponding
operations on V .

Then UCV is called a subspace of V if
· U F0 (sometimescul
· + veU V,El
· LeUeV , zelk



=

·in
-
Example 1 Te in iconsider V= IR" over IK= /R. Then

u = G(x ,y ,z) EIR3 /X-2y+3z =03
is a subspace . Verify that : ↳· UFO since (x1 %E)= 10

,
0 ,0 el ~

10 -2 . 0 +3 . 0 = 0)



· Let (E) . ( * ) EU ,
i . e. it holds X - 2y +37 =0

X - 2y+ 32
=0

(2) + () =E
since (x+=) - 2 . (y+Y)+3(z+z)

=Y+3z) +(2+3) =O

=O =O

·let () EU , LER , i . e . it holdsstz=o
Furthermore

, we
have

a () = (EU since ((x) - 2(dy) +3)(z)
= x(*(2y+3z) = 2.0 = 0

=g



Example
.
Show that

u =&(x,Y ,z)EIR3)x -3y +z =13
-

is not a subspace.

Enorder to show that , we show that U . In fact it holds
that

0 - 3 . 0 + 0 = 0 +184.
- U is not a subspace

Example,e the rector space of all real functions filR-PR
. The

U = Ef :R=DIR) f continious] = COR) = COCI
, IR)



is a subspace.

· U + O since f(x) =0 is continious

· Since the sum of of two continuous functions is continious again,
we have

(f +g((x)eU for f(x
, ge el

· Since

(f)cXEU for f(x)EU and LEIR

the third property is also fulfilled.

->U is a subspace
land therefore a Vectorspace
as well)

Basisof Vector spaces

Motivation consider a plane as a subspace of IR?
-



by
Y = 35 +Mbut

rector which points into the plane can be represented

as a linear combination of 5 and S2.

p(x)=X...+ x +1

other example : IR3 More abstract

IR[X] : 3 p : /R-DIR/p polynomial3
of degree v: All those polynomials are linear combinations

of 1
,
X
,
x3...., X

p(x)=-



In order to formalise this
,
let span-13 =Edivil die]

we call 55
, -1 bi3 a basis /generating set) of a vector space

if

1 . Span- bis= V 2 br- are linear independent
"basis generates v " n basis is minimal"

Intuition
v= IR

generates
-

# I T5
-

Eb , 52 , 653 generates V
, but is not

minimal.



V= IR
=

~D Right amount of Vectors (rectors are not

linear dependent Eb
,b23

is basisF
~ Sbi , b2} spans the Vetorspace 3

V =12

u same is true here

/ ↳) New choice of vectors also forms a
basis

M Basis are not unique ?

a b 5
Example 1 ↑ ↓ ↓ ↓

=) () ( a basis of V = Gb , bi ,5 -bis!



we have to check two properties from the definition :

1. V= Spans ,
52

,
53
,B43 is fulfilled by definition

2. Are the vectors linear independent?

columns are linear dependent!

3 = ( -1) . E35
,
Br
,
B

, bis not a basis !

But what if we only take E .
b

, big as possible basis?

[v = Spansn ,
b2
,
bi 3 is fulfilled]



chell for linear independence :

1
-1 20 1 -1 2 O 1 -120

21 10 01-2 .I O 3 60 03 6 O

01 8 01-5 .I j 06 0I I 4) I10 1 . 4 ·I
O 1 201-5 o 0 0 oOne
0 3 10 01 -# O O 4 -

1 -1 20
Backward

~I 03 6 I go -Do 0 6 O subst
21

,
22 , 24 = 0 in Ledu

+1 b =0

00 o O

O O o g -> EB1 ,52 , bis are basis !

Example 2
-

Let Ik= /R (or 1K=1) . Then we introduce the vector space of

Square integrable functions on 50, 1] as



↳ (20 ,13) := Ef : [0 .13-DIK) Solf(xRax <03
We want to show that this is avector space, i . e . We show that it is

a subspace of the vector space of all function.

· [ (50 .13) +0 Since f(x) =0 is an element ((20
,13) since

Solopdx = 0 <

· Addition of fige (([0,1]) is in (2(C0
,1]) again , since

So fex +gcxidx =SoYfc +h/f(( g(x)) +184)1dx
= So I fixYdx + 2 . So if(g)(d + So191dx

Carchy-schwan +d) (g]Sigidinequality



wa n

A Le @

<* ~ f+ge Li(0 ,2])

·Multiplication of fel" (20.13) with LelK is in (2(20
. 13)

since

SoYf(x1dx =lid e

~ <f el2 (20,13)

IL(0.13) is a subspace

- A basis of this vectorspace is given as

3 by(k) = 1 , bzj(x)= cos(2jπx) , baj +e() =ESin(2jx)
for j =1,2, ... 3



#ornedrector space,k = 2 Vector space . I: V-P1K is called a

norm (on v) if it holds for all E
,TEV ,delk that

1. l +Y1 = 181 +11/ #
~

2. lla 11 = 121 . 11 11 +
-

3. I = 0 =)0o (1 =05=0)A vector space with a norm is a normed rector space (V , 1-1)
Intuition
-

A norm measures the distance to zero /length of a vector

Afew examples Err



1

.cledeannora=ti a norm onis

2
.
Taxicab norm/Manhattan worm

ICV= M" , then 1 * 1, = /xel + 1x2) + ... + (n)

Let's compare 1 & 2 :

we drawing the unit circle

Be(0) = EXEIR" /111 = 13

*tactia



3-norm
v= (2 (2017) , then 1/f/l = (So f(*Rax)

*

is anorm on v.

-> Definition of convergence ⑭
⑰ ->In

-al

I -To...
IRIR

·I ↓



Eigenvalues/-
Let V be a IK Vectorspace . xElk is called eigenvalue of a linear mapping
A: V-DV ,

if it holds

Jer1903 : Ax = 3x

* is called eigenvector for > .

-Figenvalesformariseseigenvalves can be computed as follows

1x = y ( At-by= (A -bi)k =8 Eer(A -y]) =0
~
-P

Characteristic polynomiap det (11-A) = 0



Eple

Let A=11 ) .

Then det (A-11) =det) = (1 -3)(-5) -g
= 32-33 - 9

Hence , continue to compute the zeros of the char . polynomial

0 = y2- 37 -9 = 32 - 2 . 36 + (z) - (3) -g
-

= (5 -z)

17 - (g =
=(1)

theeigenvalue o Ax= 0

The eigenvalue O exists
. If o occurs as an eigenvalue . A is not invertible

anymore



Ax =b x= a
Example

Start with eigenvalues :
- 1

m = )1 ( & det (M -31) =det1)- To3)O-1z

= (n -b) (-2-3) - (1 -3)
=-33 + 45-3
-

31 = 1

I/
-



Eigenvectors for 31 =1
-

* are those vectors which fulfill (M- * 1) * = 0

(iv) - (0)) = (8)-10 -2

Hence , solve this linear system
of equations :

Eigenspace
Gauss -

80. ..
- 00 I1000e)It

=

=

envectorsfor t O

=(g)



+3
- =0System of equations : X1 +0xz t 2
t

10
3-B 0 -201D -... 01

2

I Gauss IO 3-BB O o 0

-0 -3 -M O o o & 0

I taR]=u
Eigenspace for 12

Eigenvectorsfor Is
O

&IM-SF= Es(



La Fe=u-43
17 Notice that the eigenspaces are rectorspaces

T

↳ their dimension adds up to the dimension V in P

case that all EVs are distinct

~D All eigenvectors belonging to the same eigenvalues form

a subspace of V
↓ -For the previous example :

In ,M2 ,My are subspaces of I

with basis vectors : &An = (i) , unvb = () U



u One can check that that Sbi
,
b

, bi3 forms a basis of IR3
2D This only happens if eigenvalues of Matrix are distinct
- In this case ,we call the Matrix diagonisabel

↓

In this case , there exists a regular matrix

B=(5b5) B with B"MB = D
Al

&
↑
Diagonal matrix

(2)
(f) - Basis change

SEMB= 1 xY *I
- I

4)

↓
Figentiondecomposi
- (3) (eigenvalves on diagonal



~ In case that not all eigenvalues are distinct : Jordan -Normal form,


