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1 Introduction

1.1 Why are initial algebras interesting?

Recursion and induction are important tools in programming. In functional programming, for example,
recursion is a definition principle for functions over the (inductive) structure of data types such as natural
numbers, lists or trees. And induction is the corresponding proof principle used to prove properties
of programs. An important question of theoretical computer science concerns the semantics of such
definitions. Initial Algebra Semantics, studied since the 1970’s, uses the tools of category theory to unify
recursion and induction at the appropriate abstract conceptual level. In this approach, the type of data
on which one wants to define functions recursively and to prove properties inductively is captured by
an endofunctor F on the category of sets (or another appropriate base category). This functor describes
the signature of the data type constructor. And an initial algebra for the functor F' provides a canonical
minimal model of a data type with the desired constructors. Let us illustrate this by a concrete example:
Consider the endofunctor on sets given by F'.X = X +1, i. e., the set construction adding a fresh element
to the set X. An algebra for F'is just a set equipped with a unary operation and a constant, and the initial
algebra is the algebra of natural numbers IN with the successor function and the constant 0. The abstract
property of initiality of that algebra is precisely the usual principle of recursion on natural numbers:
given an F'-algebra X, i.e., a unary operation on v : X — X and a constant z € X, there exists
precisely one function f from the natural numbers to X with f(0) = x and f(n + 1) = u(f(n)). The
existence of f is the fact that functions from IN to X can be defined by recursion, and the uniqueness
yields the proof principle of induction.

As a second example consider the set functor F.X = X x X + 1 (whose algebras have a binary
operation and a constant) then the initial algebra is the algebra of finite binary trees, and initiality yields
a tree-recursion principle.

In the present survey initial algebras are studied for all endofunctors F' : A — A. It was Jim
Lambek who first studied in [L] algebras for F' as pairs consisting of an object A of A and a morphism
a: FA — A; the corresponding homomorphisms from (A, a) to (A’, a’) are those morphisms h : A —
A’ in A which fulfil h - a = @’ - Fh. If a is invertible (thus F'A ~ A) we call the algebra a fixed point
of A.

The category of algebras is denoted by Alg F'. By an initial algebra ;1 F of F'is meant its initial
object: this is an algebra such that for every algebra there exists a unique homomorphism from pF'.

Lambek’s Lemma If F’ has an initial algebra, then it is a fixed point.

We conclude immediately that even for A = Set there are important examples of endofunctors that
do not have an initial algebra: consider the power-set functor P. A fundamental result of set theory
known as Cantor’s Theorem says that no set A is in bijective correspondence with PA. So for all sets
A, Ais not a fixed point of the power set operation.

In the present paper, we study the existence and construction of initial algebras. There is a general
procedure for constructing the initial algebra of F’ starting from the initial object O of A, first used by J.
Adédmek in [A74]. Starting from the unique morphism ! : 0 — F'0, we form the corresponding w-chain:

| :
0 ! 7o F! F(FO) F(F) 730 F31




If the colimit exists and is preserved by F, then that colimit carries the initial algebra

uwF = colim F™0.
new
If F' does not preserve that colimit, we iterate further and obtain a transfinite chain. Again, if in that
chain F' preserves the colimit at some stage, we obtain an initial algebra.

We illustrate the behaviour of this construction and other methods for obtaining initial algebras by
numerous examples. For example the functor F'X = X x X + 1 (of binary algebras with a constant)
yields the chain with F'0 = 1 and F"*'0 = F™0 x F"0 + 1. This recursion allows us to represent
F™0 by the set all binary trees of depth less than n. The initial algebra colim,,«,, F"0 = J,,, F"0 is
the algebra of all finite binary trees, the binary operation is tree tupling, and the constant is the trivial
singleton tree. Shortly:

uX.(X x X + 1) = finite binary trees.

1.2 Why are terminal coalgebras interesting?

A coalgebra for a functor F' is the dual concept of F'-algebra: it consists of an object A and a morphism
a : A — FA. Jan Rutten [Ru;y] presented a persuasive survey of the applications of this idea to
the theory of discrete dynamical systems which are ubiquitous in computer science. For example, a
sequential deterministic automaton with input set .S can be described by the set A of its states together
with a function
a:A— A% x{0,1}
whose first component
A— AS
AxS— A
describes the next-state function, and the second one

A — {0,1}
describes the predicate “accepting state”. This is a coalgebra for the functor F' given by
FX = X% x{0,1}.

And a nondeterministic automaton is given by a function from A to (PA)® x {0,1} and is thus a
coalgebra for the endofunctor F' - P composed of the power-set functor and the above functor F'.

For another example, consider a dynamic system with states accepting binary input and having also
deadlock states (not reacting to inputs). This is given by a set A of states and a function

a:A—AxA+1

assigning to every deadlock the element of 1 and to every other state the pair of the possible next states.
This is a coalgebra for F X = X x X + 1.

The category CoalgF' of coalgebras has as morphisms from (A, a) to (A’ a’) the coalgebra homo-
morphisms which are the morphisms 4 : A — A’ with @’ - h = Fh - a. The terminal coalgebra vF,
also called final' coalgebra, is (if it exists) the terminal object of this category: For every coalgebra

"Both terms are found in the literature, with ferminal used in all older works and final in most work done after the renewal
of interest in coalgebras sparked by Aczel [Ac].



there exists a unique homomorphism into v F. If a system is represented by a coalgebra (A, a), then the
unique homomorphism f : A — v F expresses the “abstract behaviour of the states in A”, as Jan Rutten
demonstrated on numerous examples.

Example 1.2.1. The functor FX = X° x {0, 1} has the terminal coalgebra PS*, the set of all formal
languages over the alphabet S:
vX.(X% x {0,1}) = PS*.

Given an automaton (A, a), the unique homomorphism f : A — PS™* assigns to every state the language
this state accepts.

Example 1.2.2. For the dynamic systems with deadlock above we have the coalgebra of all (finite and
infinite) binary trees as the terminal coalgebra, shortly:

vX.(X x X +1) = binary trees.

Given a dynamic system (A, a) the unique homomorphism f : A — vF assigns to every state the
binary tree of all possible future developments in which the names of states are “abstracted away” and
only the distinction deadlock/non-deadlock remains.

By dualizing Lambek’s Lemma, we see that v’ is always a fixed point of F'. Thus, we can consider
vF" also to be an algebra for F'. (Example: binary trees form an algebra for X = X x X 4 1, with
tree tupling and the single-node tree, analogously to wF'). This algebra v F' has a strong property of
solvability of recursive equations. Let us illustrate this with the functor FX = X x X 41 of one binary
and one nullary operation. Given a system of recursive equations

r1 = h
r2 = 12
where ¢; is a term using the variables x1, x2,... and the binary operation and constant (forming the

signature of F'-algebras in this case) there exists a solution in v F'. This means that to every x; we can
assign a binary tree mj such that the formal equations above become identities when the simultaneous
substitution xj/ x; is performed on the left and right sides of each equation in the system. Moreover,
the solution of the system is unique, provided none of the right-hand sides is a bare variable. Algebras
with this recursion property are called completely iterative. S. Milius proved in [M;] that whenever
v F exists, it is a completely iterative algebra—in fact, it can be characterized as the initial completely
iterative algebra. We provide an overview of completely iterative algebra in Section 5.

Jan Rutten also discusses in [Ru;] corecursion as an important construction principle dual to re-
cursion, and coinduction as an important proof principle dual to induction. In fact, induction can
be formulated abstractly as follows: given the initial algebra (uF, ) of F, then for a parallel pair
f1, fa: pF — A of morphisms in the base category A in order to prove f; = fo it is sufficient to
present a morphism a: FFA — A for which f; and f are algebra homomorphisms from (uF, ¢) to
(A, a). The coinduction is the dual principle which for the terminal coalgebra v F' allows us to prove
equality of morphisms f1, fo: A — v F.

It goes without saying that not every functor possesses a terminal coalgebra. This follows from the
dual of Lambek’s Lemma: the power-set functor does not have a terminal coalgebra. We study the dual
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of the above initial algebra construction (explicitly used by Michael Barr [Barr] for the first time): Start
with the terminal object 1 of A and the unique morphism !: F'1 — 1 and form the w°P-chain

1 pr S pen) D g 22 (1.1)

If the limit exists and is preserved by F/, this is the terminal coalgebra of F":

vF = lim F"1.
n<w
Example 1.2.3. The above functors X = X x {0,1} and FX = X x X + 1 preserve all limits of
w°P-chains (called w®P-limits, for short), and in particular their terminal coalgebras may be obtained by
taking the limit of the w°P-chain in (1.1).

If F' does not preserve w°P-limits, one may try iterating F' on 1 further (transfinite chain), see
Section 3 below.

Example 1.2.4. Graphs are nothing else than coalgebras for the power-set functor P: givena : A — PA
then consider, for every vertex x € A, the set a(x) C A as the set of all neighbours of z. But be careful:
there are fewer coalgebra homomorphisms than graph homomorphisms. Given graphs (A, a) and (B, b)
a coalgebra homomorphism f : A — B fulfils not only

if z — 2’ in A then f(z) — f(2') in B

but also
if f(x) — 4/ in B then x — y in A for some y with f(y) =¥/

Lambek’s Lemma tells us that there exists no terminal graph. However, if Ps is the subfunctor of P
on all finite subsets, then coalgebras are precisely the finitely branching graphs, and a terminal coalgebra
exists, see Section 2.5 for an extensive discussion. We mention this example because the limit of the
w®P-chain in (1.1) is not preserved by the functor, and so one needs a more sophisticated construction.

As we shall see, there are several different constructions of the terminal coalgebra for P¢. For other
functors on other categories, there are yet other constructions.

1.3 Algebras versus Coalgebras

Although algebra and coalgebra are dual terms, and although this duality persists to the level of initial
algebra and terminal coalgebra, it is by no means the case that Alg F' is dual to Coalg F'. There are easy
examples of this, the simplest being the identity endofunctor of a poset {z,y,z} withz < y, z < z.
This poset has an initial object z but no terminal object. Thus the identity functor has an initial algebra
but no terminal coalgebra.

What is true is the following: every functor F': A — A defines a functor F'°P: A°? — AP, by the
same rule as F'. The category of algebras for F' (in A) is dual to the category of coalgebras for F'°P (in
A°P). Shortly,

(AlgF)° = CoalgF"P.

We present in Figure 1 a conceptual comparison between two sets of ideas. As it indicates, the
coalgebraic concepts on the right are interesting partly because they are the structures used in the math-
ematics of transition and observation, as opposed to operations. Terminal coalgebras in this sense are
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algebra for a functor

coalgebra for a functor

initial algebra

terminal coalgebra

least fixed point

greatest fixed point

congruence relation

bisimulation equivalence relation

equational logic

modal logic

recursion: map out of an initial algebra

corecursion: map into a terminal coalgebra

Foundation Axiom

Anti-Foundation Axiom

iterative conception of set

coiterative conception of set

set with operations

set with transitions and observations

useful in syntax

useful in semantics

bottom-up

top-down

Figure 1: The conceptual comparison

like the most abstract collections of “transitions” or “observations”. We know that this is very vague,
and so we hope that the examples throughout this paper will help. However, we also would like to men-
tion other sources, such as Moss [Moy4] (this is the source of the chart, and includes much conceptual
discussion related to the set-theoretic topics), and also Rutten [Ru;], a highly recommendable general
source on coalgebra. For more recent surveys see [GU] or [JA].

The questions of interest in this survey include: what are general conditions which guarantee the
existence of an initial algebra or a terminal coalgebra? We are also interested in representations of
terminal coalgebras. The reason for this is that the existence theorems themselves frequently are fairly
abstract, and so concrete representations make the terminal coalgebras more intuitive.

At this point, we want to mention the main categories and functors of interest in our study.

We begin with Set, the category of sets and functions. We are interested in the polynomial functors
obtained from the identity functor and the constant functors by products and coproducts (including
exponents from a fixed set B).

Another functor which we shall study is the discrete probability measure functor D, where D(X) is
the set of finite functions from X to [0, 1] which sum to 1. The definition of D on morphisms f : X — Y

1S
> ula).
z€f~1(y)

We already mentioned the power set functor P; this gives the set of subsets of X. The action of P
on functionsis f : X — Yis

Pf:A— fIAl={f(x):x € A}

There are also a few refinements of P, including Py, the finite power set functor. More generally, for
each cardinal number x , we have a functor P, where P,,(X) is the set of subsets of X of size < k. (So
ﬂ)f 18 (.Pw)

Part of our interest in these refinements comes from the fact that whereas P itself has no terminal
coalgebra, every functor built from all of the functors above except P using composition does have a
terminal coalgebra. Here is another example, again indicating the difference between the categories of
algebras and coalgebras for a functor.



Example 1.3.1. On Set, let FX be the power set functor, but modified so that £'()) = (). Then (0, id)
is the initial algebra. But there is no terminal coalgebra: the only fixed point is ) = F'((}), and this is not
terminal, since it is not the codomain of any coalgebra morphism from a non-empty coalgebra.

Other categories include the posets and monotone maps, and CPO (the complete partial orders and
continuous maps). Further, we shall consider Met, the category of metric spaces with distances bounded
by 1 and non-expanding maps, and also the full subcategory CMS of such complete metric spaces. Both
of these categories have a “power-set-like” operation, and this will be of special interest. We are also
intersected in the categories Set® of S-sorted sets (for a set S).

The aim of this survey. We have tried and collected interesting results about terminal coalgebras (and
initial algebras) scattered throughout the literature. We found some results not quite complete and we
completed them. We usually indicate the idea of the proof, but otherwise we provide references to where
proofs can be found.

2 Finitary Iteration

Ininitial algebras and terminal coalgebras are fixed points, and so we ground our discussion by relating
it to one of the most well-known fixed point results in mathematics. This is a result often attributed
to Stephen Kleene, a theorem on least fixed points of monotone, continuous operations on posets with
suprema of countable chains. Generalizing from orders to categories yields a theorem on initial algebra,
Theorem 2.1.9. Then the dual result appears in Theorem 2.3.3. This dual result is actually the first
terminal coalgebra theorem in this paper.

2.1 [Initial algebras

Throughout our paper we assume that a category A and an endofunctor F' on A are given. The following
concept of algebra and homomorphism was studied by J. Lambek [L] for the first time: an algebra for
F (or F-algebra) is an object A of A together with a morphism a: FFA — A, a homomorphism between
algebras (A, a) and (B, b) is a morphism h : A — B in A for which the square

commutes. The category of F'-algebras is denoted by AlgF'. Its initial object (in case it exists) is called
the initial algebra for F'. Recall also that two morphisms f : A — Band g : B — A are inverses if
g-f=1idaand f-g = idp. And an isomorphism is a morphism with an inverse. An algebra for which
a: FA — Ais an isomorphism is called a fixed point of F'.

Lemma 2.1.1 (Lambek [L]). If an initial F'-algebra exists, then it is a fixed point of F'.



Proof. Let (A, a) be initial. Since (F'A, Fla) is an algebra, we have a homomorphism h:

FA—2— A

Al !

FFA-X" s paA

FAT>A

Now a - h is an endomorphism of (A, a) in AlgF'. Thus a-h = id 4 by initiality. Then h-a = Fa-Fh =
idpa. Thus h = a~ 1. ]

Example 2.1.2. The power set functor P: Set — Set does not have an initial algebra: Cantor’s Theorem
tells us that for all sets A, there is no map of A onto P(A). Therefore, there exists no fixed point of P
on Set.

Notation 2.1.3. An initial object of A is denoted by 0. If F' has an initial algebra, we denote it by
wkF or uX.F(X).

More precisely: initial algebras are unique up to isomorphism, and if we choose one, the underlying
object is denoted by uF'.

In Example 2.2 we saw a trivial negative example, let us mention a trivial affirmative one: If F'
preserves initial objects then puF' = 0.

In what follows we investigate . F' in the “remaining” interesting cases: for functors not preserving
0 but having fixed points.

Our opening result is a classical theorem on fixed points of monotone functions on complete partial
orders. A poset is a pair A = (A, <) with < a partial order on A. In case < is reflexive and transitive
but not necessarily antisymmetric (A, <) is called a preorder. A monotone function from one poset to
another is a function preserving the order: a < b implies f(a) < f(b).

Definition 2.1.4. A poset (A, <) is a complete partial order (or, cpo, for short) if every countable chain
(also called w-chain) has a least upper bound and A has a least element; we usually use | for this
element. A map f : A — B is continuous if it preserves joins of w-chains.

Theorem 2.1.5 (Kleene). Let A be a cpo. Then every continuous endofunction F' has the least fixed
point
pF =sup F™(L).
new

Proof. First, an induction on n < w shows that F*(L) < F""(1). So {F*(L) : n < w} is
a chain. Write [ for its join. By continuity, F(uF) = \/,, F(F"(L)). It is easy to check that
V,, F*(L) =V, F"™ (L), and so F(uF) = uF. Thus, we have a fixed point of F. If Fz < z, then
we show by induction on 7 that F™ (L) < x; hence uF' < z as well. O

Remark 2.1.6. More generally, a pre-fixed point of F' is an element z with Fx < x; the argument
above proves that pF' is the least pre-fixed point of F'.
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order-theoretic concept \ category-theoretic generalization

preorder (A, <) category A

r<yandy <=z A and B are isomorphic objects
least element 0 initial object 0

monotone F': A — A functor F': A — A

pre-fixed point: F'x < z F-algebra: f: FA— A

w-chain functor from (w, <) to A

F' is continuous F preserves w-colimits

least pre-fixed point: Fzz < x | initial F-algebra: ¢ : F(uF') — pF

Figure 2: Generalizing Kleene’s Theorem to categories

In this paper, we are not really interested in Kleene’s Theorem but in generalizations of it, and
in dualizations of those generalizations, etc. Figure 2 shows how we generalize the order-theoretic
concepts in Kleene’s Theorem to the level of categories. In each line, the order-theoretic concept on the
left is a special case of the category-theoretic concept to its right. (To see this, recall that a pre-order
(P, <) is exactly a category in which every homset is either empty or singleton set.) Of special interest
is the generalization of the completeness condition on the poset and the continuity condition on the
function. We assume that every w-chain, that is, a functor from w to A has a colimit, and in particular
we consider the initial w-chain shown in (2.1).

Definition 2.1.7. By the initial w-chain of an endofunctor F' is meant the w-chain

0 ! FO F!>F20 Fr Frtl)

Lt TN i Frtlg Q2.1

-1y
> F™0

Here ! : 0 — FO is the unique morphism given by initiality. This diagram gives a functor from
(w, <) to A.

We must mention that later in the paper we shall need transfinite iterations of the initial sequence.
But in this section, we only consider the finite iterations as in (2.1), along with the notions of cocone
and colimit, our next points.

A cocone over the initial w-chain is an object A of A together with a family of morphisms a,, :
F™) — A such that a,, = anp41 - F™! for all n < w. A colimit of the initial w-chain is a cocone
(C,c, : F™0 — C) over it with the universal property that if (A4, a,, : F™1 — A) is any cocone over
the initial w-chain, then there is a unique factorizing morphism f : C — A such that for all n < w,
an = f - cp.

Construction 2.1.8. Every F'-algebra (A, «v) induces a canonical cocone «, : F*0 — A over the initial
w-chain as follows: «: 0 — A is unique (since 0 is initial) and o, 11 = - Fay,: F(F™0) — A. The

cocone property, o, = au,+1 - F™, is easy to verify by induction. We call the cocone (A, «,) the cocone
induced by A.

Let ¢,,: F0 — pF be the colimit of the initial w-chain. Applying F' to each object and morphism
in (2.1) yields another w-chain

F30 F3|> Fn]\Fn+IOL+1!Fn+20L+2!>... (22)
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which obviously has the same colimit as (2.1).
This leads to the following result:

Theorem 2.1.9. [A74] Let A be a category with initial object 0 and with colimits of w-chains. If
F: A — A preserves w-colimits, then it has the initial algebra

uF = colim F™0.

n<w

Proof. If ¢,: F™0 — pF denotes the colimit cocone of (2.1), then we can define a unique morphism
¢: F(uF) — pF by
¢ Fep=cpy1: F(F"0) = pF (n <w).

To check the initiality, let (A, «) be any F'-algebra and consider the cocone v, : F0 — A induced
by A. The unique morphism h: uF — A with h - ¢, = o, (n < w) is an F-algebra homomorphism:
the equality h - ¢ = « - F'h follows, since (F'¢p)n<, is a colimit cocone, from each F'¢,, merging
the parallel pair h -, - Fh : F(uF) — A. Conversely, if k: uF" — A is a homomorphism, then
k-cp =an =h-c, forall n < w; indeed, since ¢, 1 = ¢ - Fcy, this is easy to prove by induction.
Thus, k = h as desired. O

Remark 2.1.10. To obtain an initial algebra of an endofunctor F', it is not really necessary that F’
preserve all w-colimits. It is sufficient to assume that F' preserve the colimit of its initial w-chain (2.1)
(see the proof of Theorem 2.1.9 just above).

2.2 Examples of Initial Algebras

We present examples of initial algebras on Set obtained by finite iteration as in Theorem 2.1.9. We
discuss these at some length because the same functors will appear throughout the paper.

Example 2.2.1. The functor F.X = X + 1. First, we consider this as a functor on Set. As such, it has
an initial algebra obtained as the colimit of the initial chain

0—1—1+1—>1+1+1—— -

So we may identify its n-th term with the natural number n. The colimit is the set IN of natural numbers,
with the algebra structure
p:N+1—->NN (2.3)

the isomorphism taking the right-hand summand 1 to 0 € IN, and taking the left summand IN to itself
via the successor function.

Here are some additional details on these points. Under our identification, F™! : n — n 4+ 1 is
1+— 1+ 1 for 0 <7 < n. The colimit is the disjoint union of the factors, identifying points merged by
functions on the chain. In this case, this disjoint union is {(n,7) : i < n}, and we identify (n, i) with
(n+ k,i+ k) for all k. Then the colimit map ¢,, : n — IN is given by ¢, (i) = n — i — 1. To determine
the initial algebra structure ¢ : IN 4+ 1 — IN, we make two calculations using the fact that for all n,
¢ - Fep = cpgq. Taking n = 0, we see that ¢ - Feg = ¢1. Thus 0 = ¢1(0) = ¢(Fcp(0)) = p(*), where
* is the unique element of 1. And for all n, we have n 4+ 1 = ¢,42(0) = p(Fcp+1(0)) = p(n).
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Observe that classical induction on IN is precisely the statement that the algebra above is uF'. Indeed,
in order to define a function g : IN — A, one needs only specify an element a € A giving the value
f(0), and an endofunction of A for the recursion. These two data are precisely an algebra structure
A+ 1 — A for the functor FX = X + 1. The function they define is exactly the unique algebra
morphism g : IN — A.

Example 2.2.2. We consider the same functor /X = X + 1 but now on the category Pos of posets
and order-preserving functions. Here coproducts are disjoints unions of partially ordered sets, i. e., with
elements of different coproduct components incomparable. So our endofunctor takes a poset and adds a
fresh element incomparable to the elements of X. Then F"0is {0,...,n — 1} discretely ordered, and
pF = IN with the same structure as in (2.3). There is also the functor FX = X adding a new least
element to a poset. Here, F"0 is the linear order 0 < 1 < 2 < ---n — 1 and pF’ is IN with the usual
order and the algebra structure ¢ with (1) = 0and p(n) =n+ 1.

Similarly, we have the endofunctor FX = X ' adding a new top element having uF the set of
natural numbers with the reverse of the usual order: 0 > 1> 2 > ---.

Example 2.2.3. Continuing with the same example functor ¥ X = X + 1, we turn to the category
CPO_ of cpos (with a least element 1) and continuous functions preserving the least element. The
initial object is the one-point cpo 0 = { L }. Notice that coproducts in CPO are disjoint unions with
the least elements merged. So we have F'.X =~ X, whence uF = 0 = {_L}. However, let 2 be the two-
chain, then for FX = X + 2 we see that F"0 is the flat cpo {0,1,...,n — 1}, i..e, n uncomparable
elements with the least element | added, and uF' = IN is a flat cpo, too. Next let X = X be the
endofunctor adding a fresh least element to a cpo. Then F0 is the cpo 0 < 1 < 2 < ---n, and the
colimit is IN": the set N U { T} with the usual order and T above all.

Example 2.2.4. Let MS be the category of 1-bounded metric spaces and non-expanding maps. That is,
objects are sets endowed with a metric d : X x X — [0, 1] which satisfies

(i) d(z,y) =0iffx =y
(i) d(z,y) = d(y,z)
(iii) d(x,z) <d(x,y)+ d(x, z) (the triangle inequality)

Morphisms are non-expanding functions, i. e., functions f : X — X' such that for all z,y € X,

d'(f(), f(y)) < d(z,y).

Coproducts are disjoint unions with distance 1 between points in different summands. The functor
FX = X + 1 now has as an initial algebra the set IN of natural numbers, but as a discrete space: distinct
points have distance 1.

Example 2.2.5. We consider the full subcategory
CMS

of MS of complete metric spaces; i.e., such that every Cauchy sequence has a limit. This subcategory is
closed under the products and coproducts in MS, and it contains 0. Thus, once again uX.(X + 1) = IN
with the discrete metric.
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The situation changes when we scale the metric by % (or by any other constant between 0 and 1).
Let % : MS — MS scale a space by % We now consider GX = %X + 1. This time the initial algebra
is a Cauchy sequence together with its limit point. As a subset of [0, 1], it may be identified with the
points below:

o
N @
=l e
ol @

—

Remark 2.2.6. In the next example, and at many later points, we use trees to describe algebras and
coalgebras of special interest. Let us recall that a tree is a directed graph with a distinguished node
called the root from which every other node can be reached by a unique directed path. We always
identify isomorphic trees. Thus

x 1
ANETEA
Y z 2 3
are for us the same tree.

We distinguish between unordered trees, defined as above, and ordered trees. An ordered tree comes
with a linear order on the children of every node. In pictures, this linear order is the left-to-right order.
Thus the tree above on the left would represent the ordered tree with the order y < z on the children of
x. When we say just “tree” we always mean an unordered tree.

A node is a leaf if it has no children. A tree is binary if every node which is not a leaf has precisely
two children.

Example 2.2.7. Let X = (X x X) + 1. When dealing with this functor and related ones, it is often
useful to adopt a graphical notation. We shall draw (z,y) € X x X — FX as

/\

z Y

We start with FY0 = (). Now we picture the elements of 0 for i = 1, 2, and 3:
F'0: e

F20: e,

ﬂ%ﬁm

Then the carrier of the initial algebra ;. F’ may be taken to be the union | J

n<w

uX.(X x X) = all finite binary ordered trees.

The structure map
o: (WF x uF)+1— uF

is given by tree tupling as the left-hand component, and the unique element of 1 is taken to the single
node tree.

13



Example 2.2.8. We return to the category MS introduced in Example 2.2.4. In this category, products
X x X' are cartesian products with the maximum metric:

d((z,2), (y,9')) = max{d(z,y),d («',y)}.
Thus, F X = X x X 4+ 1 can be considered as an endofunctor of MS. Its initial chain is
0—1—1Ix)+1—((Ix)+1)x(I1x1)+1)+1—>---

the same as that of Example 2.2.1, but with each set F"0 taken to be the discrete space: all distances
between distinct points are 1. The colimit is then, not surprisingly, pF' of all binary trees equipped with
the discrete metric.

Example 2.2.9. Let us now study the same functor F X = X x X + 1, but now on the category CMS
of complete metric spaces. As we have seen the colimit of the initial w°’-chain for this functor on MS
is the set of all finite binary trees with the discrete metric. The same goes for CMS.

The situation changes when we consider the scaled functor as in Example 2.2.5. This would be the
functor

GX = —(XxX)+1

1
2
Here G™*10 consists of pairs of ordered trees (t1,t2) € G™0 x G™0 and of the single node tree, whose
distance from any (t1,¢2) is 1. And the distance between (¢1,t2) and (s1, s2) is the maximum of the
distances d(t;, s;), ¢ = 1,2, in G"0 scaled by % From this it follows that G™0 can be described as the
set of all binary trees of depth less than nwith the metric

k.
d(t, u) = { 20 giiz 2.4)

for the least number £ such that ¢ and u have the same cuttings at level k.

The colimit of the initial w-chain G™0 (of isometric embeddings) in MS is, then, the space of all
finite binary ordered trees with the above metric (2.4).

However, this space is not complete. In fact, every infinite binary tree t yields a Cauchy sequence
to, t1, . . ., where ¢, cuts t at level k. It is not difficult to see that the colimit in CMS of G™0 is

uwG = the set of all (finite and infinite) ordered binary trees, with the metric (2.4) above
We shall see a more general reason for this in Section 2.9 below.
Example 2.2.10. The functor X = M x X, where M is a fixed object in one of our categories.
(i) As an endofunctor on Set, uF' = (). The same holds in Pos, MS, and CMS.
(i1) We next consider the situation in CPO . For a cpo M the initial chain
{L}— Mx{Ll}—MxMx{L}——>---

The tuples in each factor are ordered componentwise. We write M“ for the set of sequences of
elements of M. The colimit in Pos is the set of elements in M/“ which have all but finitely many
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components equal to L. This is not a cpo: every infinite word (mg, m1,...,) € M* is a join of
a chain:

(mo,ml,...) = H(mg,ml,...,mk,l,L,L,...).
k

With a litte more work, it can be shown that
pX. (M x X) = M*.
The algebra structure M x M*“ — M*® adjoins a new head to a sequence in the evident manner.

Example 2.2.11. Polynomial functors. Let ¥ be a (possibly non-finitary) signature, that is, a set together
with arities, which are cardinals assigned to members of .. So X is a family >, indexed by cardinal
numbers k.

We denote by Hy; the corresponding polynomial functor

HEX:HEk x XF

where the coproduct ranges over all cardinals k with X5 # (). An algebra for Hy, is a general 3-algebra:
a set A equipped with a family of functions (called operations) f, : A¥ — A indexed by o € ¥}

As an example we consider the algebras of X-trees. By a X-tree is meant an ordered tree with nodes
labelled in X in such a way that every node with n children is labelled by an n-ary symbol. We can form
the Y-algebra

Ts. = all X-trees

whose X-operations are given by tree tupling.
For finitary signatures X (i. e., Xx # () holds for finite cardinal numbers only), the initial chain yields

uwHy, = Fy, = the algebra of finite 3-trees,

(for infinitary signatures we describe pHy, in Example 3.1.7 below). In fact, we can identify HéO =
Hyx () = X4 with the set of one-point trees labelled by an element of X, and

H0 = Hx(%) = X9 + ]_[ S X Xk
k>0

with the set of all X-trees of depth at most 1; more generally, H\0 with the set of X-trees of height less
than n. We obtain the chain of inclusion maps

) — HL0 — HZ0 < -
whose colimit (union) is Fy.

Example 2.2.12. For any cardinal «, P, : Set — Set is defined by taking a set to the collection of
all subsets of size < k, and on functions by image sets. (That is, fora € X and f : X — Y,
Pef(a) = fla] = {f(x) : © € a}.) When k = w, we write P; in lieu of P,,. For k < w, P,; preserves
w-colimits, and so we may obtain an initial algebra by the initial sequence.
(1) The finite power set endofunctor P : Set — Set will be of special interest in this paper. Its initial
sequence is

0 ——{0} — {0.{0}} — -
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This sequence is also written

Vo Vi >V po

where Vo = (), and V,, 11 = PV,.

Hence uP; = V,, where V,, = Un <o Vn- The algebra structure is the identity: observe that
Pe(Vy) = V. V,, is also called the set of hereditarily finite (well-founded) sets. These are the sets
which are well-founded and have a finite transitive closure. (That is, all elements are finite, all elements

of elements are finite, etc.)

(2) An alternative important representation of pP¢ is by finite extensional trees. Recall from Re-
mark 2.2.6 that trees are considered up to isomorphism.) A tree is extensional if for every pair of
children of a given node the two corresponding subtrees are different. Every unordered tree has an ex-
tensional quotient obtained by successively identifying children of a given node with the same subtrees.
(See also Section 2.5 for more on extensional and strongly extensional quotients of trees.)

Observe that if P¢(()) is represented by the singleton tree, then we have a natural representation of
PF(0) by all finite extensional trees of depth less than n: the tree representing a set { z1,...,x, } hasn
children (representing x;):

Pi0) = {0} is represented by e

PrO) = {0,{0}} is represented by e J

PEO)

VA
(0,{0}, {{0}}, {0, {§}}} s represented by o J J / J
Etc. Therefore, we obtain
uP¢ = all finite extensional trees

with the algebra operations P¢(uPr) — uPr given by tree tupling.
(3) We analogously have the functor P3 of all subsets of at most two elements.

uPs = all finite extensional trees with branching degree at most 2.

Alternatively, uPs is given by all binary (unordered) trees: we represent a subset { a, b } by the binary
tree with children a and b. Thus, P3(0) is now represented by the trees corresponding to {0, {0}, {{0}}, {0, {0}}}

A A A
ANV

It is not surprising that we have two (quite natural) representations of uPs: recall that initial algebras
are only unique up to isomorphism.
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Example 2.2.13. A bag is a pair (X, b), where X is a set and b : X — IN has the property that for all
but finitely many z, b(z) = 0. (These are also called finite multisets.) The size of (X,b)is Y b(z).
A morphism of bags m : (X,b) — (Y, c) is a function m: X — Y with c(y) = >, ()=, b() for all
yey.

We have a functor B : Set — Set taking X to the bags on X. It preserves w-colimits, and so
Theorem 2.1.9 applies. The set B() has a single element which we represent as the single-node tree.
Given a representation of B™() by (unordered) trees, represent B"1() as follows: every bag consisting
of trees t1,...,t, € B™) with multiplicities k1, ..., k, is represented by the tree having k; children
given by t; fori = 1,...,n. Thus, BB are all trees

[} [ [ ]
S VANV AN
L
and B3() are all finite trees of depth at most 2, etc.

The colimit of the initial sequence is again the union. The initial algebra B can be described as the
algebra of all finite (unordered) trees.

T)=y

Example 2.2.14. Generalizing several of the above examples, we recall the concept of an analytic
functor introduced by Andre Joyal [J1, J2]: given a group G of permutations on k = {0, ...,k —1}, we
denote by X* /G the set of orbits under the action of G on X™ by coordinate interchange, i.e., X" /G
is the quotient of X™ modulo the equivalence ~¢ with (z1,...,2,) ~a (Tp@1),--->Tpm)) for each
p € G. The analytic functors are precisely the coproducts of functors of the form X*/G: in symbols,
an analytic functor F' is of the form

FX = H x*/a,, (2.5)

€Y

where X is a finitary signature, k the arity of ¢ € ¥ and (G, a group of permutations on k. Thus, every
polynomial functor Hy; is analytic, and P is analytic:

{:PQX:1+<XX—X)/S27

where Ss is the symmetric group of order 2. In contrast, P is not analytic. But an important example
is the bag functor
BX = [[ X*/Sk, (2.6)
kelN

where S}, is the symmetric group of all permutations on k, is analytic.

For every analytic functor F' the initial w-chain yields a quotient of the algebra Fy of Exam-
ple 2.2.11.
pk = Fs/~

where ~ is the least equivalence such that for every tree ¢ € Iy, every node z of ¢ labelled by o0 € X
and every member g of the group G, for o we have t ~ t/, where t’ is obtained from ¢ by permuting the
children of x according to g.

In fact, this is completely analogous to Example 2.2.11. We identify F''0 = X with one-point trees
labelled in 3. And since F"™10 = [[_«(F"0)¥/G,, where o is a k-ary symbol, we can identify, for
every n € IN, the set F0 with the quotient of the set of all Y-trees of depth less than n modulo the
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above equivalence ~. We again obtain a chain of inclusion maps whose colimit (union) is Fy;/~. This
is illustrated by the cases B in Example 2.2.13 and P53 in Example 2.2.12(3).

The examples presented so far are probably the main ones for our paper. We mention an additional
example of initial algebra obtainable by iteration via the initial chain in a category different from Set.

Example 2.2.15. Here is an example on a category which will re-appear in Section 5.1. Let BiP be
the category of bipointed sets: objects are sets with distinguished elements | and T that are required
to be different. A morphism in BiP is a function preserving the distinguished points. There is a binary
operation & on BiP taking (X, L x, Tx) and (Y, Ly, Ty) to the disjoint union X + Y, identifying T x
and Ly, and then using as distinguished points L x and Ty. Then F'X = X & X extends to an obvious
functor.

One example of an F-algebra is the the set D of dyadic rationals in [0, 1] with 0 as | and 1 as T.
The algebra structure d: F'D — D takes x in the left-hand copy of D to § and y in the right-hand copy
to y—;l Then (D, d) is an initial F-algebra. One way to see this is to check that F' preserves w-colimits,
and then to build an isomorphism between (D, d) and the algebra obtained by iteration.

Continuing with a discussion of examples of initial algebras obtained by w-iteration on categories
other than Set, we mention a result implying that for some special categories, every endofunctor has an
initial algebra obtained that way.

Definition 2.2.16 (Freyd). [Frl] A category is called algebraically complete if every endofunctor has
an initial algebra.

Theorem 2.2.17 (Adamek [Ad1]). The categories Set. (countable sets and functions), Rel. (countable
sets and relations), and K-Vec. (countably-dimensional vector spaces over a field K and linear func-
tions) are algebraically complete; moreover, for every endofunctor F':

wF = colim F™0.
n<w

Remark 2.2.18. (i) Every complete lattice is algebraically complete by the classical fixed-point theorem
of G. Birkhoff.
(i) Among categories with products there are essentially no other examples:

Theorem 2.2.19 (Addmek and Koubek [AK79]). Every algebraically complete category with products
is equivalent to a preorder.

The following beautiful proof was provided by Peter Freyd, see [Fr1]: suppose A has products and
is not equivalent to a preorder. That is, some hom-set A(A, B) has at least two elements. Then the
functor

FX = B%%) (power of B to the set S(X))

where
S = Set(A(A,—),2): A — Set?

does not have fixed points. In fact, assuming D ~ F'D, we conclude that A(A, D) is isomorphic to
A(A, D) ~ A(A, FD) ~ A(A, B)*(P),
But the cardinality of the right-hand side is at least
QS(D) ~ 22A(A,D)
a contradiction.
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2.3 Terminal coalgebras

It is straightforward to dualize the general results of the last section. Recall from Section 1.2 that a
coalgebra for an endofunctor F' is an object A together with a morphism a: A — F'A. One dualizes
initial objects O to terminal objects 1, w-chains to w°P-chains (that is, functors from w to A), colimits
to limits, and the initial w-chain of Definition 2.1.7 to the terminal w°P-chain given by

1< ! F1 3 F21 2 ...Fnil!Fn1<Fn! Fn—l—llﬂ... (27)

Notation 2.3.1. We denote by
by : lim F'1 — F"1
1EWOP
the projections of the limit of the terminal w®P-chain of F'. If F' has a terminal coalgebra, we denote it
by
vF or vX.F(X).

Construction 2.3.2. Dually to Construction 2.1.8 every coalgebra o : A — F'A induces a canonical
cone over the terminal w°P-chain of F' by induction: a : A — 1 is uniquely determined and o+ =
Fa, -a:A— Frtly,

It is worthwhile putting down the dual statement of Theorem 2.1.9. This was first explicitly formu-
lated by Michael Barr [Barr]:

Theorem 2.3.3. Let A be a category with terminal object 1 and with limits of w°P-chains. If FF : A — A
preserves limits of w°P-chains, then it has the terminal coalgebra

vF = lim F"1.
newepP
Remark 2.3.4. It is sufficient to assume that F' preserves the limit of its terminal chain.
We revisit the examples from Section 2.2.
Examples 2.3.5. (i) The functor FX = X + 1 on Set. The terminal chain is

1+—1+1 14141

The n-th term may be identified with n = {0,1,...,n — 1}, and the connecting function F"! =
fn :m+1 — nis then given by f,,(i) = i fori < n, and f,(n) = n — 1. The limit of this
chain is the set of w-tuples (zg,...,Zn,...) with f,(z,+1) = x, for all n. One such tuple is

T =(0,1,2,...). Every other tuple is of the form (0,1,...,k,k,... k,...). Thus we describe
the terminal coalgebra as
vX.(X+1) = NT,

the set of natural numbers with an element T added. The coalgebra structure NT — INT + 1 has
T as a fixed point, sends 0 to the point in the right summand 1, and is otherwise the predecessor
function on IN.

A coalgebra for F’X = X + 1 is a set A together with a partial endofunction « (a function from
Ato A + 1, where we think of the element of 1 as an “undefined” element). Thus we get the
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(i)

(iii)

(iv)

v)

following dual to classical induction on IN as we have seen it in Example 2.2.1: in order to define
a function f : A — INT, all we need is a partial endofunction o : A — A on A. Then f is the
unique coalgebra morphism from (A, ) to INT. Explicitly, if there is some n such that o™ (a) is
undefined, then f(a) = n — 1 for the least such n. Otherwise o (a) is defined for all n, and we
have f(a) = T.

As a concrete example of this method of definition by corecursion , let . be a set which we think
of as an alphabet, and let
¥ = ¥4

be the set of all finite and infinite words on . We can define the length function 1 : ©° — INT
as soon as we specify a partial function « : 3°° — ¥°°. We take «(w) to be the tail of w if w is
not-empty; that is, o removes the first letter whenever possible. Then the resulting I : ¥°° — INT
is the desired length function, and [(w) = T for infinite words w.

The functor FX = X + 1 on Pos. Here the terminal coalgebra is N with the discrete order. The
structure is the same map as in item (i) above.

The functor FFX = X, (cf. Example 2.2.2) has vF' = INT with the usual order 0 < 1 < 2 <
--- < T and the same structure as before.

The functor FX = X + 1 on CPO, essentially is the identity functor, whence vF' =1 = { 1 }.
The functor F'X = X has as terminal coalgebra the same poset as in item (ii) above. This is not
surprising: CPO is closed in Pos under limits (but not colimits).

On the category MS of 1-bounded metric spaces, the terminal coalgebra of the same functor
FX = X + lisagain N, this time with a discrete metric. The structure is the same as we have
seen.

On CMS, the terminal coalgebra of F'X = X + 1 is what we saw in item (iv) just above. When
we change the functor to scale the metric by % in each summand, we get the same complete metric
space that we had Example 2.2.5. However, the structure is the inverse. This is an example of a
more general phenomenon that we shall explore in Section 2.9 below.

Example 2.3.6. The functor FF.X = M x X where M is a fixed (but arbitrary) object in the category.
On Set, we identify each set with its product with a singleton and therefore write the terminal chain as

I«+—M+— M X M—M X M x M+—— ---

The connecting morphisms are all the projections onto the left-most factors. We obtain as a limit the set
of all streams on M, also known as the infinite words on M:

vX.(M x X) = M*.

The coalgebra structure M“ — M x M¥ is (head, tail), where

head(al,ag,ag...) = a1
tail(al,ag,ag...) = (az,ag...)
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As a concrete example, take M = R, the set of real numbers. A coalgebra for R x X is then a set A (of
states) and a function 6 : A — R x A. We think of the coalgebra as an automaton which, in each state,
yields an output number and then proceeds to the next state. Here are two examples:
M
¥ 0 )y !
N N N

IS

A N\ %
One way to represent real valued streams is by taking the set A of real analytic functions, see [PE].

Here one considers f : R — R such that for every n there is an open interval around 0 such that f’(z)
is in the interval, and f agrees with its Taylor series. The coalgebra structure on A is given by

o(x) — (£(0),¢'(2))

for every analytic function. This coalgebra is isomorphic to the a subcoalgebra of the stream coalgebra
that we saw above; to every analytic function o(z) one associates the stream of coefficients of the
Taylor series of ¢(x), i.e., A is isomorpic to the subcoalgebra of those streams o in R“ such that
> oo Fa; < oo. The above automata thus present analytic functions by corecursion. In the coalgebra
on the left, we have a function whose value at 0 is  and equal to its own derivative: ¢(z) = re®. On
the right, we obtain four functions:

sinx,cosx, —sinx, — cos x.

Example 2.3.7. For every signature ¥ the terminal w®’-chain for the functor Hy, yields the terminal
coalgebra
vHsy =T

of all (ordered, finite and infinite) X-trees. This holds not only for the finitary case but for general
signatures:

In fact, let us identify 1 = H%l with the set consisting of the singleton tree labelled by a symbol
1 ¢ %. Then Hil = [[% x 1% can be identified with the set of all trees of depth < 1 whose
root is labelled in ¥ and whose k (for root label of arity k) leaves are labelled by L. Analogously
H21 = [[ % x (Hx1)* are trees with a root labelled in X and the k subtrees are the above trees in
H él; thus all leaves of depth 2 have label L etc. Put ¥, = ¥ + {1}, with L nullary. We see that for
every n < w we can identify

H$:1 = all X -trees of depth at most n with all leaves at depth n labelled by L.
Moreover, the connecting map
HYY — g1

simply cuts the | -labelled leaves away and relabels all leaves of depth n by L. Now the limit of this
w?P-chain is
HYl =Ty,

the set of all X-trees, with the limit cone Tx, — Hy:1 given by cutting all trees at level n and labelling
all leaves of depth n by L.
We revisit this example in Section 2.9 where we use metrics on trees.
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Example 2.3.8. A deterministic automaton with input set S is a set A (of states) and the next-state
function A x S — A that we can write in the curried form A — A®, plus the predicate A — {0,1}
of accepting states. This can be viewed as a coalgebra for FX = {0,1} x X 9. This is the polynomial
functor of two S-ary operations. Applying the previous example we see that the terminal coalgebra
consists of all labellings of nodes of the complete S-ary tree by 0 or 1. Now the complete S-ary tree can
be represented by the set S* of all words over S: the empty word ¢ is the root, and the children of every
node x1 - - -z, are all the nodes x1 - - - z,,y where y ranges over S. In this sense a binary labelling of the
complete S-ary tree is simply a subset of S*. We get that

vF =PS*
is the coalgebra of all formal languages on M.

Example 2.3.9. For every analytic functor F' (see Example 2.2.14) the terminal coalgebra is obtained by
the terminal w®P-chain. In fact, it is easy to derive from the formula (2.5) that analytic functors preserve
limits of w°P-chains. We will see a description of this terminal coalgebra in Example 2.7.6(iii) below.
The following example is a special case.

Example 2.3.10. The bag functor B of Example 2.2.13 has the terminal coalgebra
vB = all finitely branching unordered trees.

In fact, we can identify B"1, analogously as in Example 2.3.7, with all unordered finitely branching
trees of depth < n whose leaves at level n are labelled by L, The limit vB is then as stated.

Example 2.3.11. The finite power-set functor Ps is an example of a set functor which does not preserve
limits of w°P-chains, and, moreover, the limit of its terminal w®’-chain is not the terminal P¢-coalgebra,
see [AK95]. We will describe the terminal coalgebra below, see Section 2.4.

2.4 Weakly terminal coalgebras, and finitary functors

This section blends several topics. One aim is to present constructions of the terminal coalgebra for
the finite power set functor Py (we eventually get to that in Example 2.4.19, Theorem 2.6.3 and Ex-
ample 2.7.6(ii)). Unfortunately, this functor does not preserve limits of wP-chains, and the terminal
coalgebra is not obtained as the limit of the terminal w°P-chain, cf. Theorem 2.3.3. It would be possible
to directly construct vPs, but we have chosen a more general and expansive presentation. The other
ideas in this section are those of a weakly terminal coalgebra, finitary functors, and congruences.

Definition 2.4.1. Let ' : A — A be an endofunctor on an arbitrary category. An F'-coalgebra A is
weakly terminal if for every coalgebra B there is at least one homomorphism of B into A.

Examples 2.4.2. (i) The terminal coalgebra of the identity functor Id : Set — Set is the singleton
coalgebra. A coalgebra o : A — A is weakly terminal iff « has a fixed point.

(ii) If A is a weakly terminal coalgebra and f : A — B a coalgebra homomorphism, then B is again
weakly terminal.
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(iii)

(iv)

We next consider the finite power-set functor P : Set — Set. The coalgebra T%; of all ordered
finitely branching trees is weakly terminal for Pf. The corresponding coalgebra structure ¢ :
Ts, — P¢T is defined by?

d(t) = { t, : = achild of the root of ¢ } (2.8)

Indeed, recall that every P¢-coalgebra A is considered to be a finitely branching graph: the func-
tion o : A — Pr A gives to every node x the set a(z) of all neighbors. From every coalgebra we
have a canonical, albeit not unique homomorphism # into 7x. It maps every vertex x of A to its
tree unfolding obtained by breadth-first search starting in x. It is easy to see that & is a homomor-
phism. But it is not unique: the one-point “loop graph” has many homomorphisms; for example
we can map it to the infinite binary tree and to the infinite chain. We shall see in Example 2.4.19(i)
below a quotient of 7%, which is a terminal coalgebra.

The power-set functor P : Set — Set does not have a weakly terminal coalgebra. Indeed, from a
weakly terminal coalgebra we can always construct a terminal one, see Theorem 2.4.16.

An important source of weakly terminal coalgebras stems from presentations of set functors F' as
quotients of polynomial functors Hy.. Recall that quotients of an object A in a category are (represented
by) epimorphisms with domain A; here this means natural transformations with domain Hs; having all
components surjective.

Definition 2.4.3. An epitransformation G — F' is a natural transformation having epimorhic compo-
nents. By a presentation of a set functor I’ we mean a signature > and an epitransformation € : Hy, —

F.

Examples 2.4.4. (i) We shall be using a presentation of P; given by the signature 3 having, for each

(ii)

(iii)

n, just one function symbol o, of arity n. Thus,
HyX = [ x" =X~
n<w

The natural transformation ¢ : Hy, — Py is given by
ex(x1,...,xn) = A{z1,...,2,}

A presentation for the bag functor B can easily be obtained from (2.6). Take the same X as
in the previous item and let ex : Hy X — BX be given as the coproduct of the quotients
X" — X"/S,,n € N, where S,, is the symmetric group.

The Aczel-Mendler (see [AcM]) functor (—)3 is given by
(A3 = {(a,b,c) e Ax Ax A:(a=Db)or(a=c)or(b=c)}.

Note that if (a,b,c¢) € (A)3 and f : A — B, then (fa, fb, fc) € (B)3. We therefore take the
action of (—)3 on morphisms by pointwise application, as expected. For a presentation of (—)3
we take ¥ to have three binary symbols, say o, 7, and p. Then we define ¢ : Hy, — (—)3 by:
ca(o(a,b)) = (a,a,b),ca(r(a,b)) = (a,b,a), and €4 (p(a, b)) = (b,a,a).

2From now on we often write ¢, for the subtree rooted at a node z of a tree ¢.
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Observation 2.4.5. Note that every presentation ¢ : Hy, — F' induces an embedding from the category
of Hyx-coalgebras to the category of F'-coalgebras by post-composition:

(A——>HsA) +— (A" HyA—5FA4)
For example, the terminal coalgebra v Hy, = T¥; of all X-trees can be understood as an F'-coalgebra.

Lemma 2.4.6. Let ¢ : Hy — F be a presentation of the functor F : Set — Set. Then the F-coalgebra
Ty, is weakly terminal.

Proof. Leta: A — F Abe any F-coalgebra. Since ¢4 : Hxy A — F' A is a surjection, we can choose a
morphism m : A — Hx A such that € 4 - m = id. So we obtain an Hy-coalgebram -« : A — Hy A.
We thus have an Hx-coalgebra homomorphism b : A — T, and we show that h is also an F'-coalgebra
homomorphism from (A, &) to (Tx,eqy, - 7), where 7 : T, — HxT¥: is the structure of the terminal
coalgebra for Hy,. Indeed, consider the diagram below:

[e7

K m-o €A \/
A Hy A > FA

| [ |

TE P KHZTE ETZ KFTE

The top commutes because €4 - m = id, the square on the left by definition of h, and the one on the
right by naturality of €. Thus the outside commutes, showing A to be a morphism of F'-coalgebras. [

Examples 2.4.7. (i) The coalgebra Ty of all finitely branching trees is weakly terminal for Pr. We
saw this in Example 2.4.2(iii). But we can also apply Lemma 2.4.6 to the presentation of Ps in
Example 2.4.4(1).

(i1) The functor P, of countable subsets can be presented by the signature ¥ with one w-ary symbol
o and one constant c. The natural transformation £ has components ex : X“ + 1 — P X that
take (zp)n<w t0 { &, | n < w } and the element of the right-hand component to ) € P X. Thus,
we see that the terminal Hx-coalgebra of all countably branching trees is weakly terminal for Pe.

Recall that the main point of this section is to investigate terminal coalgebras for P;. One key
property that this functor enjoys is that it is finitary, and practically all results about P in this paper
generalize to the setting of finitary functors. For general functors “finitary” means preservation of
filtered colimits, see Section 4.2. below. For endofunctors on Set we use the following definition
(which is equivalent, see [AP04]):

For finitary endofunctors we shall prove that the limit of their terminal w°P-chain is a weakly termi-
nal coalgebra (which is in general not a terminal coalgebra).

Definition 2.4.8 ([AP04]). An endofunctor F' of Set is called finitary if for each element x € F'X there
exists a finite subset M/ C X such that x € Fi[F'M] where i : M — X is the inclusion map.

Example 2.4.9. (i) For a signature Y the polynomial functor Hy is finitary iff X is a finitary signa-
ture.
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(i) If F is finitary, then we have a presentation by a finitary signature .. Indeed, given F' let 3 be
the signature defined by ¥, = F'(n) for all n € IN. Define ex : Hy X — FX by assigning to
f :n — X in the summand X" corresponding to o € ¥, the value ex (o) = F' f(o). It follows
immediately that €, is surjective for each n € IN, and since F' is finitary, we conclude that all
components are surjective.

Lemma 2.4.10 ([AT]). Let F' : Set — Set. Then the following are equivalent:
(i) F is finitary.
(ii) There is a finitary signature Y. such that F' is a quotient of Hy,.

Finitariness is an important concept, and we shall see later that the equivalent formulations above
can also be stated in more general categories: see Sections 4.1 and 4.2.

Now let F' : Set — Set be an endofunctor and recall the terminal w°P-chain for F' (see (2.7)) in
Section 2.3). Let us denote its limit by

F¥l = lim F"1 with limit projections ¢, : F“1 — F"1 for all n € w.

newepP

Then we obtain a unique map m : F(F“1) — F“1 having the property that for all n, the triangles
below commute:

F(F*1) m y Pl
Fn+11

The above limit F'“1 is the terminal F'-coalgebra whenever it is preserved by F'. We shall prove
below that F'“1 is a weakly terminal coalgebra whenever the cone F'¢,,, n € w, is collectively monic:
for every pair f,g : X — F(F“1)if F¢,, - f = F¥{, - g holds for all n € w then f = g. For finitary
endofunctors the cone F'4,, is indeed collectively monic, see the proof of Lemma 2.4.12 below.

Lemma 2.4.11. Let ¢, : L — L, be a limit cone of an w°P-chain in Set. For every finite subset
f S < L there exists n such that £,, - f is a monomorphism.

Proof. Recall that L may be taken to be the set of functions g with domain w such that for all n,
g(n) € Ly, and such that for all n, £,,4+1,,(g(n + 1)) = g(n). Moreover, we have ¢,,(g) = g(n) for all
n.

Let a and b be different members of f[S]. We think of a and b as functions on the natural numbers,
and each /,, works by applying these to the number n. Since a # b, we must have some n = n(a, b)
such that £,,(a) = a(n) # b(n) = £,(b). And for all m > n, we also have ¢,,,(a) # ¢,,(b). The set

8§ = {(a,b) € fIS] x f[S]:a # b}

is also finite, and so max{n(a,b) : (a,b) € 8} is a natural number, say k. For this k, ¢ - f is
injective. u

Lemma 2.4.12 (Worrell [W2]). Let F' : Set — Set be finitary. Then m : F(F“1) — F“1in(2.9)isa
split monomorphism.
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Proof. The desired statement holds trivially if F is constantly (). If not, then clearly F'1 # (), thus, there
exists a coalgebra o : 1 — F'l. The canonical cone «;, : 1 — F™1 of Construction 2.3.2 induces a
morphism «, : 1 — F“1. This proves F“1 # ().

We now prove that (F'4,,) is a collectively monomorphic cone. Let z,y € F(F“1). Assuming that
for all k, F/l(x) = Flx(y), we show that z = y. By the assumption that F’ is finitary, there is a finite
subset f : S <— F¥landz’,y’ € FSsuchthatz = (Ff)z’ andy = (F f)y’. Without loss of generality
we may assume that S' is non-empty. We see that

By Lemma 2.4.11, there exists some n such that £,, - f is injective. Functors on Set preserve injectivity
of maps with non-empty domain because they are split monomorphisms. Thus, F'(¢ - f) is injective.
So 2/ =9/, and thus = = 3.

From the definition (2.9) of m it now follows that it is monic. It is a split mono since F(F“1) # ()
(indeed, consider Fay,, : F'1 — F(F“1). O

Proposition 2.4.13. For every finitary endofunctor F' the coalgebra on F“1 given by an arbitrary
splitting of m is weakly terminal.

Proof. Letm : F¥1 — F(F“1) be a splitting of m, i.e., m-m = id. Letaw : A — FAbea
coalgebra. From Construction 2.3.2 we know, we have a cone oy, : A — F¥1 satisfying ap = ! and
ap+1 = Fay - a. This cone then yields a unique h : A — F*“1 such that for all k, ¢, - h = «y. Notice
also that {1 - m = F{; implies {1 = F/{j, - m.

We wish to prove that Fh-a = - h. Because the cone (F'¢y) is collectively monic, it is sufficient to
show that for all k, F'4y - Fh-a = F{-m-h. As the two computations below show, both compositions
are ogyq:

Fl,-Fh-a = Fop- -« Fl,-m-h = Llgyq1-h
= Of+1 = Ok+1

This completes the proof. O

Recall that one of the goals in this section is to construct a terminal coalgebra for the finite power set
functor P¢. At this point, we have only a weakly terminal coalgebra. One construction involves taking
a quotient of a weakly terminal coalgebra, and we turn to this next.

Definition 2.4.14. Let o : A — F A be a coalgebra, and let A be a quotient of A represented by an
epimorphism e : A — A. We say that e is a congruence if there is an (obviously unique) coalgebra
structure @ : A — F'A making e a coalgebra homomorphism:

A—5FA

i lFe

Z?FZ

Since we are dealing with sets in this section, we often identify the epimorphism e with its kernel
equivalence ~ given by a ~ biff e(a) = e(b). We write A/~ for the above coalgebra A.
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Example 2.4.15. Let GG be a finitely branching graph, considered as a coalgebra for P¢. A congruence
on (5 is then precisely an equivalence relation ~ on GG which is also a graph bisimulation, i. e., a relation
R C G x G on the nodes such that whenever z Ry, then

for every child 2’ of x there is some child 3’ of y such that 2’ Ry’, and

for every child i/ of y there is some child 2’ of z such that 2/ Ry, (2.10)

We leave the easy proof of the fact that bisimulation equivalences are precisely the congruences to the
reader.

Although we will not be using the concept of bisimulation in this section, we remind readers familiar
with it that the largest bisimulation relation on a graph is always an equivalence relation, and hence a
congruence of P¢-coalgebras.

Theorem 2.4.16. Let F' be an endofunctor of Set. Then for every weakly terminal coalgebra A there
exists the largest congruence ~, and the coalgebra A/~ is terminal.

Remark 2.4.17. Notice that the statement of the above theorem holds for endofunctors on every co-
complete and cowellpowered category. The proof is a standard argument using Freyd’s Adjoint Functor
Theorem, we include it for completeness.

Proof. Let « : A — FA be a weakly terminal coalgebra. Since Set fulfils both conditions in Re-
mark 2.4.17, there exists the greatest congruence e : A — A: take the join of all congruences in the
complete lattice of all quotients of A; this is easily seen to be a congruence. The unique @ : A — F A for
which e is a coalgebra homomorphism is, obviously, a weakly terminal coalgebra (since A is, cf. Exam-
ple 2.4.2(ii)). It remains to prove that if f,g : B — A are two coalgebra homomorphisms, then f = g.
To this end, take the coequalizer k : A — A of f and g. Then since f and g are coalgebra homomor-
phisms, F'k - & merges them, and consequently there exists a unique coalgebra structure « : A— FA
such that k is a coalgebra homomorphism. Thus, k£ -e: A — Aisa congruence on A, but the choice of
e as the largest congruence implies that & is an isomorphism. Therefore f = g, as desired. O

Example 2.4.18. For every finitary functor F' with a presentation Hy — F' we see that vF' is the
quotient of the weakly terminal coalgebra 7% of all X-trees (cf. Lemma 2.4.6) modulo the largest
congruence ~. In Section 2.7 below we shall provide a more explicit description of ~.

Examples 2.4.19. We now have several descriptions of the terminal coalgebra for Ps.

(i) As a quotient T/~ of the coalgebra of all ordered finitely branching trees modulo the greatest
congruence =, cf. Examples 2.4.7 and 2.4.2.

(i1) As a quotient of the coalgebra D of all unordered finitely branching trees (with the same structure
as in (2.8)) modulo the greatest congruence. Indeed, this coalgebra D is a weakly terminal P¢-
coalgebra (cf. Example 2.4.2(ii)) since the canonical quotient map ¢ : I, — D is obviously a
coalgebra homomorphism.

(iii) As a subcoalgebra of the coalgebra P¢'1. In fact, Worrel [W2] has shown that every finitary set
functor F' has a terminal coalgebra which is a subcoalgebra of F’1 (cf. Theorem 2.6.3 below).

For Py we are interested in sharpening Theorem 2.4.16 by having a more explicit formulation of the
largest congruence ~ on T%. That is, our work up until now has worked with ~ as a relation on the
whole of T%,. But to see whether ¢ = u for two particular trees ¢ and u, we would prefer to look only at
t, u, and their subtrees. The corresponding description in Corollary 2.4.23 is due to Barr [Barr].
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An operator on the CPO of equivalence relations on 7>.. We mentioned the weakly terminal P¢-
coalgebra T, of all ordered finitely-branching trees. Let (Eq(7%), <) be the CPO of all equivalence
relations on T%;, with < the reverse inclusion: R < S'iff § O R. The least element L is T%: x 1. Our
operator f is defined so that an equivalence relation R is a congruence of the coalgebra T%; iff it is a
fixed point of f (cf. Example 2.4.15). Let f : Eq(7%) — Eq(Tx) be given by assigning to a relation R
the relation f(R) defined by

t f(R)u  iff  for all children z of the root of ¢ there is some

child y of the root of w such that ¢, R u,; and vice-versa. 2.1

Lemma 2.4.20. The operator f is continuous, and [uf is the greatest congruence =~ on the P¢-coalgebra
Tx.

Proof. We must verify that f is w-continuous, and this is where the fact that 7%, consists of finitely
branching trees enters. Suppose that Ry O Ry O --- R, 2 ---, and write R* for [, R,, and S* for
M, f(Ry). Clearly, f is monotone, and so f(R*) is contained in S*. We must show that if ¢ S* u, then
t f(R*) u. Let x be a child of the root of ¢. For all n, there is some child y of the root of u (depending
on n) so that z R, y. Since u is finitely branching, there is some fixed y so that for infinitely many
n, * R, y. But since the R,, are non-increasing, we have some y such that for all n, x R, y. This
concludes our verification of the continuity of f. By Kleene’s Theorem 2.1.5, we obtain the least fixed
point of f in w steps: pf =), f"(L).

That this is the greatest congruence comes from the definition of the order on Eq(T%) as reverse
inclusion and the fact that an equivalence R on T; is a congruence iff f(R) = R. t

Henceforth, we denote the congruence pf by ~. As an example, the two trees shown below are
related by ~:

/j\\ (2.12)

Indeed, every finitely branching tree without leaves is again in the ~ relation to these two trees. The
easiest way to see this is to check by induction on n that for all trees ¢ and u without leaves, ¢ f™(L) u.

We conclude this section with a statement of the representation of a terminal coalgebra for Py,
analogous to that of Barr [Barr]. To get started, recall the concept of an extensional quotient of an
unordered tree from Example 2.2.12. Analogously, for an ordered tree ¢, we take the extensional quotient
of the tree obtained from ¢ by forgetting the ordering of children.

Notation 2.4.21. For any tree ¢ we write 0t for the extensional quotient of the “cutting” of ¢ at a height
of n. Formally, this is the set of points whose distance from the root of ¢ is at most n, considered as an
induced subgraph of ¢. For example, Jyt is a one-point tree.

Proposition 2.4.22. The congruence ~ merges two trees t and s iff

Opt = Opu foralln < w. (2.13)
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Proof. Since ~1is pf = (), f"(L), we only need to verify by induction on n that f"(_L) relates ¢ and
u iff Ot = Opu. The case n = O is clear: | is Tx; x Ty, and Oyt = Jyu is the root only tree. For the
induction step we use (2.11): f"*1(_L) relates ¢ und w iff for every child x of the root of ¢ there exists
a child y of the root of u with 0,t, = 0pu,, and vice versa. Since the subtrees rooted at children of
the root of 0,41t are precisely the trees 0,t,, and analogously for 0,,41u, we conclude that f”“(J_)
relates ¢ and w iff 0,11t = Op11u. ]

Corollary 2.4.23 (Barr [Barr]). The quotient of the coalgebra D of all finitely branching trees modulo
the congruence defined in (2.13) is terminal for Py.

2.5 A terminal coalgebra for P; using strongly extensional trees

We have already seen several descriptions of a terminal coalgebra for P; : Set — Set in Section 2.4.
This section gives another description, using strongly extensional trees. It is due to James Worrell [W2].

Recall that a tree t is extensional if distinct children of the same node define different subtrees, see
Example 2.2.12(2).

Definition 2.5.1. A tree bisimulation between two trees ¢ and u is a bisimulation (cf. Example 2.4.15)
R between the sets of nodes such that the roots of ¢ and w are related by R, and whenever two nodes are
related by R, then they have the same distance from the root.

Two trees are called tree bisimilar if there is a tree bisimulation between them.

A tree t is called strongly extensional if every tree bisimulation on it is a subrelation of the identity.
More explicitly, ¢ is strongly extensional iff distinct children x and y of the same node define subtrees
t, and ¢, which are not tree bisimilar.

Remark 2.5.2. (i) In (2.12) we see two extensional trees: the left-hand one is strongly extensional,
the right-hand one is not; indeed, consider the relation relating all nodes of the same depths.

(i) Every strongly extensional tree is clearly extensional.

(iii) It is trivial to prove that every composition of tree bisimulations is again a tree bisimulation. In
addition, the opposite of every tree bisimulation is a tree bisimulation: if R is a tree bisimulation
from t to u, then R°P is a tree bisimulation from u to .

(iv) Observe that the notion of tree bisimulation is different from the usual graph bisimulation. For
example, the picture below

.‘/.\N.
:

depicts a strongly extensional tree but there is a graph bisimulation relating the two leaves.

(2.14)

Proposition 2.5.3. Let t be a finite tree. Then t is extensional iff t is strongly extensional.

Proof. Let t be extensional, and let I be any tree bisimulation on ¢. We claim that for all n, if z R y
and x and y have height n in ¢, then the corresponding subtrees ¢, and ¢, are equal. The proof is by
induction on n. For n = 0, the result is obvious because the nodes of height 0 are leaves. Assume our
result for n, and let z and y be related by R and of height n + 1. Then by the induction hypothesis and
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+; and vice-versa.

extensionality of ¢, for every child 2’ of x there is a unique child 3’ of y and t, = t,/;

This implies that ¢, = .
It now follows that if ¢ is an extensional tree, then ¢ must be strongly extensional. O

Definition 2.5.4. The strongly extensional quotient t of a tree t is the quotient tree obtained from ¢ via
its largest tree bisimulation.

Observe that every tree ¢ is tree bisimilar to its extensional and strongly extensional quotients; the
canonical quotient maps obviously are tree bisimulations.

Lemma 2.5.5. If t and u are strongly extensional trees related by a tree bisimulation, then they are
equal.

Proof. Suppose we have a tree bisimilation R between ¢ and u. Then R°P - R is a tree bisimulation on
t, whence R°P? - R C A by strong extensionality. But every node of ¢ is related to at least one node of u
(use induction on the distance of nodes from the root). Thus R°?- R = A. Similarly, R- R°? = A. Thus,
R (is a function and it) is an isomorphism of trees, and we identify such trees, see Remark 2.2.6. O

Now recall from Example 2.4.19(ii) the coalgebra D of all (unordered) finitely branching trees. We
write ~ for the greatest congruence on D. This is defined by (2.13).

Theorem 2.5.6 (Worrell [W2]). The coalgebra of all finitely branching strongly extensional trees (as a
subcoalgebra of D) is a terminal coalgebra for Ps.

Proof. The set Dy C D of all strongly extensional trees clearly forms a subcoalgebra. We prove that
this is isomorphic to the terminal coalgebra D /~. For that we need to verify that given trees t,u € D
then

t~u iff t=1.

Then the map [t] — ¢ is an isomorphism from D/~ to Dj.

(=) If t &~ u we prove that ¢ and u are tree bisimilar. Then, by Remark 2.5.2, it follows that ¢ and u are
tree bisimilar, which implies that £ = u by Lemma 2.5.5.

Define R C t x u by relating nodes z € ¢ and y € w iff they have the same depth n and for every
m > n the node of J,,t corresponding to = equals the node of 9,,u = J,t corresponding to y. Using
that ¢ and w are finitely branching, it is not difficult to prove that R is a tree bisimulation. We leave the
details to the reader.

(<) Conversely, suppose we have ¢ = u. Then we have, by composing with the quotient maps, a tree
bisimulation ? C ¢ X u. By restricting R to all pairs of nodes of depth at most n we obtain a tree
bisimulation R,, between the cuttings of ¢ and u at level n. Then also the extensional quotients Ot
and O,u are bisimilar. Since 0,t and 0,u are strongly extensional by Proposition 2.5.3, we see that
Ont = Opu by Lemma 2.5.5. Thus, ¢ ~ u. O

We conclude this section by mentioning three concrete descriptions of the limit P“1. Two of them
make use of strongly extensional trees.

Example 2.5.7. The limit P¢'1 can be described as

(i) the set of all compactly branching strongly extensional trees as we shall see in Example 2.9.5
below,
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(i1) the set of all saturated extensional trees, see [AMMS], and

(iii) the set of maximal consistent theories of modal logic, see [AMMS].

2.6 Terminal coalgebras for finitary Set functors

As we have seen, for a finitary endofunctor of Set the limit of the terminal w®P-chain need not be the
terminal coalgebra. However, James Worrell [W2] provided a construction of the terminal coalgebra
that works for every finitary endofunctor (see Section 2.4) of Set.

Actually, Worrell proved a more general result about accessible endofunctors of Set (cf. Theo-
rem 4.2.10). Our proof presented here for finitary functors is simpler than the one given in [W2]. We
recall from Lemma 2.4.12 that if F' : Set — Set is finitary, then the canonical map m : F(F“1) — F“1
is monic.

Construction 2.6.1. Recall the terminal w®P-chain of F' and let

F“l = lim F"1 with limit projections ¢, : F“1 — F"1,n < w.

newor

We write m : FF“1 — F“1 for the factorizing morphism of (2.9).
We write F“ "1 for F"(F“1). Notice that we have an w°’-chain with the connecting morphisms

Fwle™  potl m potog fimo (2.15)

Example 2.6.2 (Worrell [W2]). For the finite power-set functor Py we have that P{’1 is the set of
all compactly branching trees. Here m : fPle — P¢1 is the subset of those trees in P¢1 finitely
branching at the root, and Prm : ‘.P}"“l — ?}”Hl is the subset of trees finitely branching at levels 0
and 1, etc.

Theorem 2.6.3 (Worrell [W2]). The terminal coalgebra for F' is given as the limit of the w°P-chain
from (2.15); in symbols:
vF = lim F“™1,

newer

and this is an intersection of subobjects since all connecting morphisms are injective.

Remark 2.6.4. If vF denotes this limit with projections p,, : vF — F“T"1 then there exists a unique
morphism
r: F(vF)— vF with p41 -r = Fp, foralln < w. (2.16)

It is our taks to prove that r is invertible, and its inverse yields the terminal coalgebra for F'. We prove
an auxiliary result first.

We need the notion of a distinguished element of F'. This is an element contained in F'X for every
non-empty set X. More precisely, let Cp; be the functor with Cp1() = ) and Cy; X = 1 for non-
empty X. Then z € FX is distinguished if there is a natural transformation n : Cy; — F with
nx = = : 1 — FX. Notice that every element = of F() gives rise to a distinguished element; more
precisely, for the unique map ¢ : ) — X, X # (), the element F't(x) is distinguished.

Lemma 2.6.5 (Trnkova [Tr]). Every set functor F' preserves nonempty finite intersections and maps
empty intersections to distinguished elements.
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More precisely, given two subsets m; : X; — X, i = 1,2, with m; N mg nonempty, F' preserves
the corresponding pullback. And if m; N mg is empty then all elements of the pullback of F'm; and
F'meo are distinguished.

Lemma 2.6.6. Every finitary endofunctor F' of Set preserves all non-empty intersections.

Proof. We can assume, without loss of generality, that F' preserves non-empty inclusions, i.e., given
asubset ) # A C Bthen FA C FB and F maps the inclusion map A < B to the inclusion map
FA — FB. Indeed, every set functor is naturally isomorphic to one preserving non-empty inclusions,
see [AT].

Now fix sets X; < X for i € I, and assume that X = Nicr Xi is non-empty. We are to show
that F X = ﬂie 7 F'X;. The inclusion “C” is obvious. For the reverse inclusion, assume that x € F'X;
for all ¢ € I. Since F is finitary, we may choose a minimal finite A C X such that x € FA. If
x is a distinguished element, then x € FX holds since X is non-empty. Assume then that z is not
distinguished. For all 7 we see from Lemma 2.6.5 that ' X; N FA = F(X;NA). Thusz € F(X; N A).
By minimality of A, A C X; N A. So at this point we know that A C X, for all i. Thus, A C X.
Therefore x € FA C FX, as desired. O

Proof of Theorem 2.6.3. (1) For every coalgebra o« : A — F'A we observe that the canonical cone
an : A — F"™1 of Construction 2.3.2 yields a canonical cone a1, : A — F“T1, n < w, of the
w®P-chain (2.15) as follows:

a,:A— F¥1
is the unique morphism such that ¢,, - o, = v, holds for all n < w, and given a4n, PUt Apint1 =
Fay, 4y - a. For the limit in Remark 2.6.4 we get the unique

a:A—vF with p,, - @ = Q4p forall n < w. 2.17)

(2)If F'1 = (), then F is constant with value () and the theorem is trivial. Assume F'1 # 1. Then we have
a coalgebra o : 1 — F1 and from@ : 1 — vF above we conclude vF # ) (and also F*T"1 # () for
every n). By Lemma 2.4.12 we conclude that m is a split monomorphism. Hence, (2.15) is a chain of
subobjects. So its limit v F' is an intersection of the w°P-chain of subobjects. From v F' # () we conclude
that £ preserves this intersection, and it follows that r in (2.16) is invertible.

(3) The coalgebra (vF,r~!) is a terminal coalgebra because for every coalgebra o : A — F A the above
morphism & : A — vF is a coalgebra homomorphism: we show, equivalently, that r - Fao - o« = @ :
A — vF. Indeed, for every n we have due to (2.16) and (2.17)

Pyl (r-Fa-a)=F(p, Q) -a=Fayin &= Quint1 = Pntl - Q.

Given another coalgebra homomorphism & : A — vF then it is easy to prove p, - h = «,, for all
n < w, thus from (2.17) we get p,, - h = py, - @, proving h = . O

Corollary 2.6.7. For every finitary set functor F, the terminal coalgebra is the union of images of all
coalgebra homomorphisms with codomain F*“1.

Proof. Indeed, let m turn F'“1 into a weakly terminal coalgebra, see Proposition 2.4.13. Then the limit
projection pg : vF — F*1 is a homomorphism, i.e., Fpg-r~! = - py: this follows from m - p; = py
(which implies py = m - pg) and p; - r = Fpg. We know that pg is a monomorphism. Since v F'
is the terminal coalgebra for F', the union of images of all coalgebra homomorphisms with codomain
(F“1,m) is nothing else than pg : vF' — F“1. O
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2.7 Terminal coalgebras as quotients

In this section we present a concrete description of the terminal coalgebras for finitary set functors
due to [AM] and which is inspired by Barr’s description of the terminal coalgebra for P¢ (cf. Corol-
lary 2.4.23). In essence we shall provide a concrete description of the largest congruence on the coalge-
bra T%; of all X-trees coming from a presentation of a given finitary functor, cf. Example 2.4.18.

Assumption 2.7.1. For the rest of this section we assume that we are given a finitary endofunctor
F . Set — Set and we fix a corresponding finitary signature Y. and epitransformation € : Hy, — F,
cf. Definition 2.4.3.

Our goal is to represent a terminal F'-coalgebra in terms of a terminal Hyx-coalgebra and certain
data implicit in €. The overall idea is that since Hy is a signature functor, its terminal coalgebra is much
easier to understand than that of F', see Example 2.3.7.

Being surjective, each component of ¢ is fully described by its kernel equivalence. Indeed, € may
be described in terms of a set of e-equations of the form

o(x1,...yxn) = p(Y1y- oy YUm), (2.18)

where o € X, and p € Y. That is, we take a countable set X, and then the kernel equivalence of ¢ x is
a set E of pairs of elements of Hy;(X) which we write as in (2.18). The variables occurring on the left
and right are taken from X; each side might well have repeated variables, and there might be variables
common to both sides. The relationship between the epitransformation ¢ and the e-equations is that for
all sets A, the kernel of ¢ 4 is the equivalence relation generated by

{(Hsf(u),Hs f(v)) : (u=v)is an e-equationand f : X — A}. (2.19)

Examples 2.7.2. (i) The functor P3 takes a set X to the set of subsets of size at most 2. It is a quotient
of Hy X = 1+ (X x X)), where X has one constant symbol ¢ and one binary operation symbol x. We
also take ¢ : Hy X — P3X tobe ¢ — 0, and z x y — {z,y}. (We use infix notation for the binary
symbol, as usual.) There is just one e-equation, x * y = y * x, expressing the commutativity of x.

() Let FX =[], cx X ¥ /G, be an analytic functor, where k is the arity of o and G, is the given group
of permutations on k. Then F' is presented by the signature 3 and the e-equations are

o(T1, .., k) = 0(Tp(1)s - - Tp(k)) forallo € X and all p € G,,.

(i11) We have seen the Aczel-Mendler (—)% functor in Example 2.4.4(i1). This functor corresponds to
the e-equations
o(x,z) =71(x,x) and T(z,x) = p(x, ).

Note that the set defined in (2.19) is not transitive in this example, and this is why our description of the
kernel of ¢ x takes the generated equivalence relation.

(iv) The finite power set functor Py is a quotient of Hx(X) =1+ X + X2 + ---. This corresponds to
a signature with one n-ary operation symbol o,, for each n (cf. Example 2.4.4(i)). The e-equations are
all equations between flat terms with the same set of variables appearing on both sides. For example,

0-2(]"7 y) = O'3(£U, Z, y)
would be one of the e-equations.
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The following proposition formalizes the well-known fact that the initial algebra of an equational
class of X-algebras is the quotient of Fy, = pHy (the algebra of finite X-trees) modulo the congruence
generated by the given equations. A proof can be found e. g. in [AM].

Proposition 2.7.3. Let (uF, @) be an initial F-algebra. Consider nF as a Hx-algebra:

Hy(uF) % F(uF) —— pF

Let € : pnHyx, — pF be the unique Hy-algebra morphism. Then pF' is a quotient of pHyx, by é: this
map is surjective, and its kernel is the smallest Y-congruence on Hy, containing all instances of the
g-equations.

In other words
pkF = Fs/~,

where for two finite >-trees s, ¢ we have
t~s iff s and ¢ can be equated by finitely many applications of the e-equations. (2.20)
As shown in [AM], a similar description holds for the terminal coalgebra; we have
vE =Ty /~,

where =~ is the congruence of finite and infinite applications of the e-equations. Of course, we have to
make clear what is meant by “infinite application” of e-equations.

Recall that for every X-tree ¢, the limit projection ¢,, : Ty, = vHy — H31 is the cutting of ¢ at
level n where all leaves of that level are relabelled by L. We define an equivalence relation ~ on T%; as
follows: for two X-trees s and ¢ we put

s~ t iff for all n < w we have ¢,,s ~ £,,t. (2.21)

Here ~ is the congruence of (2.20) for the endofunctor (Hx(—) + {L}) induced by the quotient with
components ex + {L}: HsX + {1} — FX + {L} (observe that all trees of the form /,t, lie in

p(Hs—y +{L}).
Theorem 2.7.4 (|[AM]). Consider the following F coalgebra

To—T s HeTs— =5 FTy, (2.22)

andlet € : Ty, :— VF be the corresponding unique F'-coalgebra homomorphism. Then € is epic and vF
is a quotient of Ty, via €. Moreover, the kernel equivalence of € is the above equivalence ==; in symbols:

VPWZZTE/%.

Remark 2.7.5. There is an interesting connection of the last result and the congruence == to the terminal
w®P-chains of Hy, and F'. Firstly, € induced a natural transformation - from the terminal chain of Hy; to
the terminal chain of F' by induction: vy = id; and

n

5H21
Yny1 = (HsHE1 FHE1
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It is not difficult to prove that v, : H5:1 — Fyt1 is an epimorphism with the kernel equivalence given by

the congruence ~ of finite applications of e-equations from (2.20). Thus, for every s,¢ € T%; we have

s~ t

iff v - O (s) = v - Un(t) forall n < w,

where /), is cutting trees at level n and 7, is the quotient of finite application of e-equations. It turns out
that the maps =, - £, : T, — F"™1 form the canonical cone of the coalgebra from (2.22).

Example 2.7.6. (i) We continue Example 2.7.2(ii) where ' = P3. We have congruent trees

since we have

*

L~l (n=0), /\

1 1

etc.

~ /N (=1
L i

C/*\*
c/ \ :

*/*\C
A

Q

NN
YANAN

(ii) For the finite power-set functor P; recall Example 2.7.2(iv). Here we have

01 o1

01

VAN

T /N N

01 05 06 07 08 09 010011

similarly as in (i) above. (Notice that these >-trees represent the extensional trees in (2.12).)
An isomorphic description of v Hy; is as the coalgebra of all finitely branching ordered trees, and

€ computes for every such tree the strongly extensional quotient: one forgets the order of children of

a given tree ¢ and then forms the quotient of £ modulo the greatest tree bisimulation (cf. Section 2.5).
Similarly, the maps ~,, n < w, compute extensional quotients of finitely branching trees of height n.
So s & t iff for all n < w we have: ¢, s and £,,t have the same extensional quotient, cf. (2.13).

(iii) We mentioned analytic functors F' on Set in Examples 2.7.2(ii). By Theorem 2.7.4 we have a direct

description of vF: Let F' = [[ 5 X ¥ /G, be an analytic functor, where k is the arity of o and G, is
the given group of permutations on k. Then the terminal coalgebra is the quotient

vEF = TE/%
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of the Y-tree coalgebra modulo the equivalence = analogous to ~ of Example 2.2.13 but allowing
infinitely many permutations of children of nodes, i.e., vF' is the coalgebra of all 3-trees modulo per-
mutations of children of any o-labelled node (using elements of the permutation group asssociated with
o).

In particular, for the bag functor BX = ]_[nelN X"/8S,, (cf. Example 2.2.14) the terminal coalgebra
v'B is the coalgebra of all finitely branching non-ordered trees. In fact, the corresponding polynomial
functor is the finite-list functor X = X*. We know that vF' is the algebra of all finitely branching
trees. And vB is the quotient of the coalgebra allowing arbitrary permutations of children. This means
that the carrier consists of all unordered trees.

2.8 CPO_-enriched categories

The famous construction of a model of the untyped-\-calculus presented by Dana Scott in [Sc] also
applied w®P-limits. The category he used was that of domains and embedding-projection maps, and
we define these below. Later, Gordon Plotkin and Mike Smyth introduced the concept of a locally
continuous endofunctor and noticed that in the category of domains, the finitary constructions of the
initial algebra and the terminal coalgebra coincide for these endofunctors, yielding a canonical fixed
point, see [SP]. Paul Taylor proved the same result in the (more “natural”) category of domains and
adjoint pairs [Ta], and this was generalized further in the unpublished Ph.D. thesis of Jifi Velebil [Ve].
Adédmek [A87] derives a general form concerning the categories of domains and continuous functions.
The details follow. In fact, in this subsection we decided to give the full details since we have the feeling
that the material has not been presented in this comprehensive way before.

Definition 2.8.1. Let F' be an endofunctor on a category A having both pF' and v F'. Since the cor-
responding structures of vF' is an isomorphisms by Lambek’s Lemma, we have a unique F'-algebra
homomorphism ¢ : uF' — vF. We say that F' has a canonical fixed point, if ¢ is an isomorphism, so
that uF' = v F.

We have seen this phenomenon for F’X = X | on CPO in Examples 2.2.3 and 2.3.5(iii). In this
section we shall study canonical fixed points in categories of cpos, and in the next section we consider
complete metric spaces.

Remark 2.8.2. Recall the category
CPO

of cpos (see Definition 2.1.4) and strict continuous maps, i.e., continuous maps preserving the least
element L.

Examples 2.8.3. (i) The poset Pfn(X,Y) of partial functions from X to Y ordered by (set-theoretical)
inclusions is a strict cpo with | the nowhere defined function.
(ii) For every set X the “flat” cpo X + {_L} is the strict cpo with all pairs in X incomparable.
(iii) A coproduct in CPO is the disjoint union with all | -elements merged to one.
(iv) A product in CPO | is the cartesian product ordered componentwise.
Remark 2.8.4. The category CPO, is cartesian closed: the internal hom-objects [ X, Y] are the hom-
sets CPO | (X,Y") ordered pointwise. We denote by L x y the least element (constant function of value
1y)and by | | f; the joins of w-chains f;: X — Y.

The CPO | -enriched categories are thus categories A whose hom-set carry a cpo structure, and
composition is strict and continuous.
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Examples 2.8.5. (1) CPO| is, of course, CPO | -enriched.

(2) The category Pfn of sets and partial functions is CPO | -enriched by inclusion: the least element of
Pfn(X,Y) is the nowhere defined function, and | | f; is the set-theoretic union.

(3) The category Rel of sets and relations is also CPO | -enriched by inclusion.

(4) If A is CPO_ -enriched, then so is A°P: consider the same ordering of morphisms; just the direction
is reversed.

(5) A product of CPO | -enriched categories is CPO | -enriched (w. r. t. componentwise ordering).

Remark 2.8.6. Let A be a CPO | -enriched category.

(1) All limits in A are automatically enriched. In fact, given a limit cone p,: P — D, of a diagram D,
then for every chain (g;);<,, in A(X, P) we have

f:|_|gi iff pw-f:Llpmgi for every z in D.
i<w i<w
This follows from the continuity of composition: | |, s Pz - i = Pz - | l;<,, 9-
(2) Dually: all existing colimits are enriched.
(3) An initial object 0, whenever it exists, is also terminal: by strictness of composition the unique
morphism in A(X,0) is L x 0.
(4) As observed by [Barr] whenever A # () has colimits of w-chains, 0 exists: choose any object A, then

the chain

A4 Lto45

has colimit O.

Definition 2.8.7 (D. Scott). In a CPO | -enriched category a morphism e: X — Y is called an embed-
ding if there exists a morphism é: Y — X with

é-e=idxy and e-éLC idy. (2.23)
The morphism é is clearly uniquely determined by (2.23) and is called the projection for e.

Examples 2.8.8. (1) In CPO the embeddings are precisely those monomorphisms e: X — Y such
that for every y € Y there exists the largest z € X with e(z) C y. In fact, this condition allows us
to define é: Y — X by choosing this largest x as é(y), then é - e = idx (since e is one-to-one) and
e - € C idy. The verification that the condition is also necessary is trivial.

(2) Every split monomorphism in Pfn is an embedding: here é = e°P (the opposite relation).
(3) Every split monomorphism in Rel is an embedding: split monomorphisms are precisely those rela-
tions e: X — Y which are injective maps and for these é = e°P.

Observation 2.8.9. (1) Objects of A and embeddings form a category
AE

which is self-dual. In fact, a composite e - f of embeddings is an embedding with

— A~

e-f=¢é-f.
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Thus, we have an isomorphism of categories
I: AP — (AF)P X =XandIe=eé.

(2) A general example of an embedding is a coproduct injection v; of an arbitrary coproduct X =
[;c; Xi;indeed, 9;: X — X; has components idx, and L x,, x; for j # 4. In particular, the morphisms
with domain O are always embeddings.

(3) The name “projection” stems from the dual of (2): for every product X = [, _; X; the projection
m; has the form é; where e;: X; — X has components id x, and L x, X,

Lemma 2.8.10 (Basic Lemma ([SP])). Let A be a CPO | -enriched category with colimits of w-chains.
Then the category A of embeddings is closed under colimits of w- chains in A. Moreover a cocone
¢i: By — C of a w-chain (E;) of embeddings is a colimit cocone in A iff

¢i - ¢ is a w-chain in A(C, C) with |_| ¢ - ¢ = ide. (2.24)
<w

Remark 2.8.11. Although formulated for w-chains only, the Basic Lemma holds for A-chains for all
limit ordinals A (in categories enriched so that hom-sets are posets with joins of all chains and compo-
sition preserves joins of chains). This is immediately seen from the proof below.

Proof of Lemma 2.8.10. (a) Given an w-chain with embeddings as connecting maps e;;: E; — E; we
first prove that for every cocone of embeddings ¢;: E; — C with (2.24) we have C' = colim F;. For
every cocone d;: F; — D in A, we first prove

Indeed, since (c;);<., is a cocone, we have ¢; = &;; - ¢;, thus
di'éi:dj'eij'éij'éiEdj'éj.

Therefore there exists
d=||di-&: C—D. (2.26)
<w

This is the desired factorization: to see the the equality
d;i=d-c; (2.27)

observe that for each 7 we have
d'Ci: lej-éj-ci

J<w
and we can take the join over all j > 7 (see (2.25)). Since for each such j we have

we obtain (2.27). The factorization is unique: from d - ¢; = d; we obtain, using (2.24),

d:d-|_|ci-éi:|_|di-éi.

<w <w
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(b) Consider a w-chain (E;);<,. Let ¢;: E; — C be a colimit cocone in A. We prove that ¢; are
embeddings satisfying (2.24), and for every cocone of embeddings d;: E; — D the unique factorization
d: C' — D is also an embedding. For every 7 < w the shortened chain of all E; with i < j < w has the
colimit (¢;);>4, and the morphisms é;;: E; — E; form a cocone: we have a commutative diagram

€ik

HE *)Ek

\J/

Indeed, from ejy, - €;; = e;;, we obtain
éik c €k = éij . éjk c €k = éij.
Thus, there exists a unique factorization ¢; : C' — FEj; such that the following triangles commute:

Cj

Ej —C
A lcl for all j > 1. (2.28)
€ij
E;

In particular, ¢; - ¢; = d.

(b1) We prove (2.24). Due to ¢; = ¢; - e;; we have, for j > 4, ¢; = &;; - ¢;, which yields
Ci-Ci==cCj-€j €j5 ¢ LEcj ¢ (2.29)
Thus the join in (2.24) exists, and we need to prove
|_|cj-éj cc = ¢ for every ¢ < w.
j<w
Again we can restrict ourselves to j > 4, and here ¢; - ¢; = id (cf. (2.28)) implies
Cj-CjCi=2Cj-Cj-Cj-€jj=Cj €y = Cj.

(b2) ¢; is an embedding with projection ¢;. Indeed, we have (2.28) and ¢; - ¢; C id ¢ follows from (2.24).

(b3) For every cocone of embeddings d;: F; — D the factorizing morphism d: C' — D is an embed-
djng. Sincs: we already proved (2.24) we see from part (a) that (2.26) holds. Also, for ¢ < j we have
d; = éij . dj, thus

and we can define X X
d=||ci-di: D—C. (2.30)
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We now prove that d is an embedding with projection d. We have
d-dCidp

because the left-hand side is the join of (d; - ¢;) - (¢; - d;), and we can restrict ourselves to j > 7 and get

~ A~

di-Ci-cj-dj = di-&j-Cj-cj-dj sincec; = e - Cj
= dl e}-jodj simce Cj'CjA:ZdA

dzdZ sinceéi‘-d':di
J 4
since d; is an embedding.

i1
s
T

And

>

d-d=1d
folloyvs from d - d - ¢; = ¢; for all ¢: indeed, the left-hand side is, by (2.27) and (2.30), the join of
¢; - dj - dj, and restricting again to j > ¢ we have

~ A

cj-dj-di:cj-dj-dj-eij:cj-eij:ci.
L]

Definition 2.8.12. A functor F': A — B between CPO | -enriched categories is called locally continu-
ous if it preserves w-joins in hom-sets: given fo C fi C fo... in A(X,Y), then F(| | fn) = || F fa.

Examples 2.8.13. (1) Id is a locally continuous endofunctor.

(2) A composite, product or coproduct of locally continuous functors is locally continuous, cf. Exam-
ples 2.8.3.
(3) All polynomial functors are locally continuous.

(4) The functor FFX = X | from Example 2.2.3 is locally continuous.

Theorem 2.8.14 (Smyth, Plotkin). Every locally continuous endofunctor of a CPO | -enriched category
with colimits of w-chains has a canonical fixed point uF" = v F.

Proof. If F': A — A is locally continuous, then F' clearly preserves embeddings. Consequently, it
yields an w-chain of embeddings as the initial w-chain (see (2.1)), and from the Basic Lemma 2.8.10
we conclude that F' preserves its colimit F0 = colim, ., F"0. Indeed, the colimit is character-
ized by the join [],,_ ¢, - &, = id in A(C,C) which F preserves. Thus, pF" exists and is equal to
colim,, ., F™0. Using the self-duality of A%, see Observation 2.8.9, we conclude that this colimit is at
the same time a limit of the wP-chain of projections—and this is the terminal w®’-chain for F'. Thus,
pF = colim F"0 = lim F"1 = vF. O

Theorem 2.8.15. Let A be a CPO | -enriched category with w-colimits. Every locally continuous func-
tor F: A% x A — A defines an endofunctor F¥ of A¥ by

FEX =F(X,X) and FFe=F(ée),
and F¥ has an initial algebra.
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Proof. The colimit (F¥)“0 = colim,,«,,(F¥)"0is, by the Basic Lemma 2.8.10, characterized by (2.24).
In A? x A we have | |, (¢, - ¢, cpn - én) = id which implies, since F is locally continuous,

| | Fén,cn) - Flen, én) = id.

n<w

Since F¥¢c,, = F(é,cy,) is an embedding whose projection is F(cy, ¢,), the last join tells us that
(F¥¢,) is the colimit cocone in A, thus, F'¥ preserves the colimit of its initial w-chain. O

Corollary 2.8.16. For every locally continuous endofunctor F': AP x A — A an object X = F(X, X)
exists.

Example 2.8.17. Scott’s model of untyped A-calculus. The formulas ¢ of A-calculus have the form
tu=k|a|tt| .t

where k ranges through a set K of constants, and x through a countable set of variables. The meaning
of t1to is “application”: we evaluate to (a function) in ¢;. The meaning of A\x.t is “\-abstraction”: this
function takes a value a and responds with ¢[a/x], the term ¢ in which z is substituted by a. Thus if D
is the set of all closed terms, we obtain an isomorphism

D=K+DxD+[D,D].
No such set D exists because card[D, D] > card D whenever D is not a singleton set.

Dana Scott [Sc] decided to use a cartesian closed category with products and coproducts, and inter-
pret the above equation in that category. He used originally continuous lattices, but Smyth and Plotkin
[SP] made it clear that CPO is (simpler and) sufficient. In fact, consider the flat cpo

K, =K+ {l}

with all pairs in K incomparable, in place of the set K. Interpret + and x as usual in CPO_ and re-
call from Example 2.8.13 that D — D x D is locally continuous. Finally, the function D +— [D, D]
of internal hom-objects, which are the posets CPO (D, D) ordered pointwise, is a locally continu-
ous functor from CPO‘ip x CPO_ to CPO, . In fact, recall that this functor is defined on morphisms
(f,9): (X,A) — (Y,B) of CPOP x CPO, as follows: the value of [f,g] : [X,A] — [V,B] at
u: X — Ais ;

y L. x " 4% B,

This value is continuous in u because composition is continuous in CPO ;. We thus obtain a locally
continuous functor

F:CPO? xCPO; — CPO; with F(X,Y)=K, +Y xY +[X,Y].
If D is the initial algebra for F'¥, see Theorem 2.8.15, then
D>=K, +D+[D,D]
is a model of \-calculus. (Observe that the “artificial” | of K disappears in the formation of coproduct.)
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Remark 2.8.18. Surprisingly, for a number of set functors F' the terminal coalgebra also carries a struc-
ture of a cpo and it is obtained from the initial algebra as a free cpo completion. Moreover, lim,, «,, F™1
is a limit of an w°P-chain of projections.

This concerns all endofunctors F': Set — Set which

(1) preserve colimits of w°P-chains and
(ii) are grounded, i.e., F'0 # ().
For such a functor F' we choose an element of F'()
p:1— F0Q.

Use the notation wy, j: F' ") — F*( and Vgt F k1 — F"1 for the connecting morphisms of the initial
and terminal w-chain, and put u: () — 1. We then obtain the morphisms

n k
epn = 1 8 i Uikt phg T Bk for >,
This enables us to define an ordering on F'™1 as follows:
xCyiff o =y ory = vy p(epn(z)) for some k& > n.

Theorem 2.8.19. (Addmek [Ad>]) Each F"1 is a cpo with least element ey, 1 - p: 1 — F™1, and each
ek,n is an embedding with projection vy, ,. Moreover,

vF is a limit of the projections vy, ,, in CPO |
and

wF is a subposet of vF whose free CPO | -completion is VF.

Example 2.8.20. A polynomial functor Hy; is grounded iff > contains a nullary symbol p. Recall from
Example 2.3.7 that set H{:1 can, for 1 = {x}, be identified with the set of all trees of depth at most
n whose nodes of depth n are labelled by * and other nodes with k successors are labelled by k-ary
symbols in 3. The above ordering is the least one for which = is the smallest element and all operations
are monotone. The connecting map H. g“l — Hy:1 cuts level n + 1 and relabels level n with *. The
limit of this w®P-chain in CPO | is the set of all X-trees with the above ordering.

The initial algebra is the set of all well-founded >-trees, see Example 2.2.11; its free CPO| -
completion is v Hy; because every X-tree ¢ is a join of a sequence ¢, in uHy: take ¢, to be the cutting
of ¢ at level n and relabelling level n by *.

2.8.1 Scott complete categories

A higher-order variation of Theorem 2.8.14 was established in Addmek [A87]. Cpo’s are generalized
as follows: A category A is called Scott complete if it has (i) filtered colimits, (ii) an initial object L,
(ii1) limits of diagrams with a cone, and (iv) a set of finitely presentable objects whose closure under
filtered colimits is A. We obtain a 2-category of Scott-complete categories, using as 1-cells the functors
preserving filtered colimits and the terminal object, and as 2-cells the natural transformations.

Theorem 2.8.21 (Adadmek [A87]). Every locally continuous 2-endofunctor of the category of Scott
complete categories has a canonical fixed point.
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This result was inspired by the related paper of Michael Barr [Barr] where the functor F' was as-
sumed to preserve both w-colimits and wP-limits.

Definition 2.8.22. (Freyd [Fr2] A category is called algebraically compact if every endofunctor has a
canonical fixed point.

Remark 2.8.23. According to Theorem 2.8.14 all CPO | -enriched categories are “algebraically com-
pact w.r.t. locally continuous functors”. However, no “reasonable” category is algebraically compact:

Corollary 2.8.24. If an algebraically compact category has products (or coproducts), then it is equiva-
lent to the terminal one-morphism category.

This follows easily from Theorem 2.2.19.

2.9 CMS-enriched categories

Another structure, besides complete partial orderings, which leads to canonical fixed points, is complete
metric. We consider the category CMS of complete metric spaces with distances bounded by 1, see
Example 2.2.4. Every hom-set CMS(X,Y") is again a complete metric space with the pointwise metric
given by

dxy(f,9) = 31615 dy (f(z),9(x)).

For example, the terminal coalgebra v Hy, of all X-trees, see Example 2.2.11, is a complete metric
space under the metric p, where p(¢,t) = 0, and for ¢ # wu,

p(t,u) = 27" where n is least such that ¢ and u differ on some point of level n 2.31)

This was first considered by Arnold and Nivat [AN].
Our study builds on the following classical result:

Theorem 2.9.1 (Banach Fixed Point Theorem). Let f : X — X be a contracting function on a non-
empty complete metric space. Then f has a unique fixed point.

Definition 2.9.2 (America, Rutten [AmR]). A functor F' on CMS is called e-contracting for a constant
e < 1 provided that each derived function CMS(X,Y) — CMS(FX, FY) is an e-contracting map;
thatis, dpx py (F'f, Fg) < e -dx y(f,g) for all non-expanding maps f,g: X — Y.

Example 2.9.3. (i) Any polynomial functor Hy; on Set has a contracting lifting Hy, to CMS. This
means that the following square

Hy,
CMS —— CMS

o] v

Set ———> Set
Hy,

commutes, where U is the functor taking a metric space to its set of points. For a simple example,
the functor FX = X", lifts to F'(X,d) = (X", %dmax) (where djax 1s the maximum metric)
which is a contracting functor with ¢ = % And coproducts of %—contracting liftings are %—
contracting liftings of coproducts. The initial algebra as well as the terminal terminal coalgebra

of H{, on CMS is the set of all X-trees equipped with the metric of (2.31) as we will see below.
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(ii) Lifting of P¢ to complete metric spaces. Let us first recall that in a metric space (X, d) the distance
d(a,A) of apointa € X toaset A C X is the infimum of d(a,x) for z € A. The Hausdorff
distance of sets A, B C X is the join of distances of points of one of the sets to the other one.
Notation:

d*(A, B) = max{supd(a, B),supd(A,b)}. (2.32)
acA beB
The Hausdorff functor is the functor

H: CMS — CMS

assigning to every metric space (X, d) the space of all compact subsets of X equipped with the
above Hausdorff metric d*. This gives a functor on the category MS, and as shown in [Ku]
(Lemma 3), for a complete metric space X the space JH{ X is also complete. Also notice that J is
indeed a lifting of P: for a discrete space X we have H X = Py X. The Hausdorff functor itself
is not contracting, but the every functor €J{ obtained from it by scaling all distances by ¢ < 1 is.

Theorem 2.9.4. Every contracting endofunctor F of CMS has a terminal coalgebra

vF = lim F"1.

newepP

The proof is analogous to that of Theorem 2.9.4 below. Moreover, whenever F'() = () the functor
has a canonical (in fact unique) fixed point.

The next example is due to J. Worrell [W2]; although he used complete ultrametric spaces, his result
also holds for the category CMS, see [AMMS].

Example 2.9.5. We denote by
P CMS — CMS

the lifting of P; obtained by scaling the Hausdorff functor by ¢ = % More detailed, for a complete
metric space (X, d) we have

1
P (X,d) = all compact subsets of X with metric id*'

This scaling makes P} obviously contracting, therefore

vPi = lim P;l

newer

is the terminal coalgebra, see Theorem 2.9.4. In fact, James Worell described it as
vP; = all compactly branching strongly extensional trees.

Here a strongly extensional tree (see Definition 2.5.1) is called compactly branching if for any vertex the
set of all maximal subtrees in compact in the metric (2.31) on the set of unordered trees. The argument
used in [W2] is: for this metric space it is easy to verify that it is (the unique) fixed point of P;.

In order to obtain a terminal coalgebra using Theorem 2.9.4 above we needed to scale the Hausdorff
functor by % Later, in Theorem 4.2.12, we shall obtain a result that allows us to obtain a terminal
coalgebra for the class of functors formed by coproducts, products and compositions of polynomial
functors and the Hausdorff functor without any scaling, see Example 4.2.14.
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A negative result If X is discrete, every subset is closed, whereas the compact subsets of X are
exactly the finite ones. Let P, : MS — MS be the functor taking a space (X, d) to the set of its
closed subsets, again with the Hausdorff metric d* of (2.32). As shown by van Breugel [vB], there is no
terminal coalgebras for P, : MS — MS.

Definition 2.9.6. A category A is CMS-enriched if its hom-sets come equipped with a complete metric,
and composition is non-expanding in both variables.

Not surprisingly, CMS is CMS-enriched. Complete metric spaces were first applied by de Bakker
and Zucker [dBZ], and their method was further developed by America and Rutten [AmR]. In both of
these papers, the morphisms are a little different from the non-expansive maps: they are the projection-
embedding pairs consisting of an isometric embedding ¢ : X — Y together with a non-expanding
map e* : Y — X, such that ¢* - e = idx. Later, the result of [AmR] was extended to CMS-enriched
categories by Adamek and Reiterman [ARe]. Their work introduced the following notion related to the
concept of hom-contractive functor in [AmR].

Definition 2.9.7. An endofunctor F' of a CMS-enriched category is weakly contracting if there is a
number 0 < € < 1 such that for every endomorphism f : X — X, we have

drx(Ff,idpx) <e-dx(f,idx).

Remark 2.9.8. The following result is a variation on a theorem proved by P. America and J. Rutten in
[AmR] where they use the category of complete metric spaces and embeddings (split monos):

Theorem 2.9.9 (Addmek and Reiterman [ARe]). Let A be a CMS-enriched category with a zero-object
0 = 1. Then every weakly contracting endofunctor F' has a canonical fixed point

vF =puF = lim F"1.

newer
If F' is contracting, then it has a unique fixed point (up to isomorphism).

Example 2.9.10. Let CMSP be the category of pointed complete metric spaces and non-expanding maps
(preserving the distinguished point). Then CMS? is CMS-enriched, and the one-point space is a zero
object. Denote by 2 the two-element object with distance 1. The functor F' : CMSP — CMSP given by
(X,d) — (X, 3d) + 2 has a canonical fixed point: Its initial algebra IN U {oo}, cf. Theorem 2.1.9, is
also the terminal coalgebra.

3 Transfinite Iteration

3.1 Initial Chain

In this section, we pursue the transfinite iteration of the initial and terminal chains. We begin with a
famous result on fixed points of monotone maps on directed complete partial orders (dcpos): A dcpo is
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a poset P with the property that all directed subsets® have least upper bounds, and with a least element
0. Let f : P — P be monotone. Then f generates an ordinal-indexed sequence in P:

f20) = o,
FTH0) = f(f%(0)) for all ordinals 7,

and
f1(0) = |_| £%(0) for all limit ordinals j.
1<j
Theorem 3.1.1 (Zermelo, Tarski, Knaster). Every monotone endofunction of a dcpo has a least fixed
point WF'. Moreover,

uf = f7(0)
for some ordinal k.

Proof. The central point is that given a dcpo D of cardinality less than x there must be some j < x such
that f7(0) = f7*1(0); if not, then {f; : j < r} is a subset of D of size , and this is a contradiction.
Thus, f%(0) is a fixed point of f. Also, an easy induction shows that every fixed point of f must be at
least as large as each iterate f7(0). O

We attribute this theorem to Zermelo, since the mathematical content of the result appears in his
1904 paper proving the Wellordering Theorem. Although it is common to refer to it as the Tarski-
Knaster Theorem, their result dealt with a slightly different situation, see [K].

A category-theoretic generalization of Theorem 3.1.1 was formulated by Addmek [A74]. It was
applied there to the functor F'(—)+ A; in other words, the free F'-algebra on an object A was considered
instead of the initial F'-algebra.

Definition 3.1.2. Let A be a category with an initial object O and with colimits of chains. For every
endofunctor F' the initial chain is the chain in A indexed by Ord, the ordered class of all ordinals 5, and
having objects F70 defined by

F% =0,
Fit10 = F(FJ0) for all ordinals 7,

and ' .
F70 = colim F*0 for all limit ordinals j.
1<)

Its connecting morphisms w; . : F* 70 — F*0 for j < k are uniquely determined by

wop,1: 0 — FO1is unique ,
Wj+1k1 = Fwjp: F(FI0) — F(F*0),
w; (i < k) is the colimit cocone for limit ordinals j.

Definition 3.2 is correct: there exists a chain W : Ord — A unique up to natural isomorphism whose
values w;; = W (i — j) are those given above. For example, w, 41: F“0 — F(F*“0) need not be
specified: since W preserves composition, we have wy, w41 * Wont1 = Wotint1 = Fwy, for all
n < w and this determines wy, ., 41 uniquely.

3A poset is directed if it is non-empty and every pair of elements has an upper bound.
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Definition 3.1.3. We say that the initial chain of a functor F' converges in X\ steps if wx x41 is an
isomorphism.

Theorem 3.1.4. [A74] Let A be a category with an initial object 0 and with colimits of chains. If the ini-

tial chain of a functor F converges in \ steps, then F0 is the initial algebra w.rt. w;iﬂ : F(FA0) —
FA0.

The proof is completely analogous to that of 2.1.9. Given an F-algebra (A, o), we obtain a unique
cocone «;: I 70 — A with ajy1 = o - Faj for all ordinals j. And « is then proved to be the unique
homomorphism from (F*0, w;iﬂ) into (A, a).

Corollary 3.1.5. Let A be a category with an initial object 0 and with colimits of chains. Then the
initial chain of a functor F preserving colimits of \-chains converges in X steps, hence, uF = F0.

Example 3.1.6. Consider the countable power set functor P, on Set. For A = Ry (the first uncountable
cardinal), P, preserves colimits of A-chains. Then iPé@ is an initial algebra. It is often called HC, the
set of hereditarily countable sets, cf. Example 2.2.12.

Example 3.1.7. For polynomial functors Hy, see Example 2.2.11, we show that the initial chain yields
the algebra
pwHy, = well-founded X -trees.

We introduced Y -trees in Example 2.2.11; well-founded means that every path in the tree is finite. Before
analyzing the initial chain for Hy,, we introduce the concept of depth which generalizes the traditional
one (for finite trees) to an ordinal depth for infinite trees. Recall that for a finite tree ¢ the depth d(t) is
always equal to the join of d(t;) + 1 for all children ¢; of ¢:

(a) if ¢t has no children, its depth is 0 = sup (), and

(b) if ¢ has children ty,. .., ¢ then d(t) = sup;_; _p(d(t;) +1).
Recall also the ordinal sum A + 1: this is the ordinal successor of A.
Definition 3.1.8. The depth of a tree t is defined to be

(a) the ordinal d(t) = sup(d(t;) + 1) where the join ranges over all children ¢; of ¢, in case each d(t;)
is an ordinal, or

(b) oo in case d(t;) = oo for some child ¢; of ¢t.

Example 3.1.9. Every ordinal is the depth of some tree. For a precise proof see Theorem 3.1.12 below.
Let us illustrate this on some examples:

If o is a w-ary operation and 7 is unary, then
to = o(z, 72, 7%2,...) has depth w
t1 = to(x,7x,7%z,...)  hasdepthw + 1
to = 720 (x, 72, 7%2,...)  has depthw + 2

o(to,t1,ta,...) has depth w + w.

An example of a tree of depth oo is the infinite path tree 7(7(7 . ..
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Lemma 3.1.10. A free has depth less than oo iff it is well-founded.

Proof. If t has depth ¢ € Ord then it is well-founded: this is a trivial transfinite induction on ¢. Con-
versely, if ¢ is well-founded and has depth oo, we find a contradiction: there exists a child ¢;, of ¢ of
depth oo and a child ¢;, of ¢;, of depth oo etc., and these indices 41, %2, . .. yield an infinite pathin¢. [

Example 3.1.11. Let us analyze the initial chain of Hy: we can represent elements of
HE) = %
as the X-trees of depth O (that is, singleton trees labelled by nullary symbols). Then the elements of
HE) = H i X BE
are represented by precisely all X-trees of depths O or 1. In general, for every ordinal 5 we have
H%(?J = all X-trees of depth less than j.

This is easy to see by transfinite induction: the case j = 0 is clear (no X-tree has depth less than 0), the
isolated induction step follows from ngl(l) = [1 Sk x (HL0)¥, and in the limit step j we see that the
colimit of the chain of inclusions is the union:

H%@ = U H{') = all Y-trees of depths less than j.
m<j

Theorem 3.1.12. For every signature %, the initial algebra of Hy, is the algebra of all well-founded
Y.-trees. The initial chain converges in 0 steps if Yo = 0, in one step if ¥ = 3¢ # (), and otherwise in
precisely o steps for the first regular cardinal® o larger than all arities.

Proof. Assume Yo # () and X # 3.

(1) The initial chain converges in « steps and yields H&() = all well-founded X-trees. This follows
from 3.1.10 and the fact that if a tree of depth < oo is a-branching, then it has depth less than « (an
easy proof by transfinite induction).

(2) The initial chain does not converge in less than « steps. This follows from the fact that every
ordinal ¢ < « is the depth of some ¥-tree. We prove this in two steps:

(a) Assume that « is the supremum of arities in . For ¢ = 0 take any member o of X, for ¢ 4+ 1
let ¢o have depth ¢ and form ¢; = 7(¢o, to, ... ) where the root is labelled by any member 7 € ¥ — X.
If © < o is a limit ordinal, take o € X of arity k > ¢ and for every j < i take a X-tree t; of depth j
(induction hypothesis). Extend this notation for all i < j < k by t; := to. Then the X-tree o (t;) <k
has depth 1.

(b) Let « be larger than the supremum £ of all arities of 3. Then either 3 is finite and o« = w. In this
case it is easy to see that every natural number is the depth of some X-tree (recall Xy # () # X — Xy).
Or (3 is infinite and has cofinality 5y < 3, in which case « is the cardinal successor of §. The proof that
all ¢ < (3 are depths of X-trees is as in (a) above, it remains to verify that there is a 3-tree of depth 3.
Choose an operation o € . of arity 3. Since [y is the cofinality of 3, we have ordinals ; < 3 indexed
by all i < [y with 8 = sup{~; : i < By}. For every i choose a Y-tree ¢; of depth ~y;, and for ¢ > [y put
t; = to. Then o(t;);<~ has depth 3. O

*A cardinal is regular if it is infinite and does not have a cofinal smaller than itself. (The smallest non-regular infinite
cardinal is N,,.)
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Remark 3.1.13. We see from Theorem 3.1.12 that for every regular cardinal « there is a set functor
whose convergence of the initial chain takes precisely « steps. How about other ordinals? In Theo-
rem 3.1.12 we saw that O or 1 step are possible for Hy,. For the functor C ; constantly equal to 1 except
(5,10 = 2 the initial chain takes 2 steps. One can construct (a bit more technically) a set functor that
needs 3 steps. And this is all:

Theorem 3.1.14 ([AT09]). For every endofunctor of Set with an initial algebra, the initial chain con-
verges either in at most 3 steps or in \ steps for some regular cardinal ).

Are all initial algebras obtainable by iteration? As it happens, the answer is negative: consider the
category Ord ", the ordinals with a new element T added “on top.” Let F' : Ord| — Ord' given by
F(A) =X+1,and F(T) = T. Clearly, T is the only fixed point, and this is not F'*1 for any .

However, as we mention shortly, this does not happen in “reasonable” categories, at least not for
functors preserving monomorphisms.

Definition 3.1.15 ([TAKR]). A class M of monomorphisms in a category A is called constructive
provided that it is closed under composition, and for every chain of monomorphisms in M, (i) a colimit
exists and is formed by monomorphisms in M, and (ii) the factorization morphism of every cocone of
monomorphisms in M is again a monomorphism in M.

Remark 3.1.16. In particular A has an initial object 0 and all morphisms with domain 0 lie in M.

Examples 3.1.17. (i) The categories of sets, graphs, posets, and semigroups all have the constructive
class of all monomorphisms.

For a non-example, we consider the category BiP of Example 2.2.15. The point is that the unique
morphism 0 — X is not always monic.

(ii) In CPO -enriched categories the class of all embeddings is constructive: see Basic Lemma 2.8.10
and Observation 2.8.9 (2).

Theorem 3.1.18 ([TAKRY]). Let A have a constructive class M of monomorphisms and be M-wellpowered.
Let F' : A — A preserve monomorphisms in M. The following are equivalent:

(i) F has a fixed point, i.e., an object A = F A.

(ii) uF" exists,
and

(iii) the initial chain converges.

Proof. Lambek’s Lemma tells us that (ii) implies (i). To see that (i)=-(iii), we argue as in the proof of
Theorem 3.1.4: for every ordinal j the morphism o : F' 70 — A from the induced cocone of the algebra
A is a member of M (an easy proof by transfinite induction). If the initial failed to converge, the fixed
point object A would have a proper class of subobjects in M. For (iii) = (ii) see Theorem 3.1.4. U

Example 3.1.19. (i) For every endofunctor of Set the three conditions of Theorem 3.1.18 are equiv-
alent.

This follows from Theorem 3.1.18 in the case that F' preserves monomorphisms. For general F,
see [AKP]. However, we present here a substantially shorter proof:
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Assume F() # ) (else the initial chain converges in zero steps) and let a: F A = Abe a fixed
point with the corresponding cocone a;: F' 70 — A, see Theorem 3.1.4. We prove that a, is a
monomorphism. Choose a morphism ug: A — F() and observe that ! = ug - ag: ) — F{). Then
the morphisms u,,: A — F"110 defined by u,, 11 = Fu, - o~ ! clearly fulfil

Wnnt1 = Up - 0 F0 — F"10  foralln < w.

Given elements x,y € F“0 merged by a,, we prove x = 3. Choose n < w and elements z’, v/
of F0 mapped by w, ., to the given pair. Then o, = o, - Wy, merges 2’ and y/, thus, these
elements are also merged by

(wn—l-l,w : un) cOp = Wntlw " Wnnt+l = Wnpw,
which proves x = y.

Since o, is a monomorphism with nonempty domain, it splits, thus, F'a, is also a monomor-
phism. This proves that a,, 11 = « - F'ey,, is @ monomorphism. In this manner we see that all «;
with j > w are monomorphisms, and then we argue as in Theorem 3.1.18.

(ii) The category Pfn of sets and partial functions has the property that split monomorphisms (which
are precisely the monomorphisms of Set) form a constructive class. Thus, also here the three
conditions are equivalent for every endofunctor.

(iii) Also in the category Rel of sets and relations the three conditions are equivalent for all endofunc-
tors (for the same reason).

Example 3.1.20 ([AT09]). Unfortunately, Theorem 3.1.18 does not generalize to settings such as many-
sorted sets. For example, consider two-sorted sets. Let /' : Set x Set — Set x Set be given by

B (1,1)  ifX#0)
FXY) = { 0,PY) if X =0
Although (1,1) is a fixed point, F' has no initial algebra: the F-algebras (), ?Y) — (0,Y") cannot

be initial by Lambek’s Lemma, and from those algebras of the form (1,1) — (X,Y) there exist no
homomorphisms to those of the form (), PY') — (0,Y).

Example 3.1.21 ([AT]). Another unfortunate fact: the collection of all set functors possessing initial
algebras is not well behaved. There are set functors F, F5 having initial algebras such that neither
Fy + F5 nor F x F5 has one. In fact, given a set -y of cardinals, let P7 be the following modification of
the power-set functor:

PIX ={M C X :card M ¢ ~}
defined on morphism f: X — Y by

PUM) = f[M] if card M ¢ -~ and f]|as is a monomorphism,
f 0 else.

It is easy to see that every infinite set X with card X € ~ is a fixed point of P7, thus, P? has an initial
algebra.

Take any disjoint pair of non-empty classes with v, U o = card. Then the functors F; = P have
initial algebras, but Fy 4+ F> and F} x F5 have no fixed points.

Theorem 3.1.22 ([AT09]). For the category Set® of many sorted sets whenever an endofunctor has an
initial algebra, then the initial chain converges.
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3.2 Terminal Chain

This is nothing else than the dual of the initial chain of Definition 3.1.2. This was formulated explicitly
by M. Barr [Barr]:

Definition 3.2.1. Let A be a category with a terminal object 1 and with limits of (co)chains. For every
endofunctor F' the terminal chain is the chain in A indexed by Ord“?, the dual of the ordered class of
ordinals 7, having objects F71 defined by

F'1 = 1
FIt11 = F(F71) for all ordinals j

and
F’1 =1im F*1 for all limit ordinals j.
1<)
We write vy, j : F*1 — FJ1,j > k, for the uniquely determined connecting morphisms, and we say
that the terminal chain converges in A steps if vy 1 ) is an isomorphism.

For finitary set functors the chain (2.15) is precisely the part of the above chain from w to w + w.
For example m = v,,41 ..

Theorem 3.2.2. Let A be a category, let \ be a cardinal, and assume that (i) A has limits of \°P-chains
of length at most A\, and (ii) F preserves limits of \°P-chains. t Then F' has the terminal coalgebra

vEF = F*.

This is just the dual of Corollary 3.1.5. As an example, recall that for every (not necessarily finitary)
signature 3, the polynomial functor Hy; preserves w®P-limits. Thus, the transfinite chain does not bring
anything new. In contrast, for the finite power-set functor P the terminal chain converges in w + w
steps, see Example 2.6.2.

Example 3.2.3. In contrast to Example 3.1.19 (i), a set functor with a fixed point need not have a
terminal coalgebra. Here is an example from [AK95]. For v = {w} the set functor

plot (see Example 3.1.21)

has an initial algebra but not a terminal coalgebra. Recall from 3.1.21 that P} X is the set of all subsets
of X of cardinality different from w. Obviously, IN is a fixed point of P1“}: the set P{“}IN of all finite
subsets is countable.

The reason why P{“} does not have a terminal coalgebra follows from the fact that the terminal
w-chain is the same for P{“} and P;. It is not difficult to derive from the description in Example 2.5.7
that the limit P¢'1 is uncountable. From this it follows that the Ath iteration of Pi«} at 1 has power
card(P1@)A(1) > X for all infinite cardinals \.

Open Question 3.2.4. For which ordinals o does there exist a set functor whose convergence of the
terminal chain requires precisely « steps? We have

a=10 whenever F'1 = 1,
a=1 for example for constant functors Cys, M % 1,
a=w for Hs.,

a=w+w forPs,
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and not much more seems to be known. However, whenever a terminal coalgebra exists, it can be
constructed by the terminal chain. This holds, more generally, for many-sorted sets:

Theorem 3.2.5. [AT09] Whenever an endofunctor of Set® has a terminal coalgebra, then the terminal
chain converges.

Remark 3.2.6. This generalizes the previous result on endofunctors of Set in Addmek and Koubek [AK95].
Both proofs heavily depend on the theory of algebraized chains developed by Jan Reiterman in his PhD
thesis and summarized in Koubek and Reiterman [KR].

The expected generalization of Theorem 3.2.5 to, say, all presheaf categories does not hold. In
[AT09] an endofunctor of the category of graphs is constructed that has a terminal coalgebra although
the coalgebra chain does not converge.

We now turn to the category of dcpos and consider sufficient conditions for endofunctors with a
fixed point to have a canonical one.

Notation 3.2.7. We write
ACPO

for the category of dcpos (posets with directed joins and therefore a least element) and functions which
are continuous (they preserve directed joins) and strict (preserving the least element. Analogously to
Remark 2.8.4 a category is ACPO | -enriched if its hom-sets carry a dcpo structure and composition is
strict and continuous.

Definition 3.2.8. A functor F' between CPO | -enriched categories is called stable if for every idempo-
tent endomorphism f: X — X, f = f - f, we have:

fCidx implies Ff Cidrx.
Examples 3.2.9. (i) Every locally continuous functor (see Definition 2.8.12), is stable.

(ii) Id is always stable. A composite, a product or coproduct of stable endofunctors of ACPO, is
stable.

(iii) For every stable functor F': ACPO; — ACPO, the lifting givenby F, X = FXU{Ll} (L a
new bottom element) is stable.

Remark 3.2.10. The Hy-algebras in ACPO, are the strict continuous Y.-algebras: they are given
by a cpo, A, which is a Y-algebra such that every operation o: A™ — A is continuous and strict:
o(L, L, L,...)=1.

The non-strict continuous Y-algebras are the algebras for the endofunctor

Hy X = H X' n=ar(o),
oeY

where each summand is lifted. We know that H. /z 1s also stable.

Observation 3.2.11. (i) Stable functors F' preserve embeddings. In fact, F'é is the projection for
Fe.

52



(i) The converse holds in categories with split idempotents, i.e., given g - g = g there exists a factor-
ization g = e-u with u - e = id. (This weak condition holds in ACPO |, Pfn (the category of sets
and partial functions, Rel (the category of sets and relations) and all categories having equalizers.)

That is: for endofunctors of categories with split idempotents we have:
I stable < F' preserves embedding-projection pairs.

Indeed, let F’ preserve these pairs and let g - ¢ = g C idx. For the above factorization we have
e-u = g C idx, thus, e is an embedding with u = ¢, therefore F'u = F'e and we conclude

Fg:Fe-Z/:\’eEidFX.

(ii1) If F is a stable endofunctor, then the initial chain

0% Fo % profty .

is given by embeddings, and the corresponding projections form the terminal chain for F'. In fact,
0 = 1 by (3) in Remark 2.8.6 and so %: F'0 — 0 is unique. Thus, up to the ordinal w we get the
embedding-projection pairs

u

u Fu FF
0 2 F0z 2 FF0;

o Fu FFu

For step w (and all limit steps) we know from Basic Lemma 2.8.10 that a colimit of a chain of
embeddings, formed in A, stays as a colimit in A% .

Corollary 3.2.12. Let A be a ACPO_ -enriched category with colimits of chains. Then every stable
endofunctor F with a fixed point has a canonical fixed point uF' = v F.

This follows from Theorem 3.1.18 applied to the class M of all embeddings. This is a constructive
class, see Lemma 2.8.10 and Remark 2.8.11. Due to Observation 3.2.11 F' preserves embeddings, and
wellpoweredness w.r.t. embeddings follows from the observation that the number of split subobjects of
an object A is bounded by the number of endomorphisms of A.

Remark 3.2.13. The above Corollary 3.2.12 stems from [Barr], where the slightly stronger assumption
that ' be locally monotone was made, and the proof is somewhat more technical.

Example 3.2.14. A stable endofunctor of ACPO | without fixed points. We denote by C'(X) the free
ACPO | -completion of X, that is, C is the composite (= monad) of the forgetful functor ACPO; —
Pos and its left adjoint. This can be described as

C(X) = all directed, down-closed subsets of X including ()

ordered by inclusion. The directed joins in C'(X) are unions, and the universal arrow X — C(X) takes
xzto |z = {y:y < x}. The endofunctor C is stable: if e C id x, then the set

{a € C(X) : Ce(a) C a}
contains all @ = | z and a = () and is closed under directed joins — thus, this is all of C'(X).
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The functor C has no fixed points. In fact, assuming the contrary, we have an isomorphism
a:C(A) — A
and we derive a contradiction. Define a chain
a; € C(A) fori € Ord

by transfinite induction

ag = 0
aiv1 = la(a)
and for all limit ordinals j
a; = U a;.

It igs easy to see that a; is indeed a chain in C'(A): assuming a; C a;4; we have, since | a(—) is
monotone, a;+1 T a;y2. Thus, there exists an ordinal 7 with
QAig = Qip+1-

However, the least such ordinal iy cannot be 0 because «()) = L implies

ap = {L} # ao.

It also cannot be a successor ordinal, since from a;,—1 # a;, we derive | a(a;,—1) # | a(a;,), that is,
ai, 7# @j,+1- And ig cannot be a limit ordinal: from

aio = U a;
1<10
we have, by continuity of o, that
x = |_| ala;) for = ala;,).
<10

Now x €| x = a;,+1, however, = ¢ a;, because for every i < ip we have

x ¢ a;.
Indeed, this follows from the fact that since « is a monotone monomorphism, «(a;) is a strictly increas-
ing ip-chain with join z. Thus, a(a;) # x, which implies z ¢ | a(a;) = a;41. Therefore, we get a
contradiction to a;, = Qj+1.
Remark 3.2.15. The concept of a locally continuous endofunctor F' can be generalized to that of a

locally A-continuous one, where A is a given infinite cardinal: This means that for every A-chain (f;);<
in A(X,Y’) we have
F(| | f)=||Ffi in A(FX,FY).
i<\ i<\
For these endofunctors we have, whenever A is ACPO | -enriched and has colimits of chains of cofinal-
ity at most A, the following:

F has a canonical fixed point uF' = vF = lin}\ 1.
n<

This is completely analogous to Theorem 2.8.14.
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4 Sufficient Conditions for Terminal Coalgebras

4.1 Using the Adjoint Functor Theorems

Recall that for every endofunctor F' of A we have a forgetful functor
U: CoalgF — A (A, a) — A.

When A has (any type of) colimits, the same type exists in CoalgF" and is preserved by U. (This is
why initial coalgebras are not interesting . ...) Consequently, if A is cocomplete and cowellpowered
(i.e., every object has only a set of quotients), then so is CoalgF'. Indeed, quotients are represented by
epimorphisms, and e: A — B is an epimorphism iff the square

A B

L

B B
is a pushout.

Recall the following form of Freyd’s Adjoint Functor Theorem (see e. g. [ML]): if K is a cocomplete
and cowellpowered category with a weakly terminal set A of objects (meaning that every object of K
has a morphism into an object of A), then K has a terminal object. Applying this to CoalgF we get

_e

id

Theorem 4.1.1 ([Barr]). Let A be a cocomplete and cowellpowered category, and let F' : A — A have
a weakly terminal set of coalgebras. Then F' has a terminal coalgebra.

Remark 4.1.2. The proof of Freyd’s Adjoint Functor Theorem yields the following construction og the
terminal coalgebra: let S be a weakly terminal set of coalgebras. Take the coproduct v : C — F'C of
all coalgebras in 8. Now form the coequalizer of all the F'-coalgebra homomorphisms from (C,~) to
itself; one readily shows that this coequalizer is the terminal F'-coalgebra.

Observe that the coproduct (C, ) is a weakly terminal coalgebra and the coequalizer of all its endo-
morphisms is the largest congruence on (C,y). So Theorem 4.1.1 is a generalization of Theorem 2.4.16
above.

Remark 4.1.3. A related criterion concerns the concept of a generating set, which is a set G of objects
such that whenever parallel morphisms p, ¢: X — Y are distinct, then there exists a morphism g: G —
X with G € Gand p - g # q - g. Generalizing the notion of bounded set functor of Kawahara and Mori
[KM], we can define

Definition 4.1.4. A functor F': A — A is called bounded by a set G of objects if for every coalgebra
a: A — F A and every morphism g: G — A with G € G there exists a coalgebra o/ : A’ — F A" with
A" € G and a coalgebra homomorphism m: (A’,a’) — (A, a) through which g factorizes:

A/L/>FA/
3,7
1
7/
G—— A—5—FA
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In [KM] this was defined for A = Set and G the (essentially small) collection of all sets of cardinality
at most A\.Then F' is called bounded by A. Observe that in this case it is sufficient to request that for
every element x € A there exists a subcoalgebra A’ — A containing z and with card A" < \. In fact,
the general case follows from the observation that a union of subcoalgebras is always a subcoalgebra.
The following is an easy generalization of the result of [KM] for sets.

Theorem 4.1.5. Let A be a cocomplete and cowellpowered category with a terminal object. Every
endofunctor bounded by a generating set (4.1.3) has a terminal coalgebra.

Proof. This uses Freyd’s Special Adjoint Functor Theorem: we prove that U : CoalgF — A has a right
adjoint U - R (then R1 is terminal in CoalgF’). For that we need, since CoalgF' is cocomplete and
cowellpowered and U preserves colimits, just a generating set in CoalgF’. In fact, let G be a generating
set in A such that F' is bounded by it. Then the set of all coalgebras a: A — FA with A € G is
generating. In fact, given homomorphisms p, q: (B, 3) — (B, 3) if p # q there exists g: G — A with
GeGandp-g+#q-g. Letm: (B, 3) — (B, 3) be a subcoalgebra with B’ € G such that g factorizes

through m, then clearly p - m # ¢ - m. O

The following theorem due to Gumm and Schroder [GS] shows the existence of terminal coalgebras
of quotients of functors with terminal coalgebras. In the special case of finitary endofunctors of Set we
have already considered quotients of functors in Section 2.7.

Definition 4.1.6. A quotient functor of a functor F': A — A is represented by a functor G: A — A
and a natural transformation e: F' — G with epimorphic components.

Another such transformation ¢’ : F' — G’ represents the same quotient iff some natural isomorphism
h: G — G fulfilse’ = h - e.

Theorem 4.1.7. Let A be a cocomplete and cowellpowered category in which epimorphisms split. Let
€ : H — F be a quotient functor. Then if H has a terminal coalgebra, then so has F and vF is a
quotient coalgebra of vH via the unique coalgebra homomorphism € from the coalgebra

vH —— H(vH) =5 F(vH). (4.1)
to VF.

Proof. (1)Let7’ : vH — F(vH) be the coalgebra in (4.1). Then the same argument as in Lemma 2.4.6
shows tat (vH, 1) is a weakly terminal F'-coalgebra. Thus, by Theorem 4.1.1, the terminal F'-coalgebra
o : vF — F(vF) exist, and therefore we have the unique F'-coalgebra homomorphism € from (vH, 7')
to (VF, o).

(2) It remains to show that € is a (split) epimorphism. By part (1) of our proof we have an F'-coalgebra
homomorphism s from (vF, o) to (vH, 7"). By definition ¢ is the unique F-coalgebra homomorphism
from (vH, 7’) to the terminal F-coalgebra (vF, o). Thus, € - s is an F-coalgebra homomorphism from
v F to itself, whence € - s = id so that € is indeed a split epimorphism. O

4.2 Finitary and Accessible Functors

We proved in Section 2.4 that finitary endofunctors of Set have a terminal coalgebra. We now generalize
this to accessible endofunctors of Set and also of more general categories. P. Gabriel and F. Ulmer used
in [GU] this concept to generalize “finiteness’:
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Definition 4.2.1. An object A of a category A is called finitely presentable if the hom-functor A(A, —): A —
Set is finitary (i.e., preserves filtered colimits).

Examples 4.2.2. In sets, posets, graphs and metric spaces “finitely presentable” means finite. In CPO |
no nontrivial object is finitely presentable.

More generally, a A-filtered colimit for an infinite regular cardinal X is a colimit of a diagram
D: D — A such that (i) for less than )\ objects there always exists a cocone in D and (ii) for less
than \ parallel morphisms f;: A — B (i € I) there exists a coequalizing morphism g: B — C (that is,
g- fi: A — Cisindependent of ¢ € I). An object is called \-presentable if its hom-functor preserves
Mfiltered colimits. In sets, posets, graphs and metric spaces this means precisely that the cardinality is
less than A. In CPO for any A > w again A-presentable objects are precisely those of cardinality less
than A.

Definition 4.2.3. A functor F' is called accessible if it preserves A-filtered colimits for some cardinal .
(Thus, F is called finitary in case A = w.)

Examples 4.2.4. (i) The set functor X — X is finitary for every natural number n. It is accessible
for every cardinal n.

(i) A coproduct of accessible functors is accessible. Thus, all polynomial functors Hy; are accessible.
They are finitary iff the signature X is finitary.

(iii) The functor P3 and Py are finitary, P,,, is accessible (choose A = wy in Definition 4.2.3) and P is
not accessible.

Theorem 4.2.5 ([APO1], [GS]). For a set functor F' the following conditions are equivalent:
(i) F preserves \-filtered colimits;

(ii) every element of F A, for any set A, lies in the image of F'b for some subset b: B — A of less
than \ elements.

Moreover, they imply that F' is bounded by sets of cardinality < .

Remark 4.2.6. Thus, every accessible set functor is bounded. The converse is also true: every bounded
functor is accessible (but in general not for the same \).

Proof of Theorem 4.2.5. Indeed, (i) — (ii) follows from F’ preserving the A-directed union of all subsets
b: B — A of less than A elements. The other implications are slightly more involved. Let us present
just one of them:

(ii) — (iii) Given a coalgebra a: A — F' A and a subset by: By — A of less than A elements, we
define a A\-chain of subsets b;: B; <— A (i < ) of less than A elements for which the union

B:U&
i<

turns out to be the desired subcoalgebra containing By. In the induction step, given b; : B; — A use the
fact that F' preserves the A-directed union (= colimit) of all subsets of less than A elements containing
B;. Consequently, our subobjects b; factorize through one of F-images of these subsets. That is, there
exists a morphism f; as follows:
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B; LN FBi1
bzi lFbi-Q—l
A T FA

where b;11: B;11 — A is a subset containing B; and having less than A elements. For limit ordinals:
put B; = <i Bj. Clearly, the union b: B — A of this A-chain is a subcoalgebra (use the above maps
fi) containing By. ]

Proposition 4.2.7 ((Adamek, Porst [AP04], Gumm, Schroder [GS])). For every set functor F' the fol-
lowing conditions are equivalent:

(i) F is accessible (= bounded),
(ii) F'is a quotient of a polynomial endofunctor Hy,

(iii) F'is a quotient of the endofunctor

Gopy: X — Cx xM for some sets C and M.

Observe that coalgebras for G'¢ s are deterministic automata with output set C' and input set M:

every coalgebra a: A — C x AM yields an output map A — C' and a next-state map in curried from
A — AM:
Ax M — A

A— AM

Corollary 4.2.8. The collection of accessible set functors is closed under products, coproducts, sub-
functors and quotient functors.

Just subfunctors need explanations: use Definition 4.2.3 and Example 4.2.4 (ii). The next result
follows from Theorem 4.1.5.

Corollary 4.2.9 ([KM]). Every accessible set functor has a terminal coalgebra.

Makkai and Paré [MP] proved a stronger result: the categories of coalgebras of accessible functors
are complete. For accessible set endofunctors Worrell provided an upper bound for the terminal chain
to converge:

Theorem 4.2.10. (Worrell [W2]) For every set endofunctor F' preserving \-filtered colimits , the termi-
nal coalgebra is obtained by taking at most \ + X steps in the terminal chain:

vF = FAA

The proof of this theorem is similar to the proof of Theorem 2.6.3. Moreover, if F' preserves count-
able intersections, then
vF = FAT1,

We can generalize Corollary 4.2.9 to an important class of categories:
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Definition 4.2.11. (Gabriel, Ulmer [GU]) Let XA be an infinite cardinal. A category A is called locally
A-presentable if it is cocomplete and it has a set Ay of A-presentable objects whose closure under \-
filtered colimits is all of A. And A is called locally presentable if it is locally A-presentable for some
A

Examples of locally finitely presentable categories (A = w) are sets, posets, graphs, groups (in
fact, all varieties of algebras, also many-sorted). The categories CPO , MS and CMS are locally w-
presentable.

Theorem 4.2.12. Every accessible endofunctor if a locally presentable category has a terminal coalge-
bra.

This result follows from a more general result of M. Makkai and R. Paré [MP] which shows that
U: CoalgF — A has a right adjoint. But we present a full proof here for the convenience of the reader.
A direct proof for set functors is presented by Barr [Barr].

Proof of Theorem 4.2.12. Since A is locally presentable, it is cocomplete and cowellpowered and the
set Ay is generating, see [AR] or [GU] for these facts. Moreover, we can find \ for which A is locally
A-presentable and F' is A-accessible. For the set G = A\ we form the closure G under colimits of
A-chains and verify the remark in Theorem 4.1.5. Let «: A — F'A be a coalgebraand g: G — A a
morphism where G is A-presentable. We define a A-chain B, i < A, of A-presentable objects together
with a cocone b;: B; — A analogously to Theorem 4.1.5: first

bo=yg and By =G.

Given b;: B; — A express A as a A-filtered colimit of A-presentable objects G and with the colimit
cocone g;: Gy — A. Since B; is A-presentable, A(B;, —) preserves this colimit, thus, b; factorizes
through g for some ¢, and we put B; 1 = G; and ;11 = g,

Gt = Bt
P

-
- lgt
-

Bi/T)A

Also FA = colim FGy is a M-filtered colimit (since F' is A-accessible), so a - b;: A — F' A factorizes
through some F'g;, and without loss of generality this is the same ¢ as above:

B 1 FBy,

bil iF bit1

AT>FA

For limit ordinals put B; = colim B; and obtain the induced morphism b;: B; — A. Also for

© = X\ we form a colimit colim;; B; B
B=colimB; €§

<A

which is A-filtered, thus, preserved by F'. The above morphisms f; yield a coalgebra structure
colim f;: B — F'B
<A
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such that
b=colim b;: B— A

is a coalgebra homomorphism. We have factorization of g through b: recall g = by and use the first
colimit morphism of B = colim B;. O

Theorem 4.2.13 ([AT10]). Let F' be an accessible endofunctor of a locally presentable category pre-
serving monomorphisms. Then the terminal chain converges:

vF = Fi1 for some ordinal number j.

Example 4.2.14. All endofunctors of CMS formed by products, coproducts and compositions of poly-
nomial functors and the Hausdorff functor have a terminal coalgebra. In fact, the follows from Theo-
rem 4.2.12: all these functors are accessible. For J{ this was proved in [vB]; in fact, J{ is even a finitary
functor: see [AMMS].

5 Terminal Coalgebras as Algebras

In this section we are going to provide an equivalent characterization of terminal coalgebras. Recall that
by (the dual of) Lambek’s Lemma 2.1.1 the structure morphism of a terminal coalgebra v F’ for a functor
F'is an isomorphism. Thus, v F’' can be considered as an F'-algebra. The equivalent characterization of
v F' arises in connection with an important property of this algebra: it is a completely iterative algebra,
i.e., it allows for the unique solution of recursive equations. An object of A carries a terminal coalgebra
for F' iff it carries an initial cia, see Theorem 5.1.12.

The second part of this section deals with a third interesting fixed point of a functor besides its initial
algebra and its terminal coalgebra. For finitary endofunctors of Set this rational fixed point R, as we
call it here, has two equivalent characterizations: as an F'-algebra R is the initial iterative algebra for I,
where an algebra is iterative if it allows for the unique solution of finite systems of recursive equations
(the finiteness being the difference to completely iterative algebras). As a coalgebra, R is the terminal
locally finite coalgebra for F|, i.e., for every F' coalgebra with a finite carrier there exists a unique
coalgebra homomorphism into 2. So R precisely collects all the behaviors of finite systems considered
as F-coalgebras. Accordingly, examples of rational fixed points are: regular languages, rational streams,
rational (or regular) trees for a signature etc. We discuss rational fixed points in Subsection 5.2.

5.1 Completely Iterative Algebras

The idea of algebras with unique solutions of recursive equations stems from work in general algebra by
Evelyn Nelson [N] und Jerzy Tiuryn [T]. Nelson introduced iterative algebras for a signature as algebras
with unique solutions of finite recursive systems of equations. Dropping the finiteness assumption one
arrives at the notion of a completely iterative algebra. The latter notion was introduced in [M;] and
this paper also investigates the connection to terminal coalgebras. One of the results is that terminal
coalgebras are equivalently characterized as initial completely iterative algebras. But before we make
this more precise let us explain the notion of completely iterative algebras with a concrete example.

Consider a polynomial functor Hy; on Set arising from a signature . The general algebras for the
signature 3 are precisely the algebras for the functor Hy, see Example 2.2.11. A Y-algebra A is called
completely iterative if every system of mutually recursive equations
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where [ is some (possibly) infinite set, X = {z; | i € I } is a set of variables and each ¢; is a term over
X + A none of which is just a single variable, has a unique solution in A. By a solution we mean a set
{2;7 | i € I} of elements of A such that the formal equations in the given system (5.1) become actual
identities in A.

Example 5.1.1. For example, the functor X = X x X + 1 is the polynomial functor associated to
the signature > with a binary operation symbol * and a constant symbol c. The terminal coalgebra
v F' consists of all binary trees (see Example 2.3.7); let us consider inner nodes of binary trees as being
labelled by * and leaves as labelled by c. Now for any binary tree ¢ € v F' consider the following systems
of equations:

T~ T *t T1 R IT*C

Then the solution of this equation in v F' is formed by the two infinite trees
1l A (o (k) w ) x ) % 1) and gl m (- (% t) ) xt) %) (5.2)
written as infinite >-terms.

Notice that in general, it is sufficient to allow as the right-hand sides of equation systems (5.1) only
flat-terms, i. e., terms which are either of the form o(z1, ..., z,) for some operation symbol o from %
or are elements a € A. In fact, every arbitrary system can be “flattened” by introducing enough fresh
auxiliary variables to represent subterms of non-flat terms. For example, the above system (5.2) can be

flattened as follows:
X1
z1

T2 * 21 To =X Tl * 29
t Z9 & C

~
~
~
~

Each flat system of equations can be presented as a function e : X — Hx X + A, and solutions in an
Hs-algebra o : Hsy A — A are presented as functions e : X — A such that

el =[a,ids] - (Hsel +idy) - e.

Again, this equation just expresses the fact that the formal equations are turned into identities in A. This
motivates Definition 5.1.3 below.

Assumption 5.1.2. Throughout the rest of this subsection we assume that A denotes a category with
binary coproducts.

Definition 5.1.3. [M;] Let F' be an endofunctor on .A. By a flat equation morphism in an object A we
mean a morphism e : X — FX + A. For an algebra o : FA — A we call ef : X — A a solution of e
in A if the square below commutes:

X A
el T[a,idA] (53)
FX+A— “FA+A
Felt4idy

Finally, an algebra (A, «) for F'is called completely iterative (or, cia for short) provided that every flat
equation morphism in A has a unique solution.
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Examples 5.1.4.

(i) The algebra of addition on the extended natural numbers N = {1,2,3,...} U{oo}isacia for
the functor F.X = X x X, see [AMV;].

(ii) Infinite binary trees form a cia for F'X = X x X + 1. All finitely branching strongly extensional
trees form a cia for P¢. All unordered finitely branching trees form a terminal coalgebra for the
bag functor B. These are instances of the more general fact in Proposition 5.1.5 below.

(iii) Unary algebras over Set are precisely the algebras for the identity functor /' = Id on Set. A
unary algebra oo : A — A is acia if and only if

(a) there exists a unique fixed point ag € A of o and

(b) there exists a well-founded strict order on A\ { ao } such that « is increasing, i. e., a(a) > a
foralla € A, a # ay.

(iv) Classical algebras are seldom cias. A group is a cia for the functor HX = X x X expressing
the binary operation iff its unique element is the unit 1, since the recursive equation z ~ x - 1
has a unique solution. A lattice is a cia for H iff it has a unique element; consider the equation
r=~xrVx.

Proposition 5.1.5. The terminal coalgebra vF is a cia.

More precisely, let ¢t : vF' — F(vF') be a terminal F-coalgebra. By Lambek’s Lemma [L], ¢ is
invertible, and then ¢t~ : F(vF) — vF is the structure of a cia.

Proof. Lete: X — FX +vF be aflat equation morphism. From e we form the following F'-coalgebra

o= X+ P px L P EXH X L P0F)—S L P(X 4 0 F),

where can = [F'inl, Finr]. Let h : X + vF — vF be the corresponding unique coalgebra homomor-
phism and define

el = (X" x 4yl R,
One readily shows that & - inr is a coalgebra homomorphism from v F to itself, whence h - inr = id.
Now it is not difficult to prove that e is a solution of e iff [ef, id] is a coalgebra homomorphism from
(X + vF,€) to the terminal coalgebra (v F| t). Since the latter exists uniquely, so does the former. For
further details details see [M;], Example 2.5. O]

Next we prove that algebras over complete metric spaces are cias. Recall that CMS is the category
of complete metric spaces, where distances are measured in the interval [0, 1], and non expanding maps.
We shall consider a contracting endofunctor F' on CMS, see Definition 2.9.2.

Proposition 5.1.6 ((AMV3]). Let F' : CMS — CMS be a contracting endofunctor. Then every non-
empty F-algebra is completely iterative.
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Proof. Suppose that F' is contracting with a contraction factore < 1. Let o« : FA — A be a non-empty
F-algebra and let e : X — F'X + A be a flat equation morphism. Recall that the hom-set CMS(X, A)
is a complete metric space with the supremum metric and this space is non-empty as A is non-empty.
Definition 5.1.3 of a solution of a flat equation morphism e : X — HX + A states that ef is a fixed
point of the function ® on CMS(X, A) given by

D:(s: X > A)— ([o,A]- (Fs+ A)-e).

We shall now prove that this function is a contraction on CMS(X, A). Indeed, for two nonexpanding
maps s,t : X — A we have

dx a(®s,®t) = dxa(ja,A]- (Fs+A) e o, Al- (Ft+A)-e)
(by the definition of ®)
< dpx,ra(Fs+ A, Ft+ A) (since composition is nonexpanding)
= dFX’FA(FS,Ft)
< edx a(s,t) (since F' is e-contracting).

By Banach’s Fixed Point Theorem 2.9.1, there exists a unique fixed point of ®, viz. a unique solution
of e. O

Example 5.1.7. Completely metrizable algebras are cias. Many set functors F' have a lifting to con-
tracting endofunctors F’ of CMS. We have seen this for polynomial endofunctors in Example 2.9.3. We
call an F-algebra o : FFA — A completely metrizable it A if there exists a complete metric d on A such
that the algebra structure is a non-expanding map o : F'(A,d) — (A, d).

Every non-empty completely metrizable F'-algebra is a cia. Indeed, to every equation morphism
e: X — FX + Aits unique solution is the unique solution of e : (X, dy) — F'(X,dy) + (A, d) in the
where dy is the discrete metric.

Cias constitute a full subcategory of the category of all F'-algebras. That the choice of all homomor-
phisms of F'-algebras is appropriate for cias follows from the fact, established in [M; ], Proposition 2.3,
that these morphisms correspond precisely to the morphisms preserving solutions of flat equations in
the obvious sense. We omit the details in this survey.

We now turn to constructions of cias in our general category A, which will then lead to the proof
that initial cias and terminal coalgebras are the same.

Lemma 5.1.8. For every endofunctor F : A — A, if (A, «) is a cia for F, then so is (F A, Fa).
Proof. Lete : X — FX + F A be aflat equation morphism in F'A. Form the equation morphism

= (X—S5FX + FAYMSFX + A)

and define
[et,id

el =(X—5FX +FA FA)

It is not difficult to check that e' is a unique solution of e in F'A. For the details see [M; ], Proposition
2.6 O

Proposition 5.1.9. The category of cias for an endofunctor F' of A is closed under all limits that exist
A.
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Example 5.1.10. The trivial terminal algebra F'1 — 1 is trivially a cia.

The proof of Proposition 5.1.9 is analogous to the proof of a similar result (Proposition 2.20)
in [AMV1] concerning the weaker notion of iterative algebras, and so we omit a proof. From this
result we see that all objects in the terminal coalgebra chain are cias (even if the terminal coalgebra
itself does not exist).

Corollary 5.1.11. Let A be a complete category. Then in the terminal chain of F all algebras F'! :
F(F'1) = F'*'1 — F'1 are cias.

Proof. This is easy to see by transfinite induction. In fact, ! : F'1 — 1 is trivially a cia. For successor
steps use the fact that for any cia (A, «) the F-algebra (F' A, F) is a cia, too, see Lemma 5.1.8. Finally,
for the limit step apply Proposition 5.1.9. O

Theorem 5.1.12. The initial cia for F is precisely the same as the terminal F-coalgebra.
More precisely, we shall prove that for an endofunctor F': A — A:
() If (T, 7) is an initial cia for F, the inverse 7~ is the structure of a terminal F'-coalgebra.
(ii) If (vF, T) exists, then the inverse 71 is the structure of an initial cia for F.

Proof. For a coalgebray : C' — FC and an algebra o : FFA — A consider the following diagram:
el FC——FA / [av,id] (5.4

Let us define e = inl - 7y so that the left-hand part of this diagram commutes. Notice also that the right-
hand part and the lower square of the diagram obviously commute. Now the outside of the diagram
commutes iff the upper square does; in other words, h is a coalgebra-to-algebra homomorphism from
(C,7) to (A, o) iff it is a solution of the flat equation morphism e in the algebra A. We are now ready
to prove our theorem.

Ad (i), suppose that 7 : FT' — T is an initial cia. Since (F'T,,F'7) is a cia by Lemma 5.1.8 an
argument similar to Lambek’s Lemma 2.1.1 shows that 7 is an isomorphism. So we have the coalgebra
771 T — FT, and we need to verify that it terminal. Indeed, for every coalgebra (C, ) take (4, a)
in diagram (5.4) to be the algebra (7', 7). Then since this algebra is a cia we have a unique coalgebra-
to-algebra homomorphism, i. e., a unique coalgebra homomorphism from (C, ) to (T, 771).

Ad (ii), suppose that the terminal coalgebra 7 : vF' — F(vF') exists. Then it is a cia by Proposi-
tion 5.1.5, and it remains to verify its initiality. So let (A, «) be any cia and let (C, 7) in diagram (5.4) be
(vF, 7). Since A is a cia we have a unique solution of e in A, equivalently a unique coalgebra-to-algebra
homomorphism from (vF, 7) to (A, ), i. e., a unique F'-algebra homomorphism from the cia v F' to the
cia A. O
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Remark 5.1.13. (i) An analogous result to Theorem 5.1.12 can be stated for free cias: TX is a
free cia on the object X iff it is a terminal coalgebra for the functor F'(—) + X. Assuming the
existence of free cias T'X for a functor, it turns out that 7" is the object assigment of a monad
on A. Furthermore this monad is characterized by a universal property: it is the free completely
iterative monad on F'. These results appear in [M;, AAMV].

(i) In many settings, one is less interested in obtaining unique solutions (or fixed points) than in
canonical ones, e. g., least fixed points in complete partial orders. It is the idea of Bloom’s and
Esik’s iteration theories [BE] to study the equational properties that characterize least fixed points
in complete partial orders. It turns out that similar ideas are important in connection with cias,
and they lead to the notion of a complete Elgot algebra. A complete Elgot algebra for a functor
Fisatriple (A,a,(_)") where a : FA — A is an algebra for F and ( _)' is an operation taking
a flat equation morphism e : X — FX + A to a solution e/ : X — A such that two simple and
well-motivated properties are satisfied. Complete Elgot algebras were introduced in [AMV3] and
the main result of that paper is that they form precisely the category of Eilenberg-Moore algebras
for the monad 7" of item (i) above.

Every cia is, of course, a complete Elgot algebra. Further examples are continuous algebras (i. e.,
algebras for locally continuous functors on CPO) or complete lattices, which are complete Elgot
algebras for F.X = X x X on Set.

(iii)) Completely iterative algebras and complete Elgot algebras as in item (ii) play a significant rdle
in the category-theoretic semantics of recursive program schemes as presented in [MM]. This
approach to the semantics of recursive function definitions is based on terminal coalgebras for
functors in lieu of concepts from general algebra like signatures and infinite trees. In the category
theoretic setting completely iterative algebras serve as those classes of algebras in which one in-
terprets recursive program schemes—in those algebras one can uniquely solve recursive program
schemes. The article [MMS] discusses various applications of completely iterative algebras for
the semantics of recursive specifications: Milner’s CCS, stream circuits, non-well founded sets
and formal languages.

The interval [0, 1] as a terminal coalgebra. In the remainder of this section, we study a category A
and an endofunctor F' : A — A whose terminal coalgebra is carried by the unit interval [0, 1]. The
category is BiP, the category of of bipointed sets in Example 2.2.15, and we also mentioned the functor
F : BiP — BiP, where F.X = X & X. We discuss its terminal coalgebra. We consider the F'-coalgebra
I = ([0,1],0,1) with structure a : I — FI given by a(z) = inl(2z) forz € [0, 3), a(z) = inr(2z — 1)
for z € (4,1], and a(1) = m, where m is the “midpoint” of X & X. Notice that a is an isomorphism.

Theorem 5.1.14 (Freyd [Fr]). (I,a) is a terminal coalgebra of F on BiP.

Proof. Lete : X — X @& X be a morphism in BiP. Regard X as a complete ultrametric space in the
trivial way, with distance 1 between distinct points. Also, recall the lifting of the coproduct operation
+ to CMS: it takes two spaces, scales the distance in each by a factor of % and then sets the distance
between the copies to 1. Consider also

X%X@X%(XJFX%LI
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Here f takes the “midpoint” m of X & X to % € I. Otherwise, f is the obvious injection into X + X.

The functor X +— X + X is %—contracting on CMS, and thus 7 is a cia for it with the structure
b:I+1 — Iwithinl(z) — £, and inr(z) — ZE!; I is also a cia for X — X + X on Set, see
Example 5.1.7. Now consider the diagram below:

X s XoX T (X+X)+1

l B

I——Ial (o) +1

L™
(I+1)+1

[b,1]

We must ¢, but we should first explain that this diagram is in Set: we use CMS to get a solution ¢, but
then we forget the CMS structure. As for ¢, on the right summand 7 it is a, and on the left summand
I + I it takes inl(1) and inr(0) to m, and otherwise is the obvious map.

Note that b : I + I — I is a non-expanding map. By the cia property, there is a unique ¢ : X — I
such that the outside of the figure above commutes. Clearly, ¢ is a morphism of BiP.

Note also that the region on the bottom commutes, as does the region on the right. So the square
in the upper-left commutes, showing that ¢ is an F'-coalgebra homomorphism. For the uniqueness, any
F-coalgebra morphism 1 determines also (¢ + 1)) + I on the right side of the figure. Using that a is
an isomorphism this shows 1) to be a solution to the flat equation morphism f - e. By the uniqueness of
solutions, ¢ = . O

We should mention that the work here is only partially successful. As Freyd points out, “To this
date, no one has found a functor whose terminal coalgebra is usefully the reals.”

5.2 TIterative Algebras and the Rational Fixed Point

We have mentioned the concept of an iferative algebra. It is weaker than the notion of a completely
iterative algebra in that one only requires finite systems (5.1) to have unique solutions.

Iterative algebras for a signature were introduced by Nelson [N] (see Tiuryn [T] for a related con-
cept) as an easy approach to iterative theories of Elgot [El]. In [AMV, AMV;] this was generalized
from Set to arbitrary locally finitely presentable categories (cf. Definition 4.2.1). In this subsection we
mention the most important results on iterative algebras. Most importantly, an initial iterative algebra
for a Set endofunctor is, equivalently, a terminal locally finite coalgebra.

Assumption 5.2.1. Throughout the rest of this subsection we assume that A is a locally finitely pre-
sentable category and the ' : A — A is a finitary endofunctor.

Definition 5.2.2. A flat equation morphism e : X — FX + A is called finitary if X is a finitely
presentable object of A.

An H-algebra o : FA — A is called iterative if every finitary flat equation morphisme : X —
FX + A has a unique solution in A, i.e., there exists a unique morphism ef : X — A such that the
square (5.3) commutes.
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Let us remark that iterative algebras constitute a full subcategory of the category of all F'-algebras:
every homomorphism of F'-algebras preserves solutions of flat equation morphisms in the expected
sense, see [AMVs].

Examples 5.2.3. We list a number of examples of iterative algebras in various categories. All but the
first three examples are in fact initial iterative algebras.

@)
(ii)

(ii1)

(iv)

v)

(vi)

(vii)

Every completely iterative algebra for F' is, of course, an iterative algebra for the same functor.

A unary algebra o : A — A is iterative if and only if « has a unique fixed point and no other
cycles in A; cf. Example 5.1.4(iii).

The algebra of addition on the extended real numbers R=RU { o0 } is an iterative algebra for

the functor F.X = X x X, see [AMV3]. Notice that this is not a completely iterative algebra: the

system of equations zg ~ 1 + 1,21 ~ x3 + 1, ... has more than one solution (e. g. z,,| = oo or
T— _

T, = —n).

Consider X = X x X + 1 on Set. Its initial cia is the algebra of all binary trees, see Exam-
ple 5.1.4(ii). The subalgebra formed by all rational binary trees, i.e., those trees having (up to
isomorphism) only finitely many different subtrees, is an iterative algebra for F'. For example, the
trees in (5.2) are rational, and the tree represented by

(cor(-r k@) * 1) * X0)
is not.

Similarly, all rational finitely branching strongly extensional trees form an iterative algebra for P¢
(see [AMV3]), and all rational unordered finitely branching trees form an iterative algebra for the
bag functor B, cf. Theorem 2.5.6 and Example 2.3.10.

Let FX = X“ x 2 be the functor whose coalgebras are deterministic automata. Recall from
Example 2.3.8 that the initial cia v F' consists of all formal languages. Its subalgebra formed by
all regular languages is the initial iterative algebra for F', see [AMV3].

Let FX = R x X with vF' = R¥ the streams of reals, i. e., sequences o = (¢(0),0(1),0(2),...)
of real numbers, cf. Example 2.3.6. Streams have been studied in a coalgebraic setting by Jan
Rutten [Ruy, Rug]. The convolution product of two streams is given by

n

(0 x7)(n) =Y o(i)- 7(n—i)

=0

and for streams o with o(0) # 0 there exists an inverse 01, i.e., 0 x 0= = (1,0,0,0,...).
A rational stream is a stream of the form o x 77!, where o and 7 have finitely many non-zero
entries and 7(0) # 0. When F' is considered as an endofunctor on the category of real vector
spaces then rational streams form an initial iterative algebra for '. However, when we consider F
as an endofunctor of Set the initial iterative algebra for F' is given by streams o that are eventually
periodic, i. e., those streams o = uv, where u and v are finite words on R. See [Ms].
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(viii) Consider the category of “sets in context”, i.e., the presheaf category [F,Set] where JF is the
category of finite sets and all maps between them. Objects I' of F are regarded as contexts of
variables and we think of a presheaf X : § — Set as assigning to every context I a set X (I") of
“terms in context I"”. This setting has been considered by Fiore, Plotkin and Turi [FPT] to capture
variable binding and in particular A-terms categorically. Indeed, let FX =V + X x X + 6(X),
where V' : F — Set is the inclusion and 6(X)(I') = X(I" + 1). Then uF is the presheaf of
A-terms up to a-equivalence. The initial cia v F' is formed by all (finite and infinite) A-trees, and
the initial iterative algebra by all rational ones (up to a-equivalence). See [AMV4].

Constructions of iterative algebras can be performed on the level of underlying objects and this
implies that free iterative algebras exist:

Proposition 5.2.4 ({[AMV]). The category of iterative algebras for F' is closed under limits and filtered
colimits in the category of F-algebras. Thus, limits and filterted colimits are constructed on the level of
the base category A.

Corollary 5.2.5. Every object of A generates a free iterative algebra.

Indeed, full subcategories of an locally finitely presentable category closed under limits and filtered
colimits are reflective, see [AR]. It follows that the reflection of yF in the category of iterative F'-
algebras is the initial iterative F'-algebra.

In [AMV.] we also gave a coalgebraic construction of free iterative algebras. We mention this here
only for the special case of initial iterative algebras.

Construction 5.2.6. Let D be the full subcategory of Coalg F' given by all coalgebras X — FX
with a finitely presentable carrier X. Let D : D — A be the restriction of the forgetful functor
U : Coalg FF — A. Then D is an essentially small, filtered diagram, and we define

R = colim D.

There exists a unique coalgebra structure o : R — F'R such that for every X — FX in D the
corresponding colimit injection e : X — R is an F-coalgebra homomorphism.

Theorem 5.2.7 ((AMVs)).
(i) R is afixed point of F'; more precisely, o : R — F'R is an isomorphism,
(ii) 0~': FR — R is an initial iterative algebra for F.

Definition 5.2.8. We call R the rational fixed point of F'.

Example 5.2.9. As we have seen in Examples 5.2.3, for the set functor FX = X4 x2 with deterministic
automata as F'-coalgebras we have

R = all regular languages over alphabet A.
For FX = R x X the rational fixed point in the category of vector spaces
R = all rational streams of real numbers.

Furthermore, all examples in 5.2.3(iv)—(vii) provide rational fixed points.
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Remark 5.2.10. Similarly as in Construction 5.2.6 we obtain for every object Y of A a free iterative
algebra RY on Y. The corresponding monad R on A is then characterized as the free iterative monad
on the endofunctor F'. This generalizes and extends classical work on iterative theories by Elgot [El]
and on iterative algebras for a signature by Nelson [N] and Tiuryn [T].

For more details on the topic of iterative algebras and (free) iterative monads we refer the reader
to [AMVa].

We now turn to an equivalent coalgebraic characterization of the rational fixed point R of our finitary
endofunctor F'. This is a result from [Ms]. We explain this here only for the special case A = Set.

Definition 5.2.11. For F : Set — Set a coalgebra X — F' X is called locally finite if every finite subset
of X is contained in a finite subcoalgebra of X.

Theorem 5.2.12. The rational fixed point o : R — F'R is a terminal locally finite coalgebra for F'.

Indeed, this follows from the fact established in [M2] that the locally finite coalgebras are precisely
the filtered colimits of diagrams of coalgebras with a finite carrier.

Remark 5.2.13. Theorem 5.2.12 generalizes to arbitrary locally finitely presentable categories A (for
a suitably generalized notion of local finiteness). For example, the coalgebra of rational streams men-
tioned in Example 5.2.3(vii) is the terminal locally finite dimensional coalgebra for FX = R x X on
the category of real vector spaces.
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